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THE  THEORY  OF  CURVES. 


THE  NATURE  AND  CONSTRUCTION  OF  CURVES. 

1.        To  describe  the  cnnre  whose  equation  is  x^  —  a'  «* 
-f  (^j^sz  0,  we  hare,  bj  differentiating 
(2x»  —  a'x)  dx  +  d^ydy  =  0  ....  (a) 
And  (fia*  —  €p)da^  +  a*d/  +  a^d^  =  0....(6) 
First  let  ns  determine  the  limits  or  maxima  and  mintma  of  jr ; 
dy^  ^  a*x  —  ga»  ^ 
dx  a*y 

giyes  a*«  —  2jc»  =  0 

or  X  s  Of  and  x  s  db     ^     ' 

whence  by  substituting  in  the  giren  equation  we  get, 
jf  s:  0  for  a  minimum  yalue  at  the  origin  A,    (See  Fig.  I), 

and  y  =  d:  —  indicates  two  pairs  of  maximum  yalues  FM, 

PM' ;  pniy  pm'  corresponding  1o  the  two  ralues  of  x. 
To  find  the  limits  of  x  we  hare 

dy        a'x— 8x' 

•'.  <y  z  0,  or  y  ms  0 
▼OL.  II.  m 


*  THE  NATURE  AND 

And  substituting  in  the  given  equation  there  will  result 
^  =  ±  a,  which  indicates  the  points  B,  b. 
Again,  to  find  the  multiple  points  (if  any)  we  have 

-il  =:  ^ — ,  and  it  being  found,  by  equation  (6), 

dx  a^y  zn  0 

that  a;  =  0,  y  =:  0,  are  the  only  values  deduced  from  the  nume- 
rator and  denominaltor,  which  satisfy  the  given  equation,  we  have 
a  double  point  at  A. 
Also,  since  when  x  and  y  each  =  0, 

.  ^  =  ±  ^  Al  =  ±  1  =  ±  tan.  J^  the  tangents  at  the 
da?  V  ^2  4  ♦ 

point  A  are  inclined  to  B6  at  an  angle  of  45  degrees'. 
Again,  to  find  the  points  of  inflexion,  we  have 

£lL  = f[fl  =  0  or  =  ± 

/.  a*y  r=  0,  or  ^  =  0 

And  a*  -^  6af^  '■^  a'  JSL.  sr  o,  and  /.  a?  =  0, 

dx" 

.*.  we  have  a  point  of  inflexion  at  the  origin  A. 

Since  there  are  no  infinite  branches,  the  curve  cannot  have  an 
asymptote. 

This  curve  which  has  been  called  the  lemniscata,  is  the  locus  of 
the  extremity  of  that  part  of  the  ordinate  of  a  circle  wJu>se  radius  is 
(a),  which  is  constantly  taken  =r  a  sin.  0.  cos,  d,  d  being  the  angle  at 
the  centre  subtended  by  that  ordinate. 

For  from  the  given  equation 


y  ;=  ±  _  V  «'—«•.    See  Fig.  2. 
a 


To  find  the  whole  area 

Is  3a^  } 

Let  *  r=  ±  a 
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Then  the  area  ABM  or  Abm  =  1. 

8 

And  AM'B  and  Am'b  are  eqnal  to  either  of  these. 

/.  the  whole  area  A  M  B  M'  Am^'A  s=  • 

8 

N.  B.  Unless  the  branches  of  an  oval  intersect,  ifis  not  per- 
fectly quadrable.    See  Waring^  Fittctf,  &c. 
(2)  Let  E  F  (Fig.  8)  =  y,  AE  s  » 

AD,  the  diameter  of  the  generating  0  A  H  D,  s  cl    Then  AH 
being  joined,  by  the  proper^  of  the  cycloid,  we  have 

^  =  8  AH  s=  8>/A£.  ADJby  similar  A, 

^  %  ij  ax. 
,\  y*  =  4ax,  the  equation  to  the  carve,  which  is  therefore  a 
yarobcla,  whose  vertex  is  A,  andybct»  D. 
Now  the  area  of  a  cycloid  is  known  to  be  triple  that  of  its  gene* 

rating  0 ,  and  the  area  of  a  parabola  —  of    its   drcomscribing 

8 
rectangle;  hence   . 

AFGD  :  ABCD::  AaD  xDG:8AHD 

8 

But  if  V  =:  the  circamference  of  a  circle  whose  diameter  is  1, 

~  X  —  =  -  =  its  area. 
8         8  4 

.-.AHD  ;  i  X  JL  ::  AD*  :  1 

4  8 

And  D6  =  SAD 

Hence  AFGD  :  ABCD  ::  i.AD« :  ?!:  AD* 

8  8 

::88  :9v. 

(8)  Let  CB  or  CD  or  CR(Fig.  4)  =  r,  C6=  a,  PM  s=v,CP  s=  «. 
Then  since  M  bisects  Rr  in  M,  we  have 

^  8  8  8 


BatRN  :  y ::  r  :  CM  (=5  V«*+y*) 

B  8 
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.-.  RN  =  !!. 


V^+y" 


Hence  y  =  —    ^  +  —  and  by  involution,  &c. 

2^x^  +  y2  3 


J?  ^ 


-     y 


-  ^r*  — a*— 4y*+4ay  which  is  the  equation  to. the 
2y  "  a 

curve  referred  to  rectangular  co-ordinates. 

To  find  the  equation  referred  to  -polar  co-ordinates^  we  have 

j(putting  the  ZMCP  =  9  and  CM  =  ^) 

•out           :      ft        RN  +  m         r.  sin.  0    ,   '  a 
PM  iz  ^  sm.  6  i=  2 =  +  — 

^  2  8  2 

A  p  =  JL  4-        ^       (6)  which  is  more  simple  than 

^         2  2  sin,  a         ^  ^  "^ 

the  former. 

To  find  the  asymptotes,  let 

X  =  oo 

Then  2y  —  a  =  0,  or  y  =  — 

2 

*-  if  C6  be  bisected  in  v,  and  vt  be  drawn  parallel  to  AD,  it  will 
be  an  asymptote  to  the  branch  xM. 
Let  y  =  a 

Then  x  =:  \^r*  —  a*  =  F6,  or  the  curve  passes  through  F,  the 
intersection  of  hr  with  the  circle. 

Similar  properties  belong  to  each  of  the  branches  generated  by 
the  other  quadrants. 


(4)  To  construct  a^  —  afy  —  a*  =  0 
or  fi  =: 


a^ 


Let  the  origin  of  absdssse  be  at  A,  (Fig.  5),  x  being  then  =:  o, 
and  :.  y  ^=1  a  ss.  AC. 

Again,  let  a?  :=  ±  a  =  AB  or  Ab, 

Then  y  =  oo  =  BN  or  BN,  which  are  /.  asymptotes  to  the 
branches  CR,  Cr  respectively. 

When  ±  X  is  >  a,  the  values  of  y  are  negative,  and  the  corre- 
sponding branches  are  Ss,  Tt ;  which,  since  when  db  x  is  infinite, 
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y  s:   ^   00}  are  placed  between  the  asymptotes  BD,  BM  and 

5.     Since  the  subtangent  of  the  curve  :==  n  times  the  abscissa, 

and  the  subtangent  =:   ^      (x  and  y  being  the  co-ordinates),  we 

dy 

have 


nx=:i 

ydx 

ndif 

y 

_  dx 

X 

And 

ur^ 

:  Ix  +  const. 

= 

Ix  ^Ic 

=  Lex 
:.  y*  =z  ex 

The  curre  is,  therefore,  paraboHc, 

The  locus  of  the  vertex  of  a  A  of  given  base,  when  the  sum  of 
its  angles  at  the  base  are  also  given,  is  evidently  a  circular  arc 
described  upon  the  base,  so  as  to  contain  an  angle  =  the  supple* 
ment  of  the  given  sum  of  the  A  at  the  base. 

For  since  the  sum  of  the  i^  of  a  A  =2  right  Ay  the  angle  at  tha 
vertex  =  the  supplement  of  the  A  at  the  base,  and  is  /.  given. 

6.      Again,  let  EC,  the  given  base  of  the  A  (Fig.  6)  =  a,  and 
let  P  be  any  point  in  the  required  locus.     Make  C  the  origin  of 
abscissae,   or   FM  =:  y  and  CM  :=:   x.     Also  put  the  angle 
PBC  =  fi. 
Then  by  the  question  PCB  =  20,  and  we  have 
y  =  X.  tan.  20  =  (a  —  x)  tan.  0 
.    2x.  tan.  d 


l-tan.«d 


.  =  (a  —  x).  tan.  d,  whence 


tan.  8  =      /«  ■"  3J? 


a—x 


And  .'.  y  :=z  {a  --  x)  tan.  B^  ^  (a-x).  (a-  3x) 

c:  ij  a*  —  4ax+8x*)  which  indicates  a  conic  section. 
Lety  =r  0 


THI  NATURE  AND 


a      m.i-.    .   ^A         a 


Then  «  =  a  or  ^    Take.  /.  CA  =  ^   and  making  A  the 

o  8 

origin  of  co«ordinate6,  by  putting  :e^  s  ^  —  or,  ve  have 

1^3 


cs  JiL-Z  j^2.—:^  +  x^    which  being  of  the  form 
a     ^         8 

8 

y  s=  —  i/2ad:'+j/*,  demonstrates  that  the  locos  is  an  hyper^ 

iob  whose  semi-axes  are  ^  and  — _.. 

8  V^ 

The  branch  QA^  corresponds  to  the  positive  values  of  of.  From 
jT  s  0  to  -*  —  ss  AB we  have  y  imaginary;  but  wheno/  is  taken 

negatively  >  — ,  y  again  becomes  real,  and  describeb  the  branch 

8 

(7).  Let  the  given  area.be  denoted  by  a,  the  given  Z  at  A 
(Kg.  7)  by  A,  and  the  given  ratio  of  BF  :  FC  by  n  :  1. 

Draw  FB,  F^  parallel  to  AB,  AC  respectively,  and  CN,  FM 
±AB. 

Then  GF  :  AB  ::  FC  :  BF  ::  1  :  n  +  i 

/.  GF  =   ^. 

AlsoCN  :  FM::CB:FB::  n  +  I  :ii 

:.  FM  =5  Z^  =:  also F^.sin.  A 
m+1 

HenceGPxF^=^X       -^CN       ^        2an 


n+1     («+l)sin.A    (n+l)»8in.A 
Or  making  GF  s=  Agr  s=  « 
and  ^F  s=  y,  we  have 
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xy  =:  ^ -_ s=  m'  a  constant  quantitv,  wbich  is  the 

(«+l)»sm.A  •  ^         ^ 

equation  to  an  hyperbola  whose  asymptotes  are  AD,  AE. 

To  find  its  principal  diameters,  bisect  the  ZA  by  AY,  make 

X  =:  y,  or  y*  =  m\  and  /.  y  =  »i ;  and  we  have  AA  =  A V  ziYH 

XT  A      XT  «      A  xr       sin.  AAV  ^  * .         sin.  A            .A 
=  HA.     Hence  AV  = -—  X  AA  == m  =  2  cos 

sin.  AVA  -A  2 

sin 

2 


tj  2an 


(»+l)i^sin  A 


2 =  M^V^'^^^^-T* 


which  is  the  senu^axis  major.     The  semi'-axis  minor  /.  (  =s  VK) 

=   AV.  tan.  _  =  «i_-  V^ntanAcot. A  ..  -4tX 

2  n+1  V  o 


2    ^  n+1 


v/ 


A 

an   tan.  — • 

2 


8.        Let  PM  =  y  (see  Fig.  p.  84  in  the  Problem) 
AM  =  X,  and  AB  £=  a. 
Then  y>  =  AZ'  =  x"  +  ZM'  =  x»  +  Jr.  (a— x) 

:=  OX,  the  equation  to  a  parabola  whose  Latus-Rectum 
=  a  the  diameter  of  the  circle. 

Again, the  axesi  z=z  fydx  s:  (    y   ^     =  — .?!-+C=:_4;v, 

J       a  da  3 

Let  x=a.   Then  y  ^  a,  and  the  area  required  r=  — a*. 


9.  Let  ABCD  (Fig.  8)  be  any  position  of  the  generating 
square,  QM  the  axis  of  the  solid  and  PQp  the  circular  section  X 
to  AD  and  BC.  Let  also  FQp'  be  a  section  inclined  to  AD,  BC 
at  any  giren  Z  (a),  and  passing  through  the  axis  QM ;  and  put 
QM  =  X  PTVI  =  y,  and  the  radius  of  PQp  =  a. 


r 
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Tbeny  r= 


™_  --    V2«  — ^  =   \8in.»/ V^fl*-** 


»»••  dn. «  a 


wbich  is  tbe  equtioii  to  an  ettme  wbose  axes  aie  — r^^ —  and  a ; 

sin. « 

the  origin  of  abscissae  being  at  the  extiemitj  of  the  axis-minor, 
a 


.  u  necessani  J  >  a. 
sin. « 

10.  To  trace  the  curre  whose  equation  is  a*  —  «*  + 
{x  -^by  sz  a^  y*,  we  first  reduce  it  to  a*  +  b*  —  2  bx  =z  x'y*; 
then  we  have 

y  zz  ±    ^a'+b^-^bx 

X 

and  potting  x  =  0,  we  get  y  =  ±00  which  are  represented  bjr 
AB,  Ab  {^.  9).    Again,  making  x  =  £±£  ;=  AC,  y  =  ±  0, 

and  we  have  a  cusp  of  the  first  species  at  C.    No  positive  value  of  x 

can  exceed  — J— .. 

2b 

Let  X  =  —  00 .    Then  y  =:  ±  0,  and  Ac  is  an  asymptote  to  the 
branches  YE^fe,    Also  66  is  an  asymptote  to  each  of  the  branches. 


11.  To  prove  that  every  section  of  a  conoid  is  a  conic 
section. 

We  will  here  exhibit  a  method  of  ascertaining  the  nature  of  the 
section  made  by  a  plane  with  any  sofuf  of  revolution  whatever. 

Let  Tihd  (fig.  10)  be  the  solid  formed  by  the  revolution  of  DAQ 
about  AQ  as  an  axis,  and  let  BP5p  be  a  circle  described  by  any 
point  B.  The  plane  of  this  circle  will  evidently  be  ±  plane  DAd, 
and  their  intersection  B6  will  be  J.  axis  AQ. 

Again,  let  CF  cp  be  the  section  made  by  a  plane,  passing  any 
how  through  the  solid,  and  intersecting  the  circle  by  the  line  Pp ; 
which  latter  also  cuts  B&  in  M.  Join  CM.  Then  since  the  points 
C,  M  are  both  in  the  planes  CA(2,  CFc,  CM  being  produced  will  meet 
the  curve  in  c,  and  cut  the  axis  AQ  in  R. 

Now  if  the  circle  BP6  move  parallel  to  itself,  the  intersection 
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Pp  will  also  moYe  parallel  to  itself,  and  we,  therefore,  pat  the  con- 
stant angle  BMP  =  a. 

Also  let  ZRMN  =:  0,  cR=:6,  AR=:  a,  cMssx,  and  PM  =  y. 
By  the  property  of  the  circle,  we  have 
Pi»-  =  BN«  -  Nw-  =  BN'  -  (NM  ±  Mm)' 
=  BN«  -•  (RM  .  COS.  e  +  y  COS.  «)• 
=  BN*  -  {(X  -  b)  COS.  0  +  ycos.  «}V 
Bat  Pm*  s=:  y*  sin.*.«,  and  sopposing  y**  =  fi^  to  be  equation 
of  the  generating  curve,  we  have 

BN*  =  /.  (AN)=:  /(a  +  RN)=/.(a+  RM.sin./J)  = 
/.  {a  +  (a:  —  b)  sin.^}. 

.'.  by  substitution 
y'8in.«a=:/.(a  +  x  — 6.siu./3)  —  (x  — 6  .  cos.  i9  +  ycos. «)■; 
whence  by  reduction  we  get 

y*  —  2  C09.  «  .  cos,  0  .  (x  —  6)ycr/.(a+ar  —  6.  sin.  /3)— 
(x  —  by  COS.*  0,  which  is  the  general  equation  of  the  section  of  a 
solid  of  revoltttion. 

Now,  since  in  the  conic  sections  y'*zsf.  (x')  is  always  of  tw<vdi- 
mensions,  the  equation  of  the  section  of  a  conoid  is  likewise  of  two 
dimensions,  and  .*.  the  section  itself  is  a  conic  section  Q.E.D. 

Again,  let  y^  pjif,  or  the  conoid  be  B.'parahohid,  Aho  let  vcw, 
the  cutting  plane,  be  parallel  to  the  axis  AQ  or  0  :=z  90^.  Then 
a  =  90°,  a  =  «) ,  and  6  =  «  ,  and  PM  becomes  JL  Cc. 

Hence  substituting  in  the  general  equation,  we  hate 

The  section  is  .*.  a  parabola,  similar  to,  because  of  equal  para- 
meter with,  the  generating  one  Q  E.D. 

If  in  other  applications  it  should  be  necessary  to  ascertain  the 
angle  at  which  PM  is  inclined  to  Cc,  in  order  to  transform  the 
co-ordinates  of  the  section  to  rectangular  or  otherwise,  the  following 
process  will  serve  that  purpose. 

Take  MA'  =  MB  =  MC  =  1,  and  with  M,  as  centre,  describe 
the  aics  A'B',  B'C,  CA'  forming  a  spherical  A  A'B'C 

Then  since  the  angle  A'  measures  the  inclination  of  the  planes 
CPc,  BP^,  A'B'  measures  the  Z  «,  and  B'C  measures  ft  and  are 


M>  THE  NATURE  AND 

Uiorefore  given,  we  have  two  sides,  and  an  angle  subtended  one  of 

them  to  find  the  third  side  A'C  which  will  give  the  inclination 

required.    Thus,  b^rcommon  forms 

.      a'  +  &'-c'       .      g^  +  (/  -  y 
*/         sin. .  sm. 

Sin.«  ±  =  i ? 

^  sin,  fc' .  sin.  c' 

a! J  V,  c\  being  the  sides  opposite  to  A\  B',  C    Hence  by  proper 
reductions  and  the  solution  of  a  quadratic,  we  get 

.        h*    ^  cos.  A'  sin,  c   ±  iy/sin.*  a  —  sin,  c'  sin.*  A^ 

"¥  ^  ^         a  -^  d  a'  +  c' 

2  cos. •  cos.    — ! 


ZPMC       COS.  A' .  sin.  a,  ±  J  sin.*  &  —  sin.'ot .  sin  » A' 
or  tan.  —  = 3l l 

2  COS.  I- .  COS.  I— 1 — 

2  2 

which,  when  adapted  to  logarithmic  computation,  will  give  ZPMC 
or  the  angle  of  co-ordinates. 

The  following  process  will  apply  still  more  generally.  It  will 
give  us  the  co-ordinates  of  the  intersection  of  a  plane,  and  the  sur- 
face of  any  solid  whatever. 

Let  A'X',  AT',  A!Z\  (fig.  10  .  A.)  denote  the  rectangular  co- 
ordinates of  the  surface,  BC  the  intersection  of  the  cutting  plane 
with  the  plane  Y'  A'  X',  and  P  be  any  point  in  the  curve  required. 
Draw  PN  ±  plane  Y'A'X',  and  meethig  it  in  N,  and  NM  ±  BC, 
and  jom  PM.    Also  draw  MN'  ±  AX',  and  A'A  ±  BC. 

Then  x\  y,  z' ;  or,  y,  z,  denoting  the  co-ordinates  of  the  surface, 
and  of  the  intersection  respectively,  let  us  suppose,  for  the  greater 
brevity,  that  x  is  measured  from  A  along  CB,  and  y  in  the  plane 
BPC,  ±  CB.  Also  put  fi  =:  Z  PMN,  which  =  the  indinaUon  of 
the  cutting  plane  with  that  of  x',  y' ;  a  =  the  given  line  AE,  and 
/3  =  the  given  angle  REM'. 

Now  PN  is  parallel  to  A'Z'. 

/.  z'  =  PN  =  PM  X  sin.  0  =  y  .  sin.  P. 
Also  x'    =   A'E    +    EM'  =a    +    EK.cos.  /?  =  a  + 
(AM  -  RM  -  AE)  COS.  |S  =  a  +  X  cos.  &  -  NM  x  tan.  0  x 
cos.  S  —  acos.  'g  r=  a  .  sin. •/?  +  xcos.  i5  -  y  .  cos.  d  sin.  g. 

In  like  manner  ^e  get 
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y  s=  NM'  =:  y  .  COS.  0  .  C06.  fi+  X.  sin.  0  —  a  .  co6.  /9  •  sin.  6. 
The  three  equations 

x'  "n  a  ,  sin.  '/3  +  x  cos.  /?  —  y  cos.  d  .  sin.  /3 
y'  =  —  a  .  COS.  /? .  sin.  &  +  x  sin.  0  +  y  .  cos.  0.  cos.  /3 
/  =  2^ .  sin.  0 
expressing  the  co-ordinates  of  the  surface  In  terms  of  x  and  y,  the 
giren  equation  of  the  surface  will  enable  us  by  elimination  to  find 
y  in  terms  of  op  ;  t.  e.  the  nature  of  the  sectum  required. 

Ex.  Let  the  giyen  surface  be  that  of  a  right  oanej  whose  angle  at 
thevertex,  put  =  A.  Also  let  its  co-ordinates  afy  y,  z\  be  measured 
from  the  rertex,  and  xf  coincide  with  the  axis.  Then  its  equation 
will  be 

;r'«  +  y'*  =  x'*  tan. »   - 

in  which  the  above  values  of  jf^  y\  x\  being  substituted,  there  re- 
sults an  equation  of  two  dimensions.  The  curve  of  inter  sectum  will, 
therefore,  be  an  ellipsey  cird!e,  hyperboloj  or  parabola^  according  to 
the  values  of  the  constants*  We  leave  the  discussion  of  these  se- 
parate cases,  and  the  application  of  the  above  equations  to  other 
surfaces,  to  the  reader. 


4* 

12.        To  trace  the  curve  whose  equation  is  v  =:  ~*^-.  x 

I  +  X* 

Let  X  =:  0,  then  y  =:  0,  or  the  curve  meets  the  axis  in  the  origin 
of  co-ordinates  A,  (fig.  11.) 

Let  X  c=  ±  <»  ;  then  y  =  o,  or  AB,  Ah  are  asymptotes  to  the 
curve. 

To  find  the  maximum  or  minimum  values  of  y,  we  have 

dx        (1  +  x«)« 

:.x—±  1, 

which  may  be  rejHresented  by  AM  and  Atn,  the  absdsse  corre- 
i|X»ding  to  the  maxima  (PM)  and  {pm)  of  y,  PM  being  ss 

1      -.  JL  and    w  =   -  -i 


IS 
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Again,  since  when  a;  =  0 

^  s=  1  =  tan.  TAM,  we  have  the  angle  TAM  at  which  the 
dx 

coire  cuts  the  axis  :=  45^. 

To  find  the  points  of  inflexion 

Ix^  (1  +a:«)»  ^ 

/.  X  =:  0  and  x*  —  3  =:  0, 

or  *  =0,  and  x  =  ±  ^^  3 
and  the  corresponding  values  of  y  are 

y  =  0,  and  y  =:  ^  v  ^ 

4 

Take,  therefore,  AM',  Am'  =  ^T,    -    V^i  and  FM', pW  = 

jjM ,  —   V^  ,  and  the  points  F,  A,.p',  will  be  those  of  contrary 
4  4 

flexure. 

The  curve  p'AF  is  concave  to  the  axis,  because 

— ?-  =  Z — f  is  negative  between  the  values  of  x, 

dx^         (1  +  x«)3         ^ 

0  and  ^  3 ;  and  positive,  with  negative  ordinates  between  0  and  —  ^^  3. 
Hence  PDj  and  p^d,  are  convex  to  the  axis. 


13.        To  find  the  equation  to  the  curve  of  which  sub- 
normal :  (abscissa)^  ::  2a^  :  l. 

Let  y  =  its  ordinate,  x  its  abscissa. 

Then  J^  :.x^  ::  2a«  :  i 
dx 

/.  ydy  =  2a^x^dx 

.and  2!  =  5!f!: 

2  2 

.'.  y  =  ox^,  or  the  curve  is  the  common  parabola,  the'  line  of 
abscissK  issuing  from  the  vertex  at  right  angles  to  the  axis,  and  its 

parameter  being  — 

a 
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The  subtangent  =  1^  =  ^L  =  ±. 

dy  tax  % 

The  area  ^Jydx  ^  Jaa^dx  =    °^     +  C 


14.        To  find  the  equation  of  the  cunre  of  which,  (ordinate)* 
=  V  6    X  orta  . 

Let  the  ordinate  =  y,  and  abscissa  =  x. 

Then  jf*  =  /TTJ^ 
:.  y*  =:  6/yda? 
and  ^^dy  zz  b  ydx 
:.  Aty^dy  =i  b  dx^  and  integrating 

y3    -   ?^  X  +  C 
4 

which  is  a  particular  case  of  the  cubical  'parabola. 

Fig.  12,  will  represent  the  course  of  this  curve,  Dd  being  the 
line  of  abscissae,  and  A  their  origin. 


Since  ^'y   -  -*' 


dx^ 

8 


inflexion 


'Ysh V  ^^^^  ^  ^  Y^mX  of  inflexi 


when  x  =  ,  which  is  also  the  point  where  the  curves  cut 

Bb 

the  axis,  or  where  y  =:  0.    This  point  is  .*.  C  .  T^  the  tangent  at 
C,  is  J.  axis  D</. 


15.  Supposing  the  curve  EAF  (fig.  13,)  to  be  described 
bj  the  uniform  motion  of  the  point  A  along  CB,  and  an  uniform 
angular  motion  round  C,  it  can  evidently  make  no  difference  whe- 
ther this  angular  motion  be  that  of  the  plane  EAC,  whilst  CB  is 
at  rest,  or  that  of  CB,  in  an  opposite  direction,  whilst  the  plane 
remcuns  at  rest.  The  curve  may,  therefore,  be  conceived  as  de- 
scribed by  the  uniform  motion  of  A  along  the  radi'Os  vector  CA, 
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which  also  moves  with  an  uDifona  angular  motion.  Henoe  C  will 
be  the  pole  of  the  curve ;  and  calling  the  radius  vector  p,  and  the 
Z  between  it,  and  any  radius  vector  given  in  position,  as  CE,  0, 
we  have 

pOO  d 

which  is  the  equation  of  the  Spired  of  Archimedes. 

The  applicability  of  teeth  of  this  form  in  the  constniction  of 
pumps,  steam  engines,  and  other  machines  requiring  uniform 
motion  in  a  given  direction,  is  pretty  endent* 

Thus,  supposing  F,  F,  F',  three  equal  and  simihir  teeth  made 
by  the  union  of  the  equal  and  similar  spirals  EF,  FF ;  ET',  ET ; 
E"F',  EF',  similarly  posited  around  the  circumference  of  the 
wheel ;  then  if  the  piston  AB  be  constrained  to  move  in  the  ver- 
tical direction  AB  by  means  of  a  tube,  the  uniform  motion  of  the 
wheel  rouqd  its  axis  will  cause  the  piston  to  move  upwards  and 
downwards  also  with  an  uniform  motion,  and  the  greatest  altitude 
through  which  the  piston  will  be  raised  is  GF. 


16.  To  construct  the  spiral  whose  areas  are  the  measures 
of  the  ratios  between  the  ordinates  which  terminate  them,  we 
have 

d  .  Area  =  .=i —  =  d .  log.  p 

=1  M   X  --i  (M  being  the  modulus  of  the  sys- 
tem, and  p  the  radius  vector,  and  d  the  an^e  described  by  it) 

.-.0=  ±  ri^rfp^^ciM 

Let  p  =  00.    Then  0  =  o,  and  C  =r  0. 
.\  0  sr  :f  — ,  which  is  an  equation  to  the  LUmtg.      (See 

Cotes'  Harmoma  Mensurarumy  Pars  III.,  p.  85.) 

The  prime  radius  vector  AJ>  (Hg.  14,)  is  evidently  an  asympMe 
to  the  curve. 
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To  find  the  point  of  contrary  flexure^  we  have 


1£ 


P  =  (p  heing  the  ±  npon  the  tangent). 

Hence  substituting 

2Mp 
P=  ^    -• ' 

.    ^  _  8M»-2Mp^  _  ^  ^^  ^^^     .  ^  ^f  inflexion,  ( 
dp  (4M«+p4)|  *^ 

Simpson^  new  edit.), 

.-.  p*  -  4M2  =  0 


or  p  =  ±^  2M 
Hence  6  =  ??.  =    ^    =  J-  ^  which  equations  will  give  the 


p'        2M        2 


position  of  the  point  o{  contrary  flexure. 

17.  To  find  that  curve  whose  nonnal  has  the  same  rela- 
tion to  the  distance  between  the  origin  of  abscissae,  and  the  inter- 
section of  the  normal  with  the  axis,  that  the  ordinate  of  a  parabola 
has  to  its  corresponding  abscissa,  we  have 
y*  =  paf  in  the  parabola,  and 
.*•  (N'ormal)'  =:  p  .  (abscissa  +  subnormal)  in  the  curve 
required. 

V  ^j,8  /  dX    / 

Hence       P'^ "  ^'^^        =  dx 

» yt+px-y^ 

and  /.  ^Vpf.  +  px-y*  =:  X  +  c 

4 

/.  y*  =  £-  -  c*  +  (p  -  2c)  a;  -  a:* 
4 

Now  if  r  be  the  radijis  of  a  G,  and  the  origin  of  abscissae  be 
distant  from  its  circumference  by  the  interval  a,  we  have 
y*=z  -  {2r  +  a)  a  +  2  .  (x  +  a)  x.  -  «*. 
The  curve  is  therefore  a  circle. 
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18.        To  trace  the  curve  whose  equation  ig   (x*  +  y*)* 
=  »•  -  y'. 
Bj  the  solntioii  of  a  quadratic,  we  have 

2 


/.  y  =  ±   /'±  V8x*4-1   -  23;  ~  l\i 

Let  X  =  0. 

Then  y  =:  0,  or  the  curve  passes  through  the  origin  of  abscissn 
A,  (see  Fig.  l.) 

Let  3?  =  ±  1  =  AB  or  A*, 

Then  y  =r  0,  or  the  curve  passes  through  B  and  6,  and  y  is  ima- 
ginary for  every  greater  value  of  x. 

Also  since  the  pairs  of  values  of  y,  (  d:  y  )  are  the  same  for  the 
positive  1^  for  the  equal  negative  values  of  x,  the  curve  will  con- 
sist of  two  equal  and  similar  ovals  AMBA,  Ajit6A,  intersecting^ 
(the  curve  is  therefore  quadrable)  in  A. 

Again  ^  =    s/J.  8x~xV83:«-fl 

^  V8a;»+lx(V^i?+l-2^-l)i 

s=  tan  0  (0  being  the  inclination  of  the  tangent  at  any  point  to  the 
line  of  absdssse.) 

Hence  when  the  curve  ii^  parallel  to  the  axis,  tan.  0  = 
tan.  0  =  0,  or  ^ 


Again,  since  f^  =  —  when  x  =  0,  the  point  at  A 13  multiple, 
dx         0 

and  it  vnll  be  found,  by  the  usual  methods,  that  this  point  is  double; 
that  there  is  at  A  for  each  branch  a  point  of  nngU  inflexion^  and 
that  the  curve  there  cuts  the  axis'at  an  angle  of  45^. 

To  find  at  what  angle  the  curve  cuts  the  axis  when  x  =  a  maxi- 
mum, or  when  x  =  ±  1,  we  have 

tan.  0  =  ^  =  —  =  00  =  tan.  90®. 
dx         0 
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.'.  the  angle  required  =  90° 

Makiug  AM  =  p,  and  Z  MAB  ss  ^, 

y  ^         =  p.  sin.  ^  i  ^^^  substituting  in  the  given  equation 
X  sr  AP  =  f  .  COS.  p  ) 

we  get  the  polar  equation 

p«  =  COS.  2  ^ (a) 

If  BM  =  z,  then  we  get 

dz  s  —     '         and  the  arcs  of  thecurve  will  be  found 

=  those  of  the  e/osfic  curve^  whose  equation  is  y  =     /  — ==z^l 

the  abscissa  x  corresponding  to  p. 
This  curve  is  called  the  Lemniscata  of  James  Bernoulli. 
It  is  the  locus  of  the  intersection  of  the  perpendicular  from  the 
centre  upon  the  tangent  of  an  equilateral  hyperbola,  whose  semi- 
axes  are  unity. 

For  in  the  equilateral  hyperbola 

,  _  c^^ ^ 

6*co8.*^--o*sin.*9 

==  ,  when  a  =  6  =  1 

008.2^ 

a*b*  1 

and  p*  (the  perpendicular)  =:    p  =  — 

p*  —  a'  +  6*         f* 

.'.  p*  r=  cos.  2^,  (See  equat.  a). 
See  Prob.  1,  Vol.  II. 


19.        To  find  the  equation  of  the  curve  whose  subtangent 
=  &  +  yt  we  nave 

:.:c=fJ^+fdy 

=  bLy  -^  y  +  c 
/.  /.  (y*  e"  )  =:  a:  —  c 

and  y*  «"  =  ^^  =  —  e*  :=  c'  e*,  the  equation  required. 
VOL.  n.  c 
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20.        The  subcontrary  section  of  an  oblique  cone  is  a  circle. 

Let  amb  (Fig.  14,)  be  the  section  made  by  a  plane  passing 
through  the  cone  parallel  to  the  circular  base  AB^  AY B  being  the 
triangular  section  of  the  cone  made  by  a  plane  passing  through  the 
▼ertex  and  centre  of  the  base.  Also  let  A'm  B'  be  the  subcontrary 
section  made  by  a  plane  J.  plane  AY B,  and  inclined  to  BY  by  the 
angle  A'RY  =:  A,  and  intersecting  and)  in  mp. 

Join  Ym,  Yp  and  produce  them  to  M  and  P  respectively ; 
join  PM. 

Then  since  the  planes  and>y  A!m  B',  are  JL  plane  AYB,  their 
intersection  mp  is  X  a6.  Also  because  PM  is  parallel  to  pm, 
(being  the  intersections  of  a  plane  with  two  parallel  planes,)  it  is 
±  plane  AYB,  and  /.  ±  AB. 

Again,  from  similar  triangles, 

AP  :  ap  ::  YP  :  tjp  ::  MP  :  mp 
and  BP  :  bp  ::  YP  :  vp  ::  MP  :  mp  ^ 

/.  AP  .  BF  :  ap  .  6p  ::  MP^  :  mp^ 
But  AP  .  BP  =  MP»(by  prop."  of  0) 

.".  ap  .  bp  s::  mpl* 
Also  since  Z  pB'6  =:   Z  A  =  Z  a,  and  the  yertical   Jt  are 
equal,  the  A  A'ap,  Bfbp  are  similar, 

/.  A'p  :  ap  ::  pb  :  Fp 

.'.  A'p  .  B'p  sz  ap  .  bp  :^  mp*^ 
and  /.  the  subcontrary  section  A'm  B'  is  a  circle. 


SI.        To  find  the  cunre  by  whose  revolution  round  its  line 
of  absdssaei  a  solid  is  generated  =  —  of  its  circumscribing  ey- 

5 

linder. 

Let  X  and  y  be  its  co-ordinates,  x  beginning  at  the  vertex. 
Then,  by  the  question 

/iry*cte  =  —  wy*  X  X  f —  base  of  solid  x  alt.) 
/.  y'flte  =:  —ydy  XX   +  -L  X  y*€Uc 
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and  /.  y'  2=  /.  X  +  Z.  c  =  /.  ex 
/.  y'  =  ex  is  the  equation  to  the  cunre,  which  is^  therefiw^, 
the  cubic  parabola. 


22.        To  construct  the  spiral  whose  arc  is  the  measure  of 
the  ratio  between  the  ordinates  which  intercept  it. 
If  CAP  z=  0»  AP  =  p,  andCP  =  z, 
AC  being  =  1  (Fig.  16) 

Then  «  =  /.  i. 

9 

and  dz  =  —  i^ 

9 


But  dz  £=  ^df*  +  p'  cfO",  as  we  readily  learn  from  the  figure. 


Let  —  =  tt 


dn 


Then  rfO  =  -  _  .  ^tt«  —  1 


icdu  da 


Vm*-  1  1*  V«*  -  I 


/.  0  =  —  V«"  —  1  +  sec  -•«  +  € 
=  —    V^  ""<*'  +    sec.-i  —  +  c 

Let  d  =  0,  then  p  =  1,  and  c  s  0 


and  /.  0  =  sec."*  —  —    V  ^  —  P* ,  the  equation  of  thecnrve ; 

which  being  analogous  to  that  of  the  involute  of  a  circle  whose 
ndius  is  unit,  we  will  attempt  the  construction  bj  the  aid  of  that 
cunre. 

c  2 


20  THE  NATURE  AND 

Thus,  CF  being  the  involute  of  the  0  CQD,  whose  radius  is  unit, 
let  the  ordinates  be  represented  by  p'.  Let  also  Yy  be  a  tangent 
at  P'  and  Ay  a  J.  upon  it.  Then  Dp'  being  the  unwound  line  it 
must  be  JL  curve,  or  J.  p'y.     It  is  also  JL  AD.     .',  p'y  =  AD. 

Now  from  similar  A ,  we  have 
pV:Fr' ::  AD:  AY 

or  d/  :  /dO : :  1  :  V  p'*  - 1 

.'.  d9  =:  -i  .   x/p'^  —  I  which  is  the  same  form  as 


du 


dO  =   _   .    sju^'-l 

u 

where  «  =  — . 

P 

Hence  it  appears  that  p  always  =  -^  ,  and  the  construction  is 

:.  obtained  by  unwinding  the  thread  CD  so  as  to  describe  the 

AC*  1 

tnvo/u^e,  and  taking  AP  always  :=  — _.  =  -rr=rp>    The  spiral  is 

Air  A™ 


called  the  Complicated  Tractrix. 


23.        Let  AB  =  or  (See  Fig.  C.  P.  p.  209) 

BP  =:  ijy  the  radius  of  the  O  =  I,  and  BC  =y'. 
Then  by  the  question 
fydx  =  area  AGC  =  AGCB  -  ACB 

^fy'dx^  ±L 


2 

:.  ydx  =  dx  ^IT^T^  -  dx^2x--x^  ^  xdx{l^  x) 

2  2  V2a:-x« 

Hence  y  zz ==  i  ^^^  equation  of  the  curve  APF. 

2  jj2x—x^ 

The  curve  cuts  the  semicircle  when  y'  =  y,  or  when 
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ij  2x— x*  =:  =z=  or  when 

x^  —  —  X  3  0,  or  when 
2 

X  =  0  and  X  =  — . 

2 

Hence  FL  bisects  the  radios  in  L. 
Again 


ABP  =  fydx  =     r. 


x<2x 


2  V^x— x* 
_    _    1      P{dx—xdx)  —  dx 


sj2x  "   x« 
=  .—  —  ^2x— x*  +  —  vers"*  x,  there  being 

2  2 

no  correction. 

Let  X  =  AM  =  3, 

Then  the  whole  area  AFM  =  JL  x  ACFM  =  JL  0  ACFM. 

2  2 

Hence  the  part  of  the  area  without  the  —  0  =  whole  area 
*^  2 

-  APFMA  =:  ACFM  --  AFFM  =  AGCFPA. 

The  JL  at  M  is  evidently  an  asymptote  to  the  curve. 


24.         Let   NM  (Fig.  16,)  the  line  given  in  length  =  m, 

pass  through  the  point  A  given  in  position,  and  meet  the  straight 

line  BC  given  in  position.     Required  the  locus  of  the  extremity  M. 

Let  DAa  be  that  position  of  NM  which  is  X  BC,  and  since  AD 

is  given,  let  it  =  n. 

Also  let  PM  =  y  and  AP  =  x. 
Then  from  similar  A 

X  :  n  ::  AM  <  m  —  AM 


.'.  X  :  »  +  x  ::  AM  =   V*^+y*  •  »»• 


X 


Hence  y  •=   ±  ^J  m^ —{n  •\-  xy  which  is  the  equation  of 

n+x 

the  curve.     It  is  an  oval  similar  and  equal  on  each  side  the 
diameter. 
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25.  Given  two  radii  vectores  of  a  logarithmic  spiraly  and 
the  angle  between  them,  to  construct  the  spiral. 

The  property  which  distinguishes  the  logarithmic  spiral  is  that 
it  cuts  all  its  radii  vectores  at  the  same  angle.  Let  that  angle 
PQR  (AB,  AR  are  the  given  radii  vectores,  and  AP,  AQ  are  in- 
definitely near)  =:  «,  (Fig.  17).  Also  let  AB  =:  r,  AF  s=  r\ 
AF:=  f,  Z  BAB'  ==  e,  and  ZBAP  ==  d,  and  AC,  the  radius  of 
the  0  Cpr  s=  1. 

Then  PR  =  QR .  tan.  Q  =  dp .  tan.  a  also  s  p .  c^O. 

/.  c?0  =  tan.  a  .  -i 

P 
and  0  =r  tan.  »  .  /.  p  +  t* 

Let  0  =  0.    Then  p  =  AB  :=  r,  and 

a  =  tan.  «.  /.  jL (o) 

r 

Henee  /?  =  tan.  »  .  /.  —  which  gives  tan.  «  =:  ^ 

r  /.  r'  —  6^ 

Hence  0  =  -—? —    x  /.  -L 
Ir  -^  Ir  r 

>  the  equation  of 

-L  I  to  modulus    ■ 
r/  fr'  -  Zr. 

the  curve  expressed  in  terms  of  9,  and  given  quantities. 

The  points  of  the  curve  corresponding  to  every  possible  value 
of  0,  may  therefore  be  found,  by  reference  to  die  Tables ;  or  the 
curve  may  be  constructed. 


26.        The  locus  of  the  intersections  of  the  tangents  at  cor- 
responding points  of  the  common  cycloid  and  its  generating  circle, 
is  the  involute  of  the  generating  circle. 
Let  PT,  QT  (Fig.  18,)  the  tangents  at  P  and  Q  intersect  in  T. 

Join  AQ,  OQ,  &c.  &c. 
Then,  it  is  well  known  that 

TP  is  parallel  to  AQ,  and 
TQ  is  ±  OQ  the  radius. 
Hence  Z  AQIi  sR.Z-  ZOAQsR.Z-  Z  AQO 
c:  Z  AQT  2=  Z  QTP, 


1 
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A    Z  QTP  =  Z  AQM  =  Z  TPQ 
/.  TQ  =  QP  =:  arc  AQ 

or  T  is  a  punt  in  the  involute  AT. 


27.  To  find  the  locus  of  the  intersections  of  the  tangents 
to  a  circle  with  the  perpendiculars  to  them,  let  fall  from  a  given 
point  in  the  circumference. 

Let  A  (Fig.  if,)  be  the  given  point,  M  the  intersection  of  the 
tangent  at  R  and  its  J.  from  A,  and  let  MR  meet  the  diameter  of 
the  0  produced  in  T. 

Join   CR  (C  being  the  centre).    Then  referring  the  locns 
BMA  to  A  as  a  pole,  and   /.  putting  AM  s  p  and  Z  MAB  =  0 
(B  being  the  point  where  p  ^  the  diameter  of  the  circle),  since 
CR  is  paraUel  to  AM  we  have  Z  MAR  =  Z  ARC  =  Z  RAN 
.-.  AM  =  AN  =  AC  ±  CN  =  r  .  (1  +  cos.  0.) 

Hence  p  =  r  .  (l  +  cos.  d) (a)  the  polar  equation  of 

the  curve. 

Again,  referring  the  curve  to  rectangular  co-ordinates,    bjr 

putting 

Ap  =  Xy  PM  =  y,  we  get 

Vx2+y»   =  AM=:  AN  (Z  RAN  =  Z  ARC  =  Z  MAR) 

=  r  ±  CN  ziz  r  +  r  .  cos.  0. 

But  JL  =  tan.  0  =  !^^  =    Vl-cos.«9 
X  cos.  e  COS.  6 

/.  cos.  0  =  


Hence 

y*  4-  (2^^  —  2rx  —  r«)  y«  =  2ra:3  —  x*    the   equation   be- 
tween the  rectangular  co-ordinates. 
Let  y  ;=:  0. 
Then  ar  =r  0  and  :=  2r,   .*.  the  curve  passes  through  the  points 
A  and  B. 

To  find  the  area  of  the  curve,  we  have 
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Area  =:  /  i!^  (See  Lacroix.) 

2   V2  4        / 

Let  0  r=  V 

Then  the  whole  area  AMB 

=  —  .i-.r9  =  Jl.JL  ARB 
2       2  2       2 

=  ±.  ±0  ABR  =:  1..  0. 
2       2  4 

To  find  the  length  of  the  curve  we  have 

=  »•  4^  fd^  V  1  '+  cos-  ^    =    rVT/dOsin.Ox 
/l  +  COS.  0  —    ^    /-J-    /^  dOsin.  9 
'^  1— cos.*9  J   Vl-cos.9 

/.  «  =  2  V^.  »•  V  1  -  COS.  6. 

Let  9  =  «• 
Then  z  =  2  ^i" .  r   x    v^Tz:  4r. 

.-.  the  whole  length  of  the  arc  AMB  =  4r  =  4  times  the 
radius  of  the  circle. 

The  greatest  ordinate  is  most  easily  found  thus 

y  =  p  .  sin.  9  =  r  sin.  0  .  (1  +  cos.  9) 

"  di"^^  ^^'  ^  •  (1  +  cos.  9)  —  r  sin.»9. 

Hence  when  y  =  max.  or  min. 
cos.  9  +  cos*  9  —  sin.«  9  =  0 

or  cos  «  9  +  S?!l?  =:  JL 

2  2 

4        V  r^  +  -^ 2 — 


16  2 


_     1 

=:  —  or  —  1. 

2 
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And  the  corresponding  values  of  y  are 

^  4  ^  4    V   the  former 

and  r  X  0  =  0  J 

maxima;   the  latter  a  minimum;  the  position  of  the  maximum 
Tslue  being  found  by  taking  0  r=  60^. 

Since  in  the  Trisectrix  the  equation  is 
p  =  r  .  (I  4-  2  cos.  0)1 
and  here  > 

/  =  r  .  (1  +  cos.  d)  J 
the  analogy  between  the  curves  is  very  evident.  We  may,  in  fact, 
derive  the  Trisectrix  from  the  latter  by  constantly  taking  Mm  == 
ON.  They  will  intersect  when  d  =  90°  scil.  in  M'.  The  Tn- 
sectrix  will  pass  through  the  centre  C ;  for  at  A,  CN  becomes 
negatively  =  radius,  and  p  =  0.     When  p  =  2r^  p'  =  A6  s=  3r. 

Multiplying  the  two   equations  together,  &c.,  the  result  p  = 

-  2^  ±    V4  +  12  cos.  0  -f  9  COS.  M  wiU  represent  the  com- 
2  2 

pound  curve. 

For  a  complete  discussion  of  the  Trisectrix,  see  Trisection  de 
VAngUy  par  Azemar  et  Gamier y  Paris,  1809. 

The  problem  may  be  generalized,  by  requiring  the  locus  of  the 
intersection  of  the  tangent  arid  perpendicular  let  faU  upon  ity  from 
any  point  given  in  position,  qf  any  curve  whose  polar  equation  is 

r  being  the  radius  vector ,  and  f{p)  any  function  of  the  corre" 
spending  J.  upon  the  tangent. 

First,  let  (A)  the  given  point  be  also  the  pole  of  the  given 
curve. 

Let  P  and  Q  (Fig.  21)  be  two  points  indefinitely  near  in  the 
given  curve  BPQ^  and  corresponding  tangents  Pp,  Q^.  Also  let 
pi  7,  be  the  intersections  of  these  tangents  with  the  perpendiculars 
Ap,  A9,  and  suppose  pqc  the  locus  required. 

Since  P,  Q^  and  .'.  p,  </,  are  indefinitely  near,  p  q  being  joined 
and  produced  will  touch  the  locus  in  p,  and  p  q  will  be  a  straight 


rs 
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line.  Draw  Ay  A.  p  q.  Again,  because  the  A  at  p,  and  9,  are 
right  angles,  and  Q  and  P  may  be  considered  as  coincident,  a 
semicircle  may  be  described  passing  through  A  Pp^. 

Hence  Z  ypA  =  Z  pPA,  and  the  A  p  and  y  are  right  A. 

.*.  A  Apy  is  similar  to  A  A/^P,  and  we  have 
Ay  :  Ap  ::  Ap  :  AP 
Let  Ay  =  «r,  Ap  (  =  p)  £=  f,  and  AP  =  r, 

1)2  -2  -2 

Then  «•  —  i-  =  — L-.  =:  -I —  ....  Co)  the  equation  between 

the  radius  vector  p,  and  the  perpendicular  upon  the  tangent  of  the 
required  locus.    Hence  /.  the  locus  may  be  found. 

Again,  let  pAB  =  0.    Then  by  similar  A  A^p,  qpr 
Ay   :  py  ::  qr  ;  pr 
:.  Ay2    :  Ap«  ::  qr^    :  qr^  +  pr8 
But  qr  :=z  Aq  .  d^  ;=z  f  ,  d^ 
and  pr  =:  df 

.  ,2  _     r*di>l     -  f* 


y 


?'_^    ^       9' 


p«  + 


dp«         /(f) 


'  by  («) 


■p 


Hence  0  =   /         ^^  (b) 


the  equation  between  the  radius  vector,  and  polar  angle  of  the 
Locus. 

Equations  (a)  and  (6)  will  each  determine  the  lociis  when  its 
pole  is  coincident  with  that  of  the  given  curve.  But  when  its  pole 
(A')  does  not  coincide  with  A,  letpY,  5cc.,  be  the  required  locus, 

and  put  A!p  =  p',  Z  p'A'B  =  0', 

the  given  distance  AA'  =r  a, 

and  the  given  Z  AA'B  =  $.    Draw  AM  ±  A'p'. 

Then  V  Aq^Mq'  are  ±  %,  and  Ap,  Ap'  are  ±Pp,  theZ^'A'p' 
is  evidently  =  Z  gAp, 

/.  d0'  =  rfO. 
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Also  p'  =  p'A'  =  p  M  ±  BIA' 

rs  p'M  +  AA' .  COS.  AA'M 
=  p  +  a  .  C06.  («  —  d^ 
and  sufastitatiiig  in  equation  (6)  we  get 

V{/.p'-a.cos.(«-e^}«-(/-a.cos.«-(r)« 
by  the  integration  of  which  we  may  find  the  locus  wherever  the 
given  point,  and  the  pole  of  the  given  curve,  may  be  situated. 

The  formula  (6),  which  will  generally  be  most  commodious  in 
practice,  may  readily  be  exemplified  by  applying  it  to  the  solution 
of  oar  problem. 

Since  RM  (Fig.  20,)  touches  the  O  in  R,  the  Z  MRA,  =r 
Z  RBA,  and  •'.  the  right-angled  A  ARM,  ARB,  are  similar. 

Hence  Aid  .  AB  =:  AR*,  or  making  (as  before)  AC  c=  1,  and 
AM  =:  p  =  p,  and  AR  =  r, 

/.  r  =  ^2p    =    ^2f:=zf(f) 

Ueuce  bj  substituting  in  equation  (6),  the  negative  sign  being 
taken,  because  dp  and  dO  have  different  signs, 

d  =    -     rSl =  -  vers.-»  p  +  C 

Let  0  =  0.     Then  p  =  2,  and  C  =  vers.~  *  2. 

/.  0  =  vers."^  (2  —  p) 

/.  2  —  ^  =  vers.  0=1—  cos.  6 

.'.  ^  :=  1  +  COS.  0,  the  same  as  before  determined. 

Ex.  2.  Let  the  given  curve  be  the  common  parabola  referred  to 
its  focus. 

The  latns  rectum  being  called  (/)  it  is  known  that 
/  - 


r 


V 
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.'.  by  substitution  ia  equat.  (6)  we  get,  (measuring  0 
from  the  vertex) 

^^    Pdp  1 


-n 


V         /8 


Put  u  z=:  — ,  substitute,  &c. 
and  0  =    / — ~ ■  =  COS."*  u+  csz cos."*  — 

J       A/l-tt« 


4p 


/.  —  s=  COS.  0 


and  p  =: sec.  0,  which  is  the  equation  of  a  straight 

4 

line  J.  at  the  vertex  to  the  line  joining  the  focus  and  vertex  of 

the  parabola. 


By  equation  (a)  we  get  immediately 

w  =  -i —  =  p«  X =  —  a  constant  quantity ;   /. 

/(p)  4.p2  4 

the  locus  is  a  straight  line,  &c. 


Ex.  3.  Let  the  given  curve  be  the  common  cycloid ;  required  the 
locus  of  the  intersection  of  the  tangents  and  perpendiculars  upon 
them  from  the  centre  of  the  generating  circle. 

Since  FT  (Fig.  19,)  touches  the  cycloid,  it  is  parallel  to  AB 
(FM  being  J.  AO,  &c.  &c.) 

Then  Op  being  ±  AQ  is  also  ±  TP. 
Let  AOD  =  9,  AO  =  1,  Op,  the  radius  vector  of  the  Zocm^  =i  p. 
Then  CG  being  joined  and  produced  to  6  since  ABG  =:  R  .  Z , 
CG  is  parallel  Op,  and  G  is  a  R  .  Z . 

Hence,  the  A  PBG,  MBC,  are  similar,  and 

/.  I)p  =  BG  :  BF  ::  BM  :  BC 
But  BP  =  arc  AB  (by  property  of  cycloid) 
=:  Z  AOB  =  »a 
BM  =:  OB  .  sin.  SG  =:  sin.  SO 

c\ 

and  BC  =  OD  X   ---  =  20D  =  2  cos.  fi 

OA 
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."•  Dp  =  =  20  .  sjn.  0 

2  COS.  d 

Hence  p  =  OD  +  Dp  =  cos.  fl  +  29  .  sin.  0,  the  equation  of 
the  locus. 

After  due  attention  to  the  above  discussion  (which  will  be 
useful  hereailter  in  the  theory  of  the  Aberration  of  light),  the 
student  may  proceed  to  find  the  Locus  of  the  intersections  of  the 
tangents,  and  perpendiculars  of  the  first  locus  of  a  given  curve  ; 
the  locus  of  the  intersections  of  tangents  and  perpendiculars  of  the 
second  locus,  and  so  on  to  any  number  of  Loci,  He  will  thus  ob- 
tain many  curious  and  interesting  results. 


28.        To  trace  and  construct  the  curve  whose  equation  is, 

3f«  = 

c  —  X 

In  the  equation 

y  =  ±  a? .      /^^+^...  (a)  let  jr  =  o,c,  and- 5.  The  cor- 

responding  values  of  y  ared:0,± —  ==  00,  0.    Hence,  if  from  A 
'  0 

(Fig.  22,)  the  origin  of  absdsss,  we  take  AC  r=  c  AB  =  «  6, 
and  draw  CD,  Cd  JL  6C,  the  curve  will  pass  through  A,  and  B, 
and  CD,  Cd  will  be  asymptotes  to  the  infinite  branches  AE,  Ae. 
Also  for  all  values  of  47  >  c,  or  >  (  —  6)  (the  sign  not  being  con- 
sidered), the  values  ofy  are  imaginary. 
Again,  putting  0  r=  inclination  the  tangent  to  the  axis,  we  have 

dx       ^  c-x      «    (c  -  x)i .  ^"6+:^ 

Let  j:  =  0,  and  —  6,  and  the  corresponding  values  of  tan.  0 

are  ±      /-L»  —  =00,  respectively. 
V    ^    0 

Hence  at  A,  ±  0  =  tan.-i     /±  =  Z  TACor  Z  *AC 
at  B,  ±  d  =  tan.-i  00  =  90°. 
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To  find  the  convexities  and  concavities,  mtdtiple  points,  &c.,  at 
any  given  point  in  the  curve  it  is  frequently  advisable  to  adopt 
this  method. 

is  the  equation  to  the  tangent  at  any  point  in  the  curve,  :^^}f  being 
tiie  oo-ordiqates  of  the  tangent,  and  x,  y  those  of  the  curve  at  the 
point  touched. 

Now  at  the  point  A,  y  =  o,  and  ar  =  0  and  521  =    ±  k/—  ' 
.'.  the  equation  to  the  tangent  at  A,  is 
f  =  ±    yL  X  X'  =  MQ 


y 


But  the  values  of  y  corresponding  to  x\  MP  are  ±     /  ,         x  x' 

y  h 
which  are  greater  or  less  than  ±      / —  X   x'  according    as  x' 

is  positive,  or  negative  and  not  greater  than  h.  that  is,  A£,  Ae 
are  convex;  AFB,  Ap'B  are  concave  to  the  axis.  The  point  A  is 
evidently  therefore  double. 


29.        To  find  the  equation   to  the  spiral  in  which   0  oc 
— ,  0  being  the  angle  at  the  pole,  and  p  the  radius  vector. 


e 


LetO  =  «,  when  f  =  SA  (Kg.  «3)  a  =  1. 
ThenO    :  «  ::  -L    :   i. 

And  0  =  iL (a)  the  equation  required. 

Again,  the  subtaagent  ST 

=-1—-  =    ^      .  ^       =  -^^(byequaUonoJ=»<,x— ssnpO. 
df  p"+'  p— '  p- 

Now  whatever  line,  issuing  fipom  S,  ^  begins  from,  the  circular 


CONSTRUCTION  OF  CURVES.  81 

« 

■re  deacrfted  from  that  line  to  the  curve  with  the  radhw  SP  s: 

Hence  the  subtangent  at  any  point  Ps:z  n  X  circtdar  arc  subtend* 
ing  G  at  the  distance  SP ;  which  is  more  general  than  the  enunci- 
ation of  the  latter  part  of  the  problem. 

The  enunciation  does  not  hold  good,  indeed,  in  the  case  of  n  ^=:  1 ; 
for  then  the  subtangent,  correspotiding  to  the  infinite  value  of  ^ , 

being  =  -^  =r   n  «  =  ST,  the  asymptote  TL  ±  ST  (see 
&mpsan*s¥iux,)  does  not  pass  through  the  centre. 


30.        To  trace  the  curve  whose  ordinates  are  equal  to  the 
Ters. -sines  of  twice  the  corresponding  abscissse ;  we  have 

y  =  vers.  2x (a) 

And  patting  y  :=  0,  the  corresponding  values  of  x,  are  0,  C, 
SC,  3C,  4C,  5cc.  (C  being  the  semi-circumference  of  the  circle) 
which  being  represented  by  0,  A^  A,,  A1A3,  A2A4,  kc 
(Fig.  24.)  the  curve  will  meet  the  axis  in  the  several  points  A|, 
Aj,  A3,  &c. 

Again,  when  x'=—j  — ,  — ,  &c.  y  is  greatest,  being  for  each 

2     2     2 

of  these  values,  :=:  2r  (where  r  =  radius  of  the  circle).    Hence  if 
A.  Me,  A.  M„  A,  M,,  &c.  be  taken  =:  £.,   — ,  -£2-  &c.  and 

I      t»     I    .»       i--3»  2  2  2 

M^  Pj,  M,  Pg,  M3  P,  &c.  each  =  2r  be  drawn  ±  A^  A,,  the 
cnrve  will  pe^s  through  Pj,  P,,  Pj,  &c. 
To  find  the  inclination  of  the  tangents  at  A  j,  P^,  A,,  P,,  &c., 

we  have  tan.  0  z:  ^  ^  2  sin.  2x,  which  equalling  zero  for  each 

dx 

C       3 
of  the  values  x  :s:  0,  C,  2C,  3C,  &c.  -i,   —  C,  &c.  gives  0  s  0,  at 

2       2 

etch  of  those  points. 

Hence  the  tangents  at  A^  A^,  &c.  P^,  P,,  5cc.  are  parallel  to 
the  axis,  and  therefore  the  axis  touches  the  curve  in  A^,  A,,  A,, 
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&c.    Hence  also  at  A^,  Aj,  &c.  the  curve  is  conyex  towards  the 
axis. 

To  find  the  points  oi  contrary  flexure^  we  have 

— ^  =  4  COS.  8x,  which  being  put,  according  to  rule,  r=  o,  gives 
cte* 

*  s=  — ,   .,   ,  &c.  and  for  each  of  these  values  of  x 

4         4  4 

y  =  vers.  2x  :=^  r  -^  cos.  2x^  becomes  i=  r 

Therefore,  bisecting  A  J  M„M,  A2,Aj  Mg,&c.in  N„n„Nj,nj, 
&c.,  and  drawing  N,  Q„  n,  g.,  N,  Q,,  n«  q„  &c.  each  =:  r,  and  X 
A,M„Qi,Q„Qo,  &c.  9i,9„  &c.  will  be  the  points  of  contrary  flexure. 

Hence  A|  €t„  9,  A,  Q,,  9^  A3  Q9,  &c.  will  be  convex,  and  the 
remaining  parts  concave  towards  the  axis. 

To  find  the  area  of  the  part  A,  P^  M,,  whose  abscissa  is  a 
quadrant,  we  have 

Area  =  fydx  =  f  vers.  2x  x  dx 

^frdx  -  fdx  COS.  2a:  =  rx  -  ™,g5. 

Let «  =  £. 

8 

Then  the  area  of  AQ,  P|M,  =:  -iL.  =  the  semi-circle  whose 

2 

radius  is  r. 

Hence  AP,A,  =  the  whole  ©. 


31.  To  find  the  equation  to  the  curve,  the  part  of  whose 
tangent  comprised  between  the  curve  and  its  axis,  is  a  constant 
quantity. 

Let  this  constant  quantity  =:  a. 

Then  x  and  y  being  the  co-ordinates  of  th^  curve,  we  have 


a  =    ^  A*+  y^^'"  ,  i^  being  the  subtangent ; 


,«-..£_L    y^dx^ 


:.  a«  s=  y«  + 


dy- 


CONSTRUCTION  OP  CTTRVB8.  ** 


Let-1  =  «. 

y 


Then    r     "''^y        -  -    /U^^=:-a.l.(«+/?ri5 


y         y 


Hence  X  s  Jof  -  >*  —  a.  f.  a  +  V^~y*   +    Crthe 

equation  «qui«d. 

The  greatest  ordinate  of  the  curve  is  =:  a. 
Also,  since  x  =  oo,  when  y  =  0,  the  line  of  abscism  is  an 
asymptote.    The  curve  is  convex  to  the  axis  throughout. 


32.        To  find  the  greatest  ordinate  in  the  curve  whose  equa* 

tionis 

y^  —  axy  +  «*  =  0. 

^  =  ^LlJfl  and  when  y  is  a  niaximum  or  minimum 
dx        Sy^  —  cut 

ay  —  Sx*  =  0 


Hence  by  substitution  in  the  given  equation  we  get, 
y«   —  .-5L. .  y»  =0,  which  gives 

of  y  the  real  values  0  and  fi  •  a. 

8 

To  find  which  is  a  maximum  and  which  a  mmtjiitciii,  we  have 

d^y  _  (Say*  -  6y  -  a^x)  -1  -  6a:  (8y«  —  ax)  +  a 

"5?"  -  ff 

(Sjf*  -  ax)V 

TOIh  II.  D 
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/.  when  y  ==  max.  or  mm.  -i^  being  r:  0,  we  hafe  — i-  = 

g  —  63? .  (3y*  —  03?) 
(8y«  -  ax)« 

which  is  positive  or  negative,  according  as  y  =  0,  orff .  a,  (as  it  is 

a 

easily  found  by  substitution  and  the  proper    reductions),    and 

therefore 

y  :=  0,  is  a  mimmum  value, 

and  y  =  f;^ .  a,  is  a  maxmum  value  of  the  ordinate,  which 
3 
is  indeed  very  evident. 


33.  To  find  the  equation  to  the  curve,  whose  nature  is 
such,  that  if  from  a  given  point  B  in  its  axis  (Fig.  25.)  BT,  JL 
axis  BM,  be  drawn  meeting  the  tangent  PT  in  T,  then  BT  + 
TP  =  the  arc  AP. 

Draw  TN  ±  PM  or  parallel  to  BM,  and  tn  (indefinitely  near 
P),  also  ±  PM.  Then,  putting  MP  =  y,  A'M  =:  Xy  and  A'B  =  a, 
we  get 

TB  =  PM  -  PN  =  PM  -  TN  .  J^ 


tn 


=  y  -  (a  +  a?)  ^. 


AlsoPT=  VTN«  +  PN^    =:  ^(x+a)-  +  (a  +  *)«^ 

=  (^  +  «)  Vi^^ 

and  \V  :=/  iJda^-^-dfriifdx       /y  ^  ^y' 
Hemce,  by  the  question, 
y^{a'¥x)^-¥  {x  +  g)     /l+  ^V^^^fdx  \/l  +  ^V^ 

which  being  like  the  formula  of  Clair aut^  may  be  integrated  by  difi*e- 

rentiation ;  for,  putting  J^  =  p,  substituting  and  differentiating, 

dx 

we  get 
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dy  —  pdx-^  (x  +  a)fi^+  dx  i/l  +  p«  +  (x  +  a) X 
^       =z2dx  V"l+F. 

But  dy  :=  pda?. 

•      pdp  dp        __       ^ 

p+Vl+P* 

p                      1  -        1  —  ca  —  ex 

OP —   ^  =:  _- —Is  .  . 

^  1  +  p«        c  .  (x+a)  c  (x  +  a) 

.     1    _.     c* .  (x  +  a)*        ,   _  2cx  +  2ca —  1 
P*        (1  —  ca  —  ex)*  (ex  +  ca  —  1)' 

LetiSSLLl  =  c'. 
Se 

Then,  sriwtitirtiiig  and  inTerting  the  remit, 
'^        4.(a-c')         ar  +  ci' 

:.  y  =  — i —  X  (x  +  <0*  - .  (a-<0* .  (*+  0*+*^' 

=  V8cx+8ca-l  X  (cx+  ca-2)+<^,tlieeqaa- 
Sc 
tion  reqnired. 

To  flompllfj  the  congtruction,  we  may  make  B,  instead  of  AV 

the  origiii  of  abscisstt^  by  putting  a  ss.o,  in  the  above  equatidn, 

iiliidi  fhenoe  becomes, 

y  =  Vlf  Vx-J_X  (x  -  i.)  +  c^' (a) 

8     ^  «c  ^^-^ 

d2 
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Now,  since  —  is  the  least  yolue  of  x  ^hich  will  eive  v  z^  a,  real 

quantity,  and  therefore  denotes  the  abscissa  of  the  vertex,  in  order 
to  have  the  vertex  in  the  line  of  abscissae,  according  to  the  enun- 
ciation (which  is  by  no  means  a  necessary  limitation),  the  arbi- 
trary constant  c"  must  be  zero. 

Hence  the  equation  (a)  becomes 

y  =  ^  ^A-JL  xix  -^  ±\ (b) 

3     ^  2c  c/ 

The  vertex  A  (see  Fig.  25)  is  found  by  putting  x  :=.  —  =:  AB ; 

2c 

for  then  y  :=  0. 

2  1 

The  curve  also  cuts  the  axis  in  C»  when  x  =  —  =  4x  —  = 

c  2c 

4BA. 

The  pairs  of  values  of  y,  different  only  in  signs  between  A  and  C, 
are  all  possible ;  after  which  they  increase  with  x  to  infinity. 
The  branches  AP  C,  Ape,  therefore,  form  a  node  and  CD,  Cd 
are  infinite ;  the  former  are  concave,  the  latter  convex,  towards 
the  axis. 


Again,  smce, 

I 

X  —  — 


•^  =  1  =  ^=    y^X_^,atA,tan.e==^^ 


.\  0  =  90,  and  ATj,  is  ±  EC ;  at  C,  tan.  6  =    ^    ^     x 

^      2 

A  -  -1  — 

e  c  I  2  sin.  SO® 


V*  V^  ^   COS.  SO* 

2 


=  tan  30^    .-.  0  =: 


^     c      2c 
W;  0  =  0,  or  P,T,  is  paraUel  to  EC,  when  x  =  BM,  =  JL 


t*^ 


J 
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N.  B.  When  BT  falls  below  EC,  the  point  P  bem^  above  thai 
fine*  BT  moat  be  considered  oegatiye. 

34.        This  problem  maj  be  generaliied  bj  stating  it,  JZe- 

quired  the  nature  of  a  curve  by  the  revolution  qf  which  about  0$  tucUf 
a  surjace  may  be  generated^  the  distance  ofwhoie  centre  of  gravity 

from  the  vertex  is  — th  of  the  abscissa^  measured  from  that  vertex. 

The  general  expression  for  the  distance  of  the  centre  of  grayitj 
of  any  solid  of  reyolution  from  the  vertex  is 

*/ If  ^      =  -f.  bj  the  question. 
Jydz  n 

Hence,  we  get 

(«  —  1)  xydz  sz  dxfydz 
ydz      ^^      1  dx 

Jydz  n— 1  X 

/.  If  ydz  =  ix+C=:Z.«5=i+/.c2=/.c«S=ir 

n— 1 

/.  y^Jda^+dy*  =:  ,  x  ^\  dx  ....  (a)  the  general 

differential  equation,  which  is  integrable,  in  finite  terms,  in  some 
particolar  cases. 

Let  n  =  «.  ' 

Then  y  sj  da^-^dy^  =  c  .  sfidx  =:  cdx 

Hence  —  ^  ^       =  dx 

/.  c'  -  ij(^  —  y*  =  X 
Bat  since,  by  the  question,  and  the  above  expression  for  the 
distance  of  the  centre  of  gravity,  we  suppose  a;  =  0  at  the  vertex, 
where  also  y  =  0,  by  puttd^  x  =:  0,  we  get 

ri         c'  =  V^  ^  ^ 
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•%  y'  s=  Sco;  -  j^ (A)  die  eqnfttion  to  a  omfe 

whose  radhis  18  c. 

Agtio,  let M  s  ^  orihe  distance  of  tbe  oenlre  of  gravity  be 

<*-- of  time  abscissa, 
s 


Then  y  ii/da^-hdy*  zz  2c  xdx ;  which  being  homogeneons,  put 
y  s:  «^,  AAstitule,  &c.,  and  we  get 

1  +  (u  +  ^V  =  J^ 

rfar  / 


tt« 


^cdtt 


dx 


u 

udu  ^  dx 

^4c— a*— II*         ^ 


and  putting  ^  4c»  -  «•  =  r,  substituting,  &c.,  we  get 


fc'  +  Zjf  =  -  ±  /.  (t^  +  V  -  4c«)  + 


1 


8        ^  , _=   X 


2  V4c"  +  i 


But,  when  x  =  •,  /.  cJ*  =  -  oo  =  /.o,  /.  c'  =  o. 
Hence »  +  -!-.    V 4?+i  =  0 

And  ledndng  tbe  equation,  we  finally  obtain 

9  =  (sH^El  -  »)*  * (c)  the  equation  to  a  straight 

line. 
The  surface  in  this  case  is,  therefore  that  of  a  ctme. 


35.        To  trace  the  curve  whose  equation  is 
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Let  y  =  0.     Then  a?  =  0,  or  :=  a  +  ij  a*  —  b^  or  =  a  - 


ij^-'i^.  If  /.  A  (Fig.  26,)  be  the  origin  of  ftbscissfe,  AB  s=  a, 
BC  =  ^a«  — 6»,  BC  =  -  ^a'  -6%thecnrvewill  pusthroi^ 
each  of  the  points  A,  C,  C. 

Again,  y  =  ±  oo,  when  x  :=  2a:  take  /•  AD  =:  Sa,  and 
draw  Ee  ±  AD.    DE,  De,  are  asymptotes  to  the  cunre. 

X  cannot  be  >  2a ;  for  then  y  is  imaginary.  For  the  same 
reason  it  has  no  negative  values.  ' 

Since 

tanO  =  f^=  ..^1ZJ?L^+:^^^,  when  X  =  0,  or  =  fl 

-  jja*-^b*j  or  =  a  +  ^  «'  —  ^'»  ^'  **  *®  points  A,  C,  C,  the 
Z  0  =  90^.     /.  at  each  of  these  points  the  tangent  to  the  coire 

is  ±  line  of  abscissae.  Hence,  when  ^  a*  —  6*  is  real,  or  «  >  *, 
the  cnrre  will  be  as  described. 

If  a  =  6,  the  oval  C'C  will  vanish,  and  the  points  C,  C,  will 
imite  in  B. 

If  a  be  <  6,  the  curve  meets  the  axis  in  A  only. 

To  find  the  area  of  the  curve  when  6  t=  a,  we  have 


^  =  fydx  =z  ±/dx.(a^x)s/ 


X 


f- 


2  '  2a  —  * 

ax  —  a^ 


.  dx. 


jj2ax  —  X* 


Let  tt  =  X  V  8a*  —  ^ 

ax  —  31^       J  a — ^         J      I 

Then  dw  =  2  .  -  "^  dx  -  a  — '  dx  + 

^2ax  —  of  V^2ax  —or' 

^*^  Hence,  we  find  ±  —  =  f±i^2ax^af^   - 

2  2 


i^2ax  —  J^ 


1.    vers  —  x  .'.  ±  Area  ;=:  {x  +  a)  jj  2ax  -  a^ -- a  .  y&s.^x. 
Let  X  =  a.     Then 
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Jrea  =  2<^  -  o  .  Terg.-*  a=z2a^  ^  JL  0   (rad.  a)    = 
—    (4  -  9)y  or  the  difference  between  a  _  0  (rad.  =i.a)  and  its 

To 

ciramscribiHg  rectangle. 

Let  a;  s  8a.    Then 
Area  =:  a  .  vers."^  «a  =  -^  .  circumference  of  0  (rad.  =  a) 

s=  Arei^  of  that  0 . 


36.  Let  AB,  Dd  (Fig.  27,)  be  any  two  diameters  of  the 
0  ADEd  ±  one  another,  and  let  Dd  be  indefinitely  produced 
both  ways  to  E  and  e.  Then,  any  chord  AF  being  drawn  inter- 
secting Drf  in  P,  and  PM  =  cos.  FB  being  erected  ±  Dd,  i^ 
quired  the  locus  of  the  point  M. 

Let  PC  c:  X,  PM  =r  y,  and  AC  =  r.    Then,  from  similar  A 
we  get 

-.        PF 
^  AP 

and  the  property  of  the  0  gives 

PF  =  PP    P<^  _  CD*-  CP  _  r*  —  «• 
AP         .  AP  AP" 

Hence  5^  =  r  .  =  r. f.,  the  equation  to  the  locus. 

AJr^  r  '^  3^ 

Let  X  =  0.    Then  y  =  r,  or  the  curve  passes  through  Bi 
Let  s  =  db  r.    Then  y  =  0,    or  the  curve  passes  through 
D  and  d 

I^t  X  =  ±  00.    Then  y  =  -  r,  or  the  tangents  to  the  0  at 
A  are  asymptotes  to  the  curve. 

Again, 

tan.  0  =:  ^  =  -      ^^ 


dx  (r*  +  afj 

Let  x  s  0.    Then  tan.  0  =r  o,  or  d  ==  o,  or  the  tangent  at  B 
is  parallel^to  CE. 
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Let  a?  =  ±  r.  Then  tan.  d  ==  ^  If  or  0  =  135^  or  s=  46^ 
:.  the  tangent  at  D  is  inclined  to  CE  at  an  angle  of  135^,  and  at 
i2  at  an  angle  of  45^. 

Again,  since 

^  ^  -  — — —  X  (r*  -  3af),  at  the  points  of  inflexion 


djf 

(f+^f  ' 

r«- 

8a^  = 

0 

OT  X 

=  ± 

r 

ory 

2 

Hence,  if  CB  be  bisected  in  6,  and  F^be  drawn  through  6  J. 
AB  meeting  the  Incus  in  M,  m  ;  H,  m  will  be  points  of  contrary 
flexure^  and  the  Iocum  will  be  as  it  is  described  in  the  figure. 


37.        To  find  the  relation  between  the  ordinate  and  ab- 
scissa of  a  curre  (y,  x)  from  the  equation, 

Differentiating,  we  have 


/.  j^  dx*  +  dy*  =  da?  , 


e'  +  g- 
«•  — c- 


Hence 


dy*    _        -ic** 


da*  (c*  —  !)• 


anddy  =  -!f!f^  =-i^  +      ^^ 


c**—  1  c*  —  1  C  +  1 

.-.  y  =  i.  (e»  - 1)  +  ^  (c*  +  1)  +  /.  c 
or  y  =/.  c.  (c^  —  1,) 
whidi  expresses  the  relation  required. 


38.        FN  (Fig.  28,)  is  any  ordinate  of  the  ellipse  ABa, 
and  Q  is  a  point  in  it  such,  that  the  line  CQ  joining  it  and  the 
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centre  of  the  ellipse  C,  shall  always  =  PN ;  required  the  locus 
ofQ. 
Let  CN  =  X,  QN  c:  2^,  AC  =  a,  and  BC  =  b. 

Then  y^  +  x*  :=z  QC*  =  PHP  =  —.  (a*  -  O  bj  the  equation 

a* 

to  the  ellipse. 

Hence  y*  = ( —  a^\  which  is  the  equa- 

tion  to  an  ellipse,  whose  semi*axes  Bd,  CN'are  b  and  _-_-_.--. 

V  a*  +  ** 
respectiTely. 

The  point  N'  always  falls  within  the  given  ellipse,  and  may  be 

found  ge<nn€trically,  by  bisecting  the  Z  ACB  by  the  line  CF, 

and  drawing  the  ordinate  FN'. 

39.  The  problem  may  be  generalized  thus ;  ACB  (Fig.  29 ,) 
being  any  given  curve,  whose  equation  is  y':=if.x\  and  CD  a  straight 
line  of  given  length,  one  of  whose  extremities  is  always  in  the  line 
of  abscissie,  and  the  other  in  the  curve,  then  CD  having  every 
possible  situation,  required  the  locus  of  the  point  P  which  divides 
CD  in  a  given  ratio. 

Let  O  be  the  origin  of  abscissse  of  both  the  curve  and  the  locni, 
ON  =  of,  CN  =  y,   OM  r=  X,  PM  =  y,  CD  =  a,  and  PD 
=  _CD    _    a^ 
an  m 

Then, from  similar  A,  we  get 

I        PD        >i/  /x      a 

=  ±./.  (ON) 
m 

But  ON  =  X  --  NM  =:  »  -  (ND-MD)  r=  x  -  (»»  -  1)  x 
MD  =:  X  -  (m-1)  vj-y*. 

.•.  y  =  — ./  {x  -  (m-1)  V  ^"^y  J  ip)  wbich  ex- 
presses the  relation  between  x  and  y  in  the  locus  generally. 
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Now,  in  the  problem,  we  hare 

^^      t  /•  by  sabstitution,  we  here  get 

47 


Hence  or  =:  s/r^—^y*  +  V^  "y* 

the  eqnation  required. 
To  find  the  area  of  the  curve,  we  have 


Then  du ,  ^     . 

4 


dy  »y»dy 


y' 


r    ^^dy  /7^    T       .^     dy 


Similarly  we  find 
y'dy 


44 
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— —  sin.""i \r  C;  and  transferring  the  ofigin  of  abscisse 

to  (6)  that  of  ordmates,  by  putting 


r 


tt  =  r  +  — ;2=  "^  *»  ^c  get 


/ydu  =  8in.-i—  +  — sin.-i— ;r  - y  V  T    ^    T 
/?* — i 

V  — -"y*  =  area  6PM,  the  correction  in  this  case  being  =  0. 

Let  y  =  —  its  greatest  value. 

Then,  the  area  * 

h(M  :=  sin"'.  1  +  — sin.-i  — — ^  —  — 

-  «-     ,      1     «•  r* 

=   1    X    —  + —   — 

2  2     4  8 

5w  -  r*  ^ 5.0  (rad.  =  1)  -r« 

=:  .^__  or  zr  2i ^ . 

8  8 


If  ACB  be  a  straight  line,  it  will  be  found,  in  like  manner 
that  the  locus  is  a  conic  section. 

If  our  limits  would  permit,  we  might  here  resolye  the  inverse 
problem ;  given  the  equation  to  the  locus  of  P,  to  find  thai  of  the 
extremity  C ;  or^  more  generally ,  given  the  eqttations  to  the  loci 
of  tu>o  points  of  a  straight  line,  to  find  that  of  any  other  point. 


40.  To  trace  a.  (y  -  h)*  =  x.  (a:  —  a)',  let  y  —  6  =  «,  and 
we  get 

tt  =:  ±  — =.  (a?  —  a)  V  « 

•   V« 

Let  X  =  0.    Then  u  =  ±  0,  and  the  curve  passes  through  the 
point  A  (Fig.  SO),  the  origin  of  ii. 
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Let  X  =  AB  sp  a.  Then  «  =:  0,  and  the  eurye  panes 
through  B,  which  is  doable. 

Let  X  =  oD .  Then  u  =:  ±  od  ,  and  the  branches  BZ,  Bzj  are 
infinite.  * 

The  corre  is  limited  at  A,  because  all  negative  Tallies  of  x 
pre  imaginary  values  of  u. 

To  find  the  position  of  the  tangent  at  singular  points,  we  have 
tan.  0  =  !^  =  ±  -L,.   iiZ:!,  in  which  let 

X  :=  O;  then,  tan.  0  =  ±  « ,  and  the  tangents  at  A  (AT,  At) 
are  JL  AC.     /.  the  curve  at  A  is  concave  towards  AC. 

Let  x  r=  AN  =  iL.    Then  tan.  0  =:  0,  and  the  tangents  at  P 

andp  ar# parallel  to  AC. 

Let  x  r=  a.  Then  tan.  0  =  ±  1,  or  the  tangents  at  B  are  in- 
duied  to  AC  at  an  angle  of  45^. 


41.  To  find  the  nature  of  the  curve  AP  (Fig.  31)  such 
that  AB  being  drawn  from  the  vertex  making  Z  BAG  =  45^, 
and  cutting  the  ordinate  PM  in  Q, 

PQ  :  subtangent  =:  i^  ::  aiy. 

•  ay 

First,  we  have  -2^  =  PQ  =  y  -  QM  =  y  -  AM  =  y  —  ar. 

dy 

Let  y  —  X  =?  «. 
Then,  by  differentiating  and  substitution,  we  get 

dy  du 

a         o— II 

.-.  ii=C-Z.(a-«) 
a 

r=  la  —  /.  (a  +  «  —  y)  =  /. 


a  +  a;— y 


Hence  x^  y  +  ae  •  '^  a (a),  which  express  the  relation 

between  x  and  y. 
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,  ,  C  •'.  the  curve  passes  through  A,  and 

Let «  sr  00)  then  jf  s=  od  ^ 

is  infinite  towards  C 
Again,  tan.  d  =  J(  s  ! 

Let  j;  =  0,  or  y  =:  0,  and  /.  tan.  0  s=  co 

A  the  tangent  at  A  is  ±  AC. 

To  find  the  area  of  the  curr^,  we  hate 

fydxzzfydy  -  f  e^  dy.y 

ss  l!l  +   2f^y  +  f^i^dy 

s=  si  +    8€"^y  -  4c"^  +  C 

es  IL-  +  2e*  X  (y—  2)  +  4,  which  expresses  the 

area  comprehended  between  the  verteXf  and  any  ordinate  y  gene- 
rally. 


42.        BM  (Rg.  82)  being  any  chord  of  the  O  whose  cen- 
tre is  C,  and  CF  any  radius  cutting  the  chord  in  E»  and  circum- 
ference in  F ;  then  if  EF  be  drawn  ±  BM  and  =  EF,  required 
the  locus  of  the  point  P. 
Draw  CAD  J,  BM,  and  put  CF=:r,  CA=i  a,  AE  =  x,  EP=:y. 

Then  y  =  EF  =  ±  (CF  -  CE)  =  ±  (r  -  V«*  +  «0»  *« 
equation  to  the  curve. 

The  signs  ±  show  whether  E  falls  within  or  without  the 
curve. 

Let  X  =  0 ;  then  y  ^  r  -^  az^  AD. 

Let  y  :=  0 ;  then  «  =  ±  ijf*  —  cfi  =  AM,or AB. 

Let  X  =  db  •  ;  then  y  =  —  a .  %      • 

AMin,  tan.  6  ss  ^  =  :r         ^       ;  r.  at  D  the  tangent  is 

panlUtotBMt  and  at  M  or  B,  tan.  d  ;=  :^  djljZJL'      There 

r 
are  no  points  of  contrary  flexure. 
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If  we  transfer  the  origin  of  eo«oidiniles  to  D,  and  Ae  Uneof 
absdssse  to  DC,  by  putting 

ir'  =  DN=r-CN!=r-y-.a, 
and  y'  =  PN  =  «, 
which  will  give,  by  substitution  in  the  above  equation^  and  proper 
rednctionsy 

we  easily  recognise  the  locus  to  be  the  equUateral  hyperbotay 
whose  axes  aie  =  a. 

Here  we  may  remark,  that  as  most  known  turves  are  defined 
by  co-ordinates  originating  in  the  vertex,  or  other  points  symme* 
tikally  placed  with  respect  to  the  branches,  in  investigating  the 
nature  of  a  curve,  it  may  frequently  aid  us  torefer  the  oo-ordinates 
to  that  point 


43.  The  problem  may  be  generalized  by  stating  it ; 
required  the  curve  to  which  a  straiglU  Une,  catting  from  two  straight 
Unes  which  meet  in  amy  angle  two  segments  whose  sum  :st  a^  is 
always  a  tangent. 

Let  BC,  B'C  (Fig.  33,)  be  any  two  positions  immediately  con- 
secutive of  the  line,  cutting  off 
AB  +  AC  =:  AB'  +  AC  =:  cr,  and  intersecting  in  the  point  P. 

Let  the  equation  of  the  line  AB,  (x  and  y  being  measured  from 
A  along  AX,  and  AY)  be 

y  =  Mo?  +  N (a) 

Then  AC  =:  -  ^,  and  AB  =  N 

M 

N 
/.  —  — -  =  o  —  AB  =  a  —  N 

M    • 

N' 
/•  M  =::  ,  and  the  equation  (a)  becomes 

y  =  == X  +  N (b) 

W  —  a 

Now  at  the  point  P,  the  ooK)rdinate8  of  the  two  lines  CB,  CB', 
being  precisely  the  same,  the  variation,  due  to  their  change  of 
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position,  that  will  take  phoe  in  equation  (6),  must  arise  from  N 
only ;  and  differentiating  on  that  supposition,  we  get 

,_dN__  JMN_>^ 

U  -  «  .     (N-a)«; 

Hence  N  =  a  ±  V  «^ 

aJ  X 

And  substituting  in  equation  (a)  we  get,  after  pronto  redactions, 

y  zz  X  ±.1t  ^ax-k-  a  =  {Jx  ±  V«)*  •••••  (0 
which,  since  P  is  evidently  a  point  in  the  curve,  is  the  equation 
of  the  curve  (viz.  a  Parabola)  referred  to  the  co-ordinates  AX,  AY. 

This  Theory,  which  is  closely  allied  to  that  of  particular  solw 
tions  in  the  Integral  Calculus,  is  worthy  the  attention  of  the 
Student. 

The  next  problem  affords  another  illustration  of  it. 

44.  Given  the  angle  A  (Fig.  SS)  and  area  cut  off  by  CB,  to 
find  the  curve  to  which  CB  is  always  a  tangent. 

Let  the  line  CB'  be  the  immediately  consecutive  position  of 
CB,  and  let  CB  be  denoted,  as  in  the  preceding  problem,  by 

5r  =  Ma:  +  N (d) 

Let,  also,  the  given  area  ABC  =:  a\ 

Then,  since  AC  =  -^,  AB  =  N 

M 

Anda'=  AABC=^^^°^ 

2 

_  AC  X  AB  Bin.  Z  A        -  N'  sin.  A 
a  "  «M      ' 

And  A  M  s=  ^  —     •     ,  by  substituting  in  equation  (cQ  we  get 

8a* 

_       N*  sin.  A      .   mj        fr\ 

Now,  supposing  CB  to  undergo  a  minute  variation  in  position, 
x  and  y,  at  its  intersection  with  the  curve,  will  remain  the  same. 
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and  N  (bein^  a  fiinction  of  the  angle  PCX)  alone  will  varj. 
Taking  /.  tbe  differential  of  (/)  on  that  supposition,  we  get 
_  NcfN  X  sin.  A  ^  ^  rfN  =  0 


a« 


/.  N  =         «• 


X  sin  A 


and  .'.  M  =  — ; 

2x'  sin.  A 

Hence  equation  {d)  becomes,  by  substitution, 


a«  .      '    a» 


y  =  -  — _- — -  X  + 


2x*  sin.  A  X  sin.  A 


a 


or  a:y  := (a) 

^         2  sin.  A         ^^ 

the  equation  to  the  curve,  which  is  therefore  an  hyperbola  whose 
asymptotes  are  AX,  AY. 

If  Z  A  =:  a  right-angle,  the  curve  is  a  rectangular  hy- 
perbola. 

45.  The  section  of  a  prolate  spheroid  made  by  a  plane 
passing  through  the  focus  of  the  generating  ellipse,  is  an  ellipse 
having  the  same  focus. 

The  truth  of  this  proposition  may  be  shewn  by  either  of  the 
methods  explained  in  pages  8,  &c.,  vol.  li.  As  the  student 
will  find  little  or  no  difficulty  in  using  either  of  them,  beyond 
that  of  actual  computation  in  obtaining  an  equation  of  the  second 
degree,  and  afterwards  discussing  it  according  to  Lacroix  Traiii 
de  Trig.^  pp.  156,  &c.,  and  other  elementary  writers,  we  shall 
fHefer  giving  a  solution  founded  on  principles  different  from  those 
referred  to,  and  tending  to  abridge  the  usual  labour  in  such 
inquiries. 

Let  DFE  (Fig.  34)  be  the  spheroid  generated  by  the  revolution 

of  the  —.  ellipse  DE  E  about  its  axis-major  DE,  and  let  DPFOD^ 

be  the  intersection  of  a  plane,  passing  through  the  focus  S,  with 
the  surface  of  the  spheroid ;  DTE'QD'  is  an  ellipse  whose  focus 
is  S. 
yois.  II.  E 
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For,  supposing  P  to  be  the  intersection  of  the  curre  DTQ 
the  generating  eUipse  in  any  position  DPE,  SP  wiU  be  a  radius- 
vector,  issuing  from  the  pole  S,  to  both  curves ;  and  l^E'  being 
the  intersection  of  the  plane  of  DTQ  with  that  of  the  ellipse 
DEiy,  given  in  position,  Z  PSE'  and  Z  PSE  will  be  the  cor- 
responding angles.  Take  SB  =  SA  =  SC  =:  1,  and  in  the 
planes  lyPE',  DPE,  DE'E  describe  the  respective  arcs  BA  =  0, 
BC  ==  «,  AC  =  jS. 

Now,  by  trig,  we  have 

COS.  a  =  sill.  0  cos.  A.  sin.  6  +  cos.  g.  cos.  6, 

And  p  =  SP  =  ±(LZ£),  ^hete  a  =  "^"^J"^' .  and  e  = 

1— ecos.a  * 

eccentricity  ^^  ^^  ^j^.        ppg  ^^^  ^y  ^^^  ^^j,^  on  conic 

a 
sections.) 

/.  substituting  for  cos.  a,  we  have, 

p  -   a.^l-^) ^, ..  (a),  an  equation 

1  — e  sin.j9cos.A.  sin.9  —  ecos.jS.cos.d 

between  p  and  d,  expressing  the  nature  of  the  section  lyPE'Q. 

Now  to  lecognise  the  precise  form  of  the  curve  D'PE'Q,  repre- 
sented in  piano  by  Fig.  34.  a,  we  will  transfer  the  origin  of  6  from 
Se'  to  the  maximnm  value  of  SP  t;tz.,  Se,  by  putting  O'  =:  d  +^9  s 
being  the  interval  between  Se'  and  Se. 

r 

N      ^P    --  q(l  —  g^)  g  (cos.  A  sin,  g  cos.  0  —  cos,  g  sin.  O)--.  ^^ 
dB  ^       (1  -  esin. gcos.  A.  sin.  0  —  ecos.  gcos.  fl)^ 

gives  tan.  0  =  cos.  A.  tan.  g  =  tan.  (— «)  =  —  tan.  s. 
/.  sin.  6  =  sin.  (6'  -  s)  =2  cos.  s  (sin.  G*  -  cos.  fi'  tan.  s) 
=  COS.  s  (sin.  0'  +  cos.  A.  tan.  g.  cos.  9'), 

and  COS.  0  =  cos.  (9'— s)  =  cos.  $  (cos.  9*  +  sin.  9'  tan.  $) 

=s  COS.  s  (cos.  9'  —  cos.  A  tan.  g.  sin.  9^. 
Hence,  substituting  in  equation  (a),  we  get, 

_        a.(l  -  €») 

''  "^  1  —  e  cos .  g  cos.(«Xl  +  cos.«  A.tan.«g)co8. 9' 

Butt  an.«  s  =  ^ " ^^^''  ^  =  cos.«  A.  tan,»  g, 

COS.*  s 


r 


.\  COS.  s  = 
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1 


VH-cosTATtanTS 

/.  p  =  a{l-ei^)    .  — ^  ^y^,j  b^^ 

1  — e  COS.  Bsjl+  c6s.tA.  laiL«0  x  cos.  6' 
of  the  foim  ^ 

aXl-c'*     ^^^  ^1  ^^  ^^^^^  lypE'Cl  18  an  dlmu 
1— c'cos.  O'  '^ 

whose  fbcas  is  S,  who9B    ^^^^^J    -.g  eo8.0^1+cot.<A.taii*j9 

i  (axis  major) 

and  J™L5S2L  =  - 0.(1 -c«) 

2  1  —  ^  COS.*  ^  (1  +  co8.«  A.  tan.*  flj' 


46.  Given  two  ordinates  /?,  /S',  and  the  diifeienee  of  the 
oonesponding  abscissse  ),  of  the^fogarithmic  curve,  to  oonstmct  it. 

The  equation  to  the  logarithmic  curve  being 

if  we  can  determine  a  in  terms  of  known  quantities  /?,  0^  i^  the  con- 
struction will  be  effected  by  assuming  any  abscissa  at  pleasure, 
and  finding  the  corresponding  ordinate  from  the  equation. 

Let «  be  the  abscissa  corresponding  to  fi;  then  u  +  ^  is  the 
abscissa  due  to  0^  and  by  the  equation  we  have 

•••••=1 

Hence  y  =  f  —  \7,  which    gives    the    construction 
required. 

47.  Required  the  curve  whose  perpendicular,  drawn  from 
a  given  jtoint  upon  the  tangent,  is  constant. 

Let  the  line  of  abscissae  AM  pass  through  the  given  point  S. 
let  also  AM  =  ar,  PM  =  y, 

X  2 


52  .    THB  NATURE  AND 

AS  =  a,  and  Sy  =  6  =  ±  upon  the  tangent  FT. 
Then  from  similar  A  we  have 
6:ST  ::  y  :PT 


•^^•-  s/y 


a 


+ 


dy« 


::  1  :    Vi  +  ±1- 
.'.  h    A~Z^L  =  ST  =:  MT  -  SM. 

dy 

or  y  =  ft.  /T+p*  +  («  —  o)  p....(o)  which  heing  reducihle  to 
Clairaut's  Formtda,  may  he  integrated  as  follows : 

dy  =       ^^^      +  p.dx  +  (x  -  a)  dp. 

Vl+P' 
Butp.dr  =:y. 


.-.   f        ^        +  X  -  a)  rfp  =  0, 


/.  dp  =  0 
or 


1  =  0  -V       /,  p  =  c  "I 

S^        +x— fl  =  Ol     or   p    =     —    —  f 


The  first  value  gives,  by  substituting  in  (eq,a)y  the  general 
solution 

y  =  6  VI  +c*  +  c  (x  —  o),...(ft) 

The  other  gives,  after  proper  reductions, 

0 

or  y'  =  6'  — a'+2fla;— a:*  ...(c)  an  equation  involviogno  arbitrary 
co/istant  and  not  deducible  from  (6),  and  therefore,  a  particular 
solution.  This  latter  result  evidently  shews  the  curve  to  be  a 
ctrc^.    It  is,  in  fact,  the  locus  of  the  intersections  of  all  the 


r 
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Straight  lines  made  by  giving  eveiy  possible  yalue  to  the  constant 
€  in  the  gejieral  solution  (b).     See  No.  44,  Vol.  II. 


4B.        Given  two  distances  r,  r'  from  the  focus  of  a  parabola 
and  the  angle  between  them  s,  to  construct  it. 

Let  the  angular  distance  of  r  from  the  axis  be  0  ;  then  the  Z 
between  /  and  the  axis  is  0  +  a.  Let  also  p  =  the  parameter 
of  the  parabola,  to  be  determined. 

Now  the  polar  equation  to  the  parabola,  dednced  very  readily 
from  t^  =  pxy  being 

p  =  jL  .         .■  =:  JL .  ,  we  have 

2      l  +  008.f  4      ^^.9^ 


2 


T    =z    L 

4cos.'i 
2 

and  r'  ==  E. 


4C0S.^  — I— 


2 


ycos. 
V     — 


cos.  — 
2 


COS .COS. — —  sin.  — .  sm. 

_  2  2 2  2 

COS.  — 
2 

a  *       ct  .         0 

s=  COS.  —  —  sin. — tan.  — . 

2  2  2 

« 

.'.  tan.  —  =  (cos.  — —  ^  /  --.  I =  m 

2  2       V    1^  /     .«    • 


sm.  — 
2 


Hence  cos.'-.= 


1—2  cos. 


—        /iL  +  iL 
2  '    V  i'        t' 


sm.'  — 
2 


^  THS  »A'f y»p 


BUI.'  — 
2 


Hence  the  equation  between  the  radins-yector  p  and  its  Z  of 
ipc^xiation  to  the  axis  f  ,idiich  affoidci  thereqpiiie4  oonstnietiony  is 

«n..Jl  «      y   -'        '^^cos.-l.- 

2  S 


49.  A  aad  B  being  t«vo  giioen  pointB  (Kg.  My,  and  C 
another  such  that  AC  :  CB  ::  n  :  l ;  thai  the  U&if  of  C  is  a 
circle. 

For,  take  AD  :  DB  ::  n  :  1 

,  and  DN  =  0?,  CN  =  y,  AB  =  a. 

Then  AO  +  CB«  =  (»*  +  1)  CB* 
=  (n*  +  1)  (y*  +  BN*)  =  AN*  +  BN*  +  2y* 
/.  n«  -  l)y*  +  n\  (BD  -  «)»  s=  (AD  -i^  zf. 
But  BD  =  -5L.,  and  AD  =  -2!?L. 

Hence,  by  substitution  and  reduction,  we  get 
2na 
n*-   1 

▼hich  is  the  eqaatioin  to  a  circle  whose  radius  is  — — — 

n*  —   1 


na 


60.        To  find  the  poliur  equati<^  to  an  ellipse,  the  pole 
being  in  the  centre. 

The  equation  between  th^  rectangulair  co-ordinates  x,  y,  mea* 
sured  from  the  centre,  is 

y«=  ^  (a*  -  of)  ....  (a) 

a  and  b  being  the  principal  semi-axes^ 
Let  ^  be  the  radKnis-vector  measured  from  the  centre,  and  d  its 


r 
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inclination  to  tlie  —  axis  a ;  then  x  =  p  cos.O,yz=p  sin.  0,  and  by 

Sttbstitatioti  in  equation  (a)  we  have 

f«  sin.«  0  =  ^  (a«  -  p*  oos:»  0) 
a* 

Hence  p^  s  "*'** 


a*  -  (a*  -  6")  cos.*0 

Now  it  is  well  known  that 
a"  —  5*  s=  (dist.  between  focus  and  centre)t 

s=  (•ccentridtj)*  =  (ae)^  by  soppoeition. 

:.  fez  s:  the  equation  required. 

a»—  oV  COS."  e        1  —  c^  co8.'d 


51.        To  trace  the  curve  whose  equation  is 
y9  =  oa;*  +  jC. 
Let  j^  =  O,  and  —  a.    Then  the  corresponding  values  of  y  are 
each  s£  o.    Hence,  patting  AB  (Fig.  97),  s=  ^  d,  the  curve  will 
pass  through  A  and  B. 

Again,  let  :r  =  ±  oo.    Then  y  =  ±  oo,  or  we  have  two  infi- 
nite branches  AQ,  Bgf  lying  on  different  sides  of  the  axis  Cc. 
To  find  the  greatest  ordinate  of  the  branch  AM6,  we  have 

^        to*(a  +  X)* 

which  gives  a?  =3   —  ^,  and  :.y±i  {cufi^-a^y  =  — .  4^^  Hence, 

3  3 

tiding  Am  =  —  ^  AB  and  drawing  mM  s  iL.  4^    at    right 

3  3 

angles  to  Cc,  we  obtain  the  position  and  magnitude  of  the  greatest 
ordinate  required. 

To  find  the  asymptotes,  we  have 

y  =  X.  (1  +  cwr>)^ 3=  x(l '\-—  :r-*  —  -La*  a?-"  +  &c.) 

3  9 

4%  a*    -I    • 

=  X  +   —   —  —  X  \  ac. 

3  9 
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Hence,  the  equation  to  the  rectilinear  "asymptote  ^  (see  Francoeur, 
Mathemat.  Pures^  p.  323,  or  Stirling,  Linea  TertU  OrcUms  New* 
taniamBj  p.  48,)  is 

y'  s::  x*  +  — ,  of  being  measttred  from  A. 
Let  y'  =  0.     Then  a?  =  -  iL  =  AD  (Fig.  37). 

Let  x'  =  0.      Theny  =  iL  =  AR. 

Therefore  DR  being  joined  and  produced  indefinitely  will  give 
the  a83rmptotes  DE,  De  to  the  respective  branches  AQ,  Hq^ 

For  the  common  method  of  finding  the  asymptotes  to  this  curve, 
see  Vince*8  Fluxions,  p.  52. 

Since  tan.  0  ss  -i^= — ,  0  being  the  inclination  of  the 

^    3x^a  +  x)i 

tangent  to  the  axis.  By  substituting  the  singular  values  of  x,viz,  ,0, — a, 

and  —  — ,  the  corresponding  values  of  tan.  0,  are  oo,  oo  and  0. 
3 

Consequently  the  tangents  at  A  and  B  are  X  to  the  axis,  and 
that  at  M  is  parallel  to  it. 


52.        To  trace  the  curve  whose  equation  is 

fa*  -^  a* 


V  a^  +  x" 


liBt  y  =  0  ;  then  x  =  0  or  =  ±  a.  Take  therefore  AB  =:  +  o, 
A6  s  —  a  (Fig.  1),  in  the  same  straight  line,  and  the  curve  passes 
through  the  points  A,  B,  b. 

Again,  B  and  b  are  the  limits  of  x,  since  y  is  imaginary  for  every 
value  of  a;  >  a. 

Again,  putting  x  =:  0  and  d:  a,  in 

tan.  0  s=  ^£.  =:   .  ■  .  ■  ■  ■ —  we  get 

^         (a* +  a:«)l  Va*  -  x« 

tan.  0  =  ±  1  and  JL,  =  /**'*•    ^^''land  tan.  90°. 

^         lt;n.  135°/ 


r 
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/•  The  point  A  is  double,  its  two  tangents  being  inclined  to  the 
axis  at  the  angles  45^  and  135^  respectively,  and  the  tangents  at 
BJf  are  each  J.  axis. 

The    greatest    ordinates   PM,  pm   are    given  by  putting 

a*— 2aV—d:*=0,  and  thence  obtaining  4?=  ±ai/  4J2  —  I  sz 
AS  or  Ap ;  which  being  substituted  in  the  given  equation  afford 
y  :=  ±  a  ^^  jj2  -^l  for  the  pairs  of  maximiun  ordinates  at 

P  and  p,  viz ,  PM,  PM'  and  pm,  ^m!  respectively. 
Agaiqi,  to  find  the  area,  we  have 

fydx.  =  fxdx  i/2--ZJL,  and  putting  o*  +  ^  =  u\  and 
sobstitutiog,  we  get 


fydx  :=  Jdu  tj  2c^  —  «•.    Again  let 
P  =  tc.  ij%a^  --  u',  and  we  finally  get 

fydx^  -L.  +  -^fL  r   ^- 

*'^  2a«+l         2a«+lJ    ^ 2a*  -  u* 

du 


-.     Va*  -  X*   4.       2a^  /»        ^2 


a'  p 

2a«+  1  8fl«TT*  J 


^/^ 


8a«+l  2o«+l  ^ 

But  C  =  -  -2! ^^'     .  45^ 

2a«+l         2a«+l 


/./ydx=    V^^-^-^'    +   .iSL..  (sin- ^^2:+^  -  45^ 
•^^  2a*+l  2a«+l      ^  /i  ' 

the  general  value  of  the  area  AMP. 
Let  X  c:  a ;  then  the  area 

AMB  = ?^  +       ^"^      (90°  -  45°) 

2a*+  I         2a«4-  1 


+ 180"  X   a 


2a*+  1  2(2a»+  1) 
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o* 


«a'+  1         «(2a*+  1) 
Hence  the  whole  area  AMBM'Am'^ 


X  (area  of  O,  rad.  =  a.) 


.J!?L-x(©rad.==a)--f'^  =  -X-.x(a.©  -  a»). 


53.        To  find  the  equation  to  the  curve  of  pursuit. 
Let  T,  moYing  uniformly  along  the  straight  line  TM  with  a 
velocity  =:  v,  be  pursued  by  P  moving  also  uniformly  with  a  ve- 
locity =1—;  and  let  FT,  be  that  path  of  P  which  is  X  TM. 

Let  also  FT  be  any  other  contemporaneous  positions  of  P,T. 

Put  PT  =  a,  TN  =  or,  PT^  =  y,  and  PF  =  s. 

Then,  since  FT  is  evidently  a  tangent  at  F  and  FN  is  de- 
creasing, we  have 

TT^ar+NT'^x-  i^, 

dy 

and  by  the  question 

TT* 

5  =  PF  =:  ,  since  they  move  uniformly. 

n 


/.    7W  C=  «    — 

ydx 
dy 

Hence,  making  dj/ 

constant,  we 
=  dx  —  dx" 

have 

dy 

n.  sjdaf'-^dy'z 

d^x 

"■ 

m 

Let  ^  :r  p. 

dy 
Then-iw*  = 

=  .  V  >  +  p* 

dy 

•  -n^y  - 

dp 

y 

Vi  +  p* 

and  U  -  f.y"  =:  /.  (p  +   V  1  +  P*)- 
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y 

Let  X  =  0;  then  y  ^ss  a 

and  p  r=  ^  s=  cot.  0  s=  cot.  90^  s=  0, 
dy 

/.  c  r=  a*. 
Hence  (  ^  V  —  ;>  s=  V^"+J? 

and  squaring  both  sides,  we  get 

y 

and  integrating,  on  the  supposition  that  dy  is  negative,  we 
obtain 

2a-ar  =  -   -= — y"—  +  ^ +  C. 

1— n  n+1 

=:  -  -fl  y>-  +  ylL  +  ?£ll2.    the    general 

equation  of  the  C«rve  qf  Pursuit. 
Let  ii  =  —  and  y  =  0. 

Then  TM  =  .^^L  =  £?,  the  distance  described  bj  T  before 

1— i         8 
P  overtakes  it 

The  problem  admits  of  being  further  generalized.  T  might  be 
made  to  move  in  a  curve>  and  with  a  velocity  varying  according 
to  a  given  law,  P  following  it  likewise  with  a  variable  velocity. 
The  determination  of  the  problem  under  these  circumstanpea  we 
recommend,  as  an  useful  exercise. 

54.        To  transform  the  equation  to  the  Lemniscata, 

(a:*+y7=a«.(a:»-y»). 
from  rectangular  to  polar  co-ordinates, 
Vajke  A,  (Fig.  1)  the  origin  of  the  rectangular,  the  pole  of  the 
pdar  co-ordinates,  and  put  AM  =  p,  and  ZMAB  =  d.    Then, 
rince  y  =  AM.  sin.  6  :=  p.  sin.  0,  and  x  =  AF  =p  p  000.  S,  by  sab* 
stitnting  in  the  given  equation,  we  get 
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0»«sm.*  d  +  p«cos.*  ©)•  =  a'  (p«cos.»  0  -  ^"  sin.«  0) 
or  p*  =  a*  (cos.*  fl  —  sin.*  0)  =  a*,  cos.  2d. 
/.  p  =  a.  i^  COS.  20,  the  equation  required. 


55.        The  loci  of  the  corresponding  values  of  x  and  y,  iiv 
an  homogeneous  equation,  are  straight  lines. 

Let  the  sum  of  the  indices  in  each  term  of  the  equation  deter- 
mining the  degree  of  its  homogeneity  he  m.  Then  if  we  divide 
each  term  of  the  equation  hy  x*,  the  dimension  of  each  term  will 

obviously  be  zero,  i.e.,  each  term  will  be  of  the  form  P  x  [  i^  ]. 

Hence,  after  dividing  .by  the  coefficient  of  [  -M.  j    and  ordering 

the  terms  according  to  the  powers  of  i^,  the  equation  will  be  re- 
diiced  to  the  form. 

Let  the  roots  of  this  equation  be  denoted  by  a^,  a^i  ^3*— a.  * 
then,  by  the  general  theory  of  equations,  we  haive 

\    X  \    X  \    X  \   X 


or  .2-  —  a^  =  0,  i^  —  ag  =  0,....  J^  —  a»  r=  0, 


X  ~  X 


or  y  =:  tti  a:,  y  r=  a,  x,...,  y  =  a^  x^  which  are  equations  to 
straight  lines.  Consequently  the  corresponding  loci  of  x  and  y 
are  straight  lines.    Q..E.D. 

Ex.  To  find  what  lines  are  defined  by 
y»  —  txy*  +  «*  c=  0,  we  have 

(  —  )    — «ri^j+l  =  0,  whose  roots  being  1,  ^+V5 

To 

and  1— V  5,  we  have 
2 
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y  =:  3r,V=  l  +  \/5  x,andy  ss  ^  — V^  x,  which  define  three 

straight  lines  issuing  from  the  origin  of  abscissse,  and  inclined  to 

the  line  of  abscissie    at  the  angles    45®,  tan.~»    ^  +  V^, and 
_  2 

tan.^'   ^  •"  V^  respectively. 
2 


56.  The  rectangle  under  the  two  segments  of  the  tangents 
at  the  extremities  of  the  axis  major  of  an  ellipse,  cut  off  by  any 
other  tangent,  is  constant. 

Lei  APM  (Fig.  39)  be  an  ellipse  whose  axis-major  AY  c=  2eL, 
\tj  AT  and  T^  being  tangents,  we  hove  AT  x  Y^  =  const. 
For  V<  =  Ya  tan.  Q  =  (HQ,  -  MY)  tan.  Q. 

=  y  —  «  tan.  Q, 
and  AT  =  (AY  +  YQ)tan.  Q. 
=:  y  +  (2a  —  x)  tan.  Q. 
Hence  AT  xY/  =  y«  +  2(a--x)y  tan.  Q  -  (8ajp-««)  tan.»  Q. 

But  y*  =  —  (8(Mr  —  X*)  ft  being  the  axis-minor, 
a* 

andtan.Q  =  ^  =  1.       '^"^^ 

rf^  ^    ,j2ax  -  x* 

.'.  by  substitution,  we  get 

AT  X  Y<  =:  i!  {8ax  -  x»  +  2  (a  —  x)'  -  (a  -  .r)'} 

a* 

=  h*  which  is  constant. 


57.        Conversely,  if  AT  x  Yf  be  constant,  and  =i  6*,  AT, 
V^  being  JL  AY,  then  the  curve  to  which  T^  is  perpetually  a  tan- 
gent, is  an  ellipse. 
By  the  preceding  problem,  we  have 
AT  X  Y<  =  y«  +  2.  {a  -  x)y  tan.  Q  -  (2ax  -  of)  tan.*Q 

And  /.  by  supposition, 
y*  +2.[a  --  x)y  tan.  Q  -  (2ax  -  of)  tan.'Q  =  ft' (a) 


f\ 
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Now,  su^osing  T^  to  receive  a  minuie  change   of  position, 
y  and  x  will  remain  the  same)  whilst  tan.  Q  will  undergo  a  Taria- 
tioub    DifferentiatiDg,  therefoi^,  on  that  h jpodMis,  we  get 
2.  (a— ar)y  X  dtan.  Q  -  2.  (8aa?  -  ^  tan.  Q.  d  tan.  Q  =  0. 

/•  d  tan.  Q  =  (I  ^ 

Or  (a  —  «)  y  =  (Sox  —  j:«)  tan.  Q.  5 
.%  tan.  Q  =  const.  =  c^(I) 

And  tan.  Q  =   (^""^^^  >-f 2^ 

2cu?  -  a;*  V^  -^ 

Sabstitating  the  value  <>f  (1)  in  equation  (a)  we  get,  aftef  soIt- 
iBg  the  residting  quadratic, 

y  =  (a  -  «)  c  ±  V^'  +  cV 
fer  die  general  sohtion,  which  defines  all  the  litiei  T<,  'iff',  ^., 
which  can  he  made  by  giving  to  c  all  possible  values ,  and  by 
substituting  for  tan.  Qin  (a)  its  value  inequation  (2), we  get,  after 
proper  reduction, 

y*  =:  — .J  2ax  —  «■ 
a* 

the  particular  solution^  defining  the  locu$  of  the  intersections  of  T^, 
T'^,&c.,  which  is,  therefore,  an  ellipse  whose  semi-^axes  are  a  and  b. 

If  for  tan.  Q,  we  put  its  equivalent  -^,  equation  (a)  will  become 

dx 

y«  +  2  (a  -  %  ^  -  (2ax  -  a^)  ^  =  b% 

dx  da^ 

And  differentiating,  all  the  terms  will  be  destroyed  by  opposition 
of  signs,  except 

2(a  -  X)  y  ^  -2.^^  (Sew  -  :e)  =  0 
^  ^^    dx  dx^     ^  ^ 

.       d'y     _   n    nr    ^  -  .1 


=  0  or  -i  =  c 
dx  dx 

And^=      ^"^ 
dx        Oax  —  ar2 


which  give  the  same  results  as 
before. 


58.        To  find  the  curve  which  cuts  off  a  third  part  from 
all  circular  arcs  described  upon  the  same  chord. 
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Let  SPT  (Fig.  40)  be  any  ont  of  tbeie  arm  described  vpn 
the  chord  ST. 

Suppose  SP  ss  PF  s  FT 
and  SA  £=  AA'  =  AT. 

Join  SP,  PF,  PT,  and  from  C  the  middle  of  ST  Am  GG  ± 
ST.  Then  it  is  easily  proved  thai  dieffd  8P  =  dmid  PF  s 
chord  PT,  PG  =  GF  and  :.  SP  =  sPG,  and  that  8A  =  SAG. 

Let  AC  =:c ,  PN  =s  y,  and  (since  the  corre  endently  passes 
tfarongh  A)  AN  =  x. 

Then  SF=:  (aPG)*  =:  (SNC)»  =  also8N«+  PN«. 

Bat  4NO  =  4  (c+x)*  =  4c*  +  Sc*  +  4a:» 

And  SN»  =  (2c  -^  x)*  =z  4c*  —  4cx  +  x^ 

:.  ^  =z  PN»  =  I2cx  +  8x*z=3  {4cx  +  x"). 
Pat  a  =  2c 

and  —  =  8,     :.h»si  i»c* 

Then  y«  ==  ^.  (2aa:  +  a:*)  =  Iffl.  (4ca:  +  Jr^*  the  equation 

to  «i  hyperbola^  whose  semi-axes  are  2c  and  2cj^  3. 

That  the  Hyperbola  is  the  curve  required,  is  also  evident  from 
the  property  of  that  curve  with  regard  to  its  directrix.  If  S  he 
the  focus,  and  CG  the  directrix ;  then  SP  :  PG  in  a  constant 
ratio,  viz.  2  :  1.     Consequently  AP  is  an  hyperbola.  . 


59.  Find  the  equation  to  a  straight  line  any  how  disposed 
in  space,  and  thence  deduce  the  equation  to  another  passing 
through  a  given  point,  at  right  angles  to  the  former. 

Let  the  straight  line  B,  (Fig.  41)  whose  equation  is.  required, 
be  referred  to  the  rectangular  co-ordinates  AX,  AY,  AZ,  and 
suppose  it  to  meet  the  plane  YAX  in  B.  Draw  from  P,  any 
point  in  the  line  BL,  Pp  ±  plane  YAX,  and  join  Bp.  Draw, 
alsopn,  pn  J.  AY,  AX,  and  through  B  draw  6C,  oD  parallel  to 
pm,  puj  respectively. 

Then,  patting  Pp  s  z,  pm  =  An  =  x,  pn  =  Am  =  y,  Z  PBp 
=  inclination  of  BL  to  the  plane  YAX  c:  y,  and  Z  pBC  =  its 
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inclination  to  the  plane  ZAX  =  «,  and  the  co-ordinates  66, 
Ba,  of  the  given  point  B,  a  and  5,  we  have 
X  =  An  =  Aa  +  on  =:  a  +  BC  :=:  a  +  Bp  cos.  «  s  a  +  cos.  «. 
cot.  y  X  z,  and  y  =  Aw  2=  A6  +  6m  =:  6  +  BD  =  6  +  Bip, 
sin.  «  =  6  +  sin.  «.  cot.  y  y,  z\  or  the  two  equation^,  which 
evidently  determine  the  position  of  BL  in  space  (since  they  do 
any  point  of  it,  P)  are 

:r  :=  d  +  2*  COS.  a,  cot.  7)  .  n 

y  =:  6  +  z.  sin.  ».  cot.  y) 
Again,  let  another  straight  line  B'Q,  passing  through  the  given 
point  F.  meet  BP  at  right-angles  in  (t,  and  the  plane  YAX  in 
B'.    Then,  calling  its  co-ordinates  x\  y\  t\  by  the  preceding 
determination,  we  get 

4?'  =:  a    +  Z,  cos.  «'.  COt.y'^  x.v 

y'  1=1  h'  +  /.  sin.  a,  cot.y'^ 
in  which  it  remains  for  us  to  obtain  the  values  of  a\  b\  cos.  a\ 
sin.  a\  cot.  y\  in  terms  of  the  known  constants,  a,  6,  cos.  «,  sin.  «. 
cot.  y . 

Now,  since  B'Q  is  J.  BP,  if  we  make  Q^  X  plane  YAX,  and 
join  B'^,  B'^  will  be  JL  Bp.  Hence  the  inclination  of  BQ  to 
the  plane  ZAX  =:  B'sC  ==  a  +  90°  =  a.  Therefore,  sin.  a 
=  sin.  (a  +  90°)  =  COS.  «,  and  cos.  •  =  cos.  («  +  90)°  s=  — 
sin.  a ;  and  by  substitution,  equations  (b)  becomes 
jp'  =  a'  —  z'.  sin.  ».  cot.  yl  ^  v 

y'  =  b'  +  z'.  cos.  a.  cot.  yj 
Again,  supposing  the  co-ordinates  of  the  given  point  P  to  be 
ffM,  n,  r,  we  have,  by  equations  (c) 

m  =  a'  —  r  sin.  a.  cot.  y) 
n  ^  V  -^  r  cos.  «.  cot.  y' > 
Hence,  deducing  a'  and  b\  and  substituting  in  (c)  we  get 

a;'  =  w»  —  (z  —  r)  sin.  a.  cot.  y  ^         ^^ 
and  y'  =  n  +  (2'  —  r)  cos. «.  cot.  y'5 

Lastly,  since  the  point  Q  is  common  to  both  lines,  at  that  point 
we  have,  x'  =  x,  y'  =:  y,  and  z  =  z.     Hence,  by  (a)  and  (d), 

a  +  z'  cos.  «.  cot.  y  =:  wi  —  (z   —  r)  sin.  a.  cot.  y'l 
and  6  +  z'  sin.  «.  cot.  y  =:  »  +  (z'  —  r)  co^.  a.  cot.  y  J 
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And  eliminating  z  and  c  we  find 

coC  y'^  (m-a)8m.«-(n-ft)cog..         ^  ^ 

(m  —  a)  COS.  a  -f  (n—- 6)  sin«  —  r  cot.  y 

•*.  substituting  this  value  of  cot.  y  in  (cf),  we  ultimatel  j  obtain 
two  equations  between  x\  y'  and  J  and  known  constants,  deter- 
mining the  exact  position  of  the  straight  line  B'Q,  which  is  ±  BP, 
and  passes  through  the  given  .point  F.        Q.  E.  I. 

Eliminating  z  cot.  y  from  equation  (a),  we  get 

y  sr  6  —  a  tan.  «  •+  ^*  tan. « a' 

which,  being  independent  of  z,  determines  the  straight  line  BL 
when  z  =  0,  or  BL  lies  in  the  plane  YAX. 

Eliminating  (^—r)  cot.  y  from  equation  (d)  there  results, 
afitf  proper  reduction, 

\f  -sz  n  •\r  v^  cot.  «  —  x'  cot.  » (cf) 

which  defines  the  straight  line  B'Q  when  2  =  0,  and  z  s  0,  or 
both  BP,  FQ  lie  in  the  plane  YAX. 


60.  Required  the  curve  whose  nature  is  such  that  its 
abficissa,  ordinate,  subtangent,  and  distance  between  the  origin 
of  abscissae,  and  the  point  of  intersection  of  the  tangent  and  axis, 
are  in  continued  proportion. 

Let  a!  =  abscissa,  y  =  ordinate. 

Then,  by  the  question,  we  have 

1/rfx  .  ydx 
dy         dy 

:.  X  :  x  —  y  ::  iL_  :x 

dy 

.-.  ^  =  SfJZiL,  which  being  homogeneous,  put  y  ^  ux, 

dx  x^ 

and  we  get 

udx-^-xdu 

dx 

TOL    II.  y 
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^  dx  du 

ot  —zz  —  — 

X  u^ 

.••^  =  —  +  C  =  ±  +  C 

«  y 

X 

,\  y  :r: (a)  the  equation  to  the  curve. 

Let  X  =  0 ;  then  y  =r  =  0,   or  the  curve  meets   the 

origin  of  abscissae  A  (Fig.  42).     Let  a:  =:  —  x'\  then  y=:  /( —  i) 


•rVirj" 


But  /(— 1)  =  /.  (cos.  flr'+  jj  —  ^  sin.  «•)  =:  Z.e  =«:>/  —  1, 

an  imaginary  quantity.       .*.  the  curve  does  not  go  beyond  A. 


e 


Again,  let  Ix  ^z  —  C,  or  a:  =  e"*  =  AB  ;  then  y  =  —  =r  oo    z= 

BC,  which  is    .*•  an  asymptote ;  also  for  every  value  of  a:  >  e"* 
we  have  a  real  value  of  y,  and  when  x  =  oo ,  y  sr  0,    .'.  the 
curve  has  another  branch  D'A'  to  which  BC,  BDare  asymptotes. 

Since  tan.  0  =  !^  =  C-H^  =  IlJl  =  -  ±  =  0,  the 

dx         (C-^Uy  00*  « 

curve  touches  the  line  of  ^bsdbsss  at  A. 


61.  Let  C  (Fig.  43)  be  a  right  angle,  and  from  A,  B  given 
in  position,  let  two  points  move  with  equal  velocities.;  and  let  A',  B' 
be  any  contemporaneous  position  of  those  points ;  required  the 
curve  to  which  A'S",  or  it  produced,  is  perpetually  a  tangent  ? 

Let  CA  >  CB  =  a,  and  CB  =  b.  Then  it  is  evident,  that 
CA'  will  touch  the  curve  in  V,  (AV  being  taken  =  BC,)  and  it 
will  therefore  be  convex  to  CA'. 

Let  .'.   FA'  touch  the  curve  in  P,  and  draw  PM  ±  CA'  and 
make  PM  =  y,  MV  =  x. 
Now,  by  similar  A,  we  have 

y  :MA'::CB':CA' 

::  b  +  BBf  lan-  AA'. 
But,  by  the  question,  BB'  =:  AA'  =  AV  -  6  =  VM  -  MA -6  = 
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x  —  h  —  SIA',  and  MA'=:  subtaDgent  =  if — ;  hence,  bj  substi- 

dy 

tation,  and  proper  redaction,  we  get 

(S-"<'-f^)=-' « 

and  differentiating,  there  results 

-J—,  (a:  +  y  -  2y.  —  )  =  0 
dy  dyJ 

.".   =  0,  and  jf  +  y  —  2y.  —  =0 

dy  dy 

•••   ^  =  c (2) 

dy 

and^  =  i±y (3) 

Hence,  by  substituting  these  values  of  —  in  equation  (1),  the 

dy 

corresponding  results  are, 

*       ^^       c—  1  r^®  former  the  general  integral  of  (1), 
And {x-y)«  =  4  (a- 6)  y  -^ 
uid  the  latter  its  particular  solution. 

Now,  the  latter  being  of  the  second  degree,  shews  the  curve  to 
be  a  conic  section.    Also,  since 


^  =  y  ±2Vo-*.  Vy (2) 

there  are  but  two  infinite  values  of  y  for  one  of  x,  or  the  curve 
is  a  parabola. 
To  find  the  vertex,  and  latus-rectum,  we  proceed  as  follows : 
Let  BV  =  AC ;  then  the  point  A'  will  be  in  C,  and  CV  will 
touch  the  curve  in  V.  Also  CV  =  CV.  Hence,  by  a  well 
known  property  of  the  parabola,  C  is  the  intersection  of  the  axis 
and  the  directrix.  Making  .*.  CR  the  axis,  and  drawing  PM'XCR, 


and  putting  CM':=:  j/,  PM'  =  y ,  we  shall  easily  obtain  y 


^^-y 


X  +  v' 
ud  X  £s  b  —  a  + ^,  and  substituting  in  (S),  ve  get 

__VV" 

y'«  =  V  2.  (a  -  6)  *'  -  ^Z*)' (3) 

F2 


•^  THE  NATURE  AND 

0 

Hence,  making  y  =  0,  we  get  Cv  s=  °"^^,  giving  the  yertex 

Vj  and  the  latus-rectum  =  4Ci;  =  ^f  ^.^a—  b). 

Hence,  the  equation  to  the  curve,  reckoning  the  abscissse 
from  v,  is 

y'2  =  V  2^  (a  -  b)  x\ 

The  problem  may  be  generalized,  without  increasing,  materially, 
Ihe  difficulty  of  its  solution,  by  supposing  the  angle  C  any  what- 
eyer,  and  the  points  A',  B'  to  move  according  to  any  given  law. 
For  problems  involving  other  ^particular  solutionSy  see  pp.  47,  48, 
and  the  next  problem. 


62.  Let  A  (Fig.  p.  205  of  the  Problems)  be  the  origin 
^f  abscissse,  FT  any  tangent  to  the  curve,  and  AD  be  drawn  J. 
line  of  abscissae  meeting  the  tangent  in  D.  Required  the  nature 
of  the  curve,  when  AT  x  AD" ;  or  the  enunciation  may  be  stated. 
If  from  A,  a  given  point,  in  the  given  straight  Une  A^T,  AD  be 
drawn  at  right'angles  to  AT,  and  AT  be  always  taken  r=  a  x 
AD*  (a  being  a  constant  J  required  the  curve  touched  by  the  several 
Unes  passing  through  T,  D. 

Making  A  the  origin  of  x,  we  have 

AT  =s  subtangent  —  x  =:  if —  —  x, 

dy 

andAD=AT.i^:=y-^*L. 

dx  dx 

dy  dx  / 

.•.  dividing  by  ydx  —  xdy 

dy  dx  J 

andy  =  .ff^^    T=    r^^T^        ,^ 

« 

which,  coming  under  Clairaufs  Formula^*  is  integrablc  by  dif- 
ferentiation.    By  that  process,  and  proper  reduction,  we  get 
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f     1       r  ~ 


+  a?}  =  0 


dx 


or 


Hence  -i^  =  const.  =  c 
dx 


(0 


i^        (m-l)  .      - 


OM 


(2) 


which  being  substituted  in  equation  (a)  give  respectirelj, 

y  =  car  +  a^"*  .  c*""  (6) 

far  the  ^renero/ soZtf /ion,  and 

_  (m-l)»        X*  +  a*,  (m  -  1)"  x- 

a* 
m 


or  tf  =    i.  m-l.  a:*  .....  (c) 

for  the  particular  solution. 

The  equation  (c)  expresses  the  nature  of  the  curve  required. 
See  pp.  47,  48,  67. 


63.  Required  the  nature  of  a  curve  GT,  (Fig.  44,)  «iccA,  that  if, 
ffi  6etff^  /A^  ordinate  J  and  PG  /A«  norma/,  we  bring  the  A  PNG  into 
^fontUm  PTV'G'  determinable  from  that  of  PNG  6y  maitin^  NN' 
«»c  given  function  of  the  abscissa^  denoted  by  NN'=:/.j?,  /Aen  G' 
^be  a  point  in  the  curve^  atui  G'P  the  normal  at  that  point. 

Let  PN  =  5^,  GTV'  =  y' 
AN  =  jT,  AN'    -  x'. 
Then,  x'  =  AN'  =  AN  -  NN'  =  X  -/.x 

and  v'  =  G'N'  =  subnormal  =  i^ 
^  dx 

.'.  iiMUcing  (ix  constant,  c2.x'  =:  dfx  —  dxfx 


"^^  THE  NATURE  AND 

and  dy'  =  -^  +  y^ 
cLc  dx 

.    dy^  dy*'hydif 
'*  dx     dc»(l-/ar)* 

But  -^  =  tan.  N'G'F  =  cot.  N'FG' 
dx' 


tan.  N'FG' 


m 


/.  substituting  &c.,  and  ordering  the  terms,  we  finally  get  a 
differential  equation 

whose  integral,  which  can  be  found  only  in  certain  particular  cases^ 
will  give  an  equation  between  x,  y,  expressing  the  nature  of  the 
turve  required. 

To  prepare  the  equation  (a)  for  these  particular  cases,  let 

^  =  0;  theni^  =  ^  =  i^.  Hence  by  substituting, 
dx  dx*  dx  dy 

equat.  (a)  becomes 

y    p'dp  +  pJ^  1-/0:  ....(6) 
dy 

which  is  integrable  whenever /(x)  is  such  that  its  derived  func- 
tion/'x  is  a  function  of  p,  and  of  yp  -£• 

dy 

Ex.  1.   Let  P'  and  G  coincide,  or/x 

=  NN'  =  FN'  -  GN  =  jr  -  i^. 

dx 

dx         \dxJ  d3? 

=  P  -  P*  —  ~-p<iv- 

And  substituting  equation  (6)  becomes 
X.  pdp.  (p_i)  =  1  -  p  +  p«  -  p>....(«) 


r 
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A  ^  =:    -    P<^  (^  —  P)    -;    _     P<^P 


.-.    fy   3=    fc    -    i.    ^  1    +  p*    =     Z. 


.M  +  p«  =:'£l,  andp  =     V^S^^t  ^  ^ 

y*  y  <to 


•'•  cfdT  =: 


Vc?-  y 


/.  X  —  d*  rs  —  i/  c'  —  y*,  which  reduces  to 
y*  =:  c'  —  c*  +  8  c  X  —  a*  the  equation  to  a  cirde. 
Let  the  origin  of  abscissie  be  that  of  the  ordinates ;  then  putting 
«  =  0,  we  have  also  y  =  0,  and  c'  =  c. 

.-.  y*=:  2  ex  -  «• (1) 

the  e^[uaH(m  to  a  circle^  whose  radka  is  c,  which  evidently  satisfies 
the  conditionfi  of  the  problem. 
Again,  since  p  —  1  is  also  a  factor  of  the  equation  (e%  we  have 

p  —  1  =  0,  or  p  =  -i^  =  1. 

dx 

/.  y  =  X  +  c (S) 

the  equation  to  a  straight  line  inclined  to  the  Une  of  abscissa  <nt  an 
angle  of45°j  which  also  affords  a  solution  to  the  problem, 

Ex.  2.    Let  N,N'  be  separated  by  a  constant  interval,  or  let 
/x  iz  a. 

Thenyx  =  O,  and  equation  (b)  becomes 

^pVp  +  p=  =  1.     Hence 
«y 

!!E  =     P   V     which  gives 
y  1  -p' 

ly-k L.  Z.(l-p3)r=  I 


3  (l-p5)* 

;.  1  —  p^=  .L- whence  substituting  J^forp,  &c.,  we  easily 

y^  dx 

Pit 
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which  being  integrated  (if  possible)  will  give  the  relation  between 
X  and  y  expressing  the  nature  of  the  curve  required. 

For  a  solution  of  this  problem,  and  of  some  others  of  the  like 
nature,  bj  the  method  of  Finite  Differences,  the  reader  may  con-^ 
suit  a  very  excellent  work  entitled  A  Collection  of  Examples  of  the 
Applications  of  the  Caiculus  of  Finite  Differences^  by  J.  F.  W. 
Herschel,  A.  M.,  &c.  p.  127. 

In  p.  129  of  that  work,  the  author  appears  to  have  made  an 
oversight.  By  the  assumption  of  a:=:5=  1 ,  he  makes  the  subnormal 

^  y  and  consequently  y  constant,  which  is  contrary  to  the  question, 
dx 

Hence  the  common  parabola  does  not  satisfy  the  conditions  of  the 
problem^ 

Mr.  Herschel's  method,  however  holds  good  in  other  cases ;  for 
instance,  (we  suppose  th6  reader  possessed  of  the  book)  when 

/(y.  py)  =  V«*+2y*y»  ^«  have 

a*  +  2y(py  =  (y  +  (pyY  =  y'  +  2y(py  +  f*y, 

and  /.  fy  =  J7^\     Hence  x  =   Cl^  =:    f    V^V 
which,  as  we  have  already  shewn,  gives  the  equation  to  a  circle. 


64.  Let  AT,  (Fig.  45),  a  parabola  whose  vertex  is  A,  roll 
upon  another  AP^  equal  and  similar  to  the  former ;  then  supposing 
the  vertices  A,  A'  to  have  coincided  at  the  beginning  of  the  motion, 
required  the  curve  described  (l)  by  the  focus  of  AT  —  and  (2) 
that  described  by  the  vertex  A',  (l).  Let  AN  =  «',  FN  =  y. 
Then,  the  curves  having  the  same  tangent  at  P,  viz.,  FT,  and  equal 
ordinates  and  abscissse,  AA'  is  ±  FT.  Hence  S,  S'  being  the  foci 
S'M  =:  y  and  AM  :=  x,  we  have 

SB  =  BS',  ST  =  TS',  Z  STB  =  Z  BTS',  &c.,  and  putting 
8A'  =  A'S'  =  a,  we  get  \- 

y  =  SM  cot.  MS'S  =  (a:+a).cot.  PTN 

=  (.r  +  «).  ^=:(x  +  a).       ^' 


^'  d,  V  4nx' 


I 
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=  (-+a)    y  ^ 

/.  J  =  -2(L- (1) 

Again,  y  ;=  TM.  tan.  2  PTM 

tan.  PTM 


=  2TM. 


1  -  tan.«PTM 


Hence x'  =  y^+  ^"f  ....  (2) 

2(j:  +   a) 

and  equating  yalnes  of  x\  we  get  after  proper  redactions 

y*  (x  —  a)  =:  JJ*  +  a^  --  <^x  —  a^, 

/.  y«  r=  x*  +,2aar  +  o* 

.'.  y  =  a:  +  a  ...  (6) 
which  is  the  equation  to  a  straight  line  inclined  at  an  angle  of  46^ 
to  the  line  of  abscissse,  &c. 
Secondly,  let  AM'  ==  x,  A'M'  =  y,  &c.,  as  before ;  then 

yzsix.  cot.M'A'A=  X  ^— 

:.  ,'  =  -^  ....  (I) 

Again,  y  ==  TM'.  tan.  SQTM.     Whence  as  before, 

. = ^ ....  w 


ay^    _  «•  +  y 


,4 


So; 


x^ 


Hence  y*  =  ....  (c) 

2a  —  X 

the  equation  to  a  cissoid,  the  diameter  of  whose  generating  circle  is 
Sa  or  —  the  UUus  rectum  of  the  paraboln. 


The  above  process  will  apply  to  all  equal  and  similar  curves, 
the  contact  being  always  at  the  same  points  in  both  of  them.  The 
general  theory  however,  of  roulettes,  as  they  are  termed,  is  best 
ciplained  in  LacroiXy  Vol.  I.  p.  430. 
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65.         Let  r,,  r,,  ....  r^  be  the  values  of  y,  which  satisfy  the 

equation 

y*  —  (a  +  hx)  y""'  +  (c  +  ctr  +  ex')  y*~*  —  =  O,  and 

S|,  Sg  ....  S.  ^Ae  subtangents  of  the  curve  expressed  by  its  oorre' 

spending  to  these  values  ofy  ;  then 

r  r  r 

_JL  +  -JL  +  ...._!  =  a  constant  quantity. 

For,  by  the  theory  of  equations,  r^  +  r^  +  ,„.  r^  =:  a  +  6x 

•  •     ■  T^  ■      ^p    ...•  — — ^    ^—    c/, 

c2x  (2:c  dx 

and  Si  =  — ! — ,  S,  =:  -2 — ,  ....  S„  =     *    ■  by  the  common  dif- 

ferential  expression  for  the  subtangent.     Hence,  by  substitution, 

li  +  ~i  +  ....  -i  =  6,  a  constant  quantity. 
S,         S,  brf 


66.        The  axis  minor  of  an  Ellipse  is  a  mean  proportional 
between  the  axis  major  and  the  latus  rectum. 

For,  supposing  x  to  originate  at  the  centre,  we  have  by  the 
equation  to  the  ellipse 


a^ 


where  a  =  ^ — ,  and  b  = 


axis  minor 


2  2 

Hence,  at  the  focus  where  y  =  —  latus  rectum,  and  x 

4U 


/>/a*  —  6*,  we  have 
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^  =  ^.(a.-a-+^)=^ 


/.  6'  =  — .or 


(2  .by  =1  2a,  I 

:.  2a  :  2b  ::  2b  :  / .  CtE.D. 


A  geometrical  demonstration  may  be  found  in  most  books  of 
Conies. 


67.        The  equation  to  the  Logarithmic  Cnrre  is  y  =  a%  and 
the  polar  equation  between  the  radius  vector  p  and  angle  described  d 


m 


of  the  Reciprocal  or  Hyperbolic  Spiral  is  0  =:  — .  Hence  the  Sub- 

f 

tangent  of  the  former  =  ^^    =  J-,  and  of  the  latter  =  i!^  = 

dy  la  dp 

m.    .'.  by  the  question,  r=  m.    Againr  the  length  of  the  arc 

1  .  a 


of  the  Logarithmic  Curve  si  J'  dy       /\  +    ^    =  fdy  x 
J  dy^ 

^         y-la^  ^  y^         J    y 

/^^dy  ^        n      ydy        ^  ^^i    Vm'+y*  — yn  ^, 

y  V^+y  J    V^'+y'        ^         /^^Tfp  +  y;, 

^m^+y'  +  C.     Also,  that  of  the  spiral  =  /  dp       /i  +p*_?[?L 
Let  ^  =r  y,  then  C  =  C,  and  the  two  arcs  are  equal.  Q.  E.  D. 


68.         Two  curves  are  similar  when  any  rectilinear  figure 
whatever  being  inscribed  in  the  one,  it  is  possible  to  inscribe  a 
similar  one  in  the  other. 
Hence,  describing  upon  any  two  corresponding  sides  (a,  a ,)  of 
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these  figure^,  which  shall  lemain  fixed,  innumerable  others  similar, 
each  to  each,  so  as  to  meet  the  curyes  in  every  point  of  them,  and 
from  those  points  of  concourse  letting  fall  pairs  of  perpendiculars 
upon  the  respective  fixed  lines,  these  perpendiculars,  (by  the  pro- 
perties of  similar  A),  as  also  the  parts  of  (a,  a!)  cut  off  by  them, 
will  be  to  each  other  in  the  ratio  of  a  i  a'.  If  we,  therefore, 
make  a,  al  lines  of  abscissse,  the  perpendiculars  (called  y^y')  will  re- 
present the  ordinates,  and  the  parts  of  a,  a!  cut  off  by  them,  the 
abscissse,  (x,  of)  of  the  respective  curves ;  and  the  condition  of 
their  similarity  is  .*• 

X  I  x'  i\  a  '.  cd  i\  y  \  y'  (1) 

Referred  to  polar  co-ordinates  f,  /,  d,  0',  it  may  be  shewn  in 
like  manner,  that  the  condition  of  similarity  is  properly  expressed 
by  (the  poles  being  similarly  situated  with  respect  to  a,  a',  and  /. 

p  :  p  ::  a  :  a (2) 

The  definition,  &c.,  for  any  number  of  curves  is  the  same  in 
principle. 

Ex.  Hence  ellipses  are  similar  when  their  axes  majores  are  pro* 
portional  to  their  axes  minores.  See  the  Commentators  on  New- 
ton's 5th  Lemma. 

By  ^  the  chords  of  curvature  of  conterminous  arcs  of  similar  curves 
at  their  point  of  contact,'  is  merely  meant  those  chords  similarly 
situated  in  the  curves  with  respect  to  a,  a. 

Hence,  since  the  chord  of  curvature  RE   :   its  Radius  := 

—  dxd^y 


i:  dx  I  dz.     (See  Simpson^s  Fluxions^  p.  73). 


RE  = — =  iLJL,  and  for  another  similar  curve,  by 

-  d*y  •"  d*y 

proport.  (1)  we  have  * 


'^        -i^ 


a 


sriL.RE 

a 

.'.  EE  :  RE'  ::  o  :  o', 
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and  the  same  mode  of  proof  may  be  extended  to  any  number  of 
sinular  curves. 


69.  There  canm>t  be  mate  than  Jive  regular  soHds^  suppos* 
v»g  the  equal  and  regular  polygonal  faces  of  them  to  he  of  finite 
magnitude. 

If  S  :=  surface  of  a  sphere  whose  radius  is  unity,  and  Ai,  A,, 
&c.,  A,  the  angles  of  a  spherical  polygon  of  n  .  angles  described 
on  its  surface  by  arcs  of  great  circles,  then  {Woodhoiu9e*s  Trig.) 
the  surface  of  this  polygon 

_  A^  +  A,  +  ....  A,  --  (n  —  g)  r  ^     Let  A  =  A 

=  A3  =  5cc.  r=  A«,  and  this  surface  becomes 
nA,  -  (n  —  2)  y      S 
«■  """4 

Supposing  now  that  p  such  polygons  will  exactly  cover  the 
whole  8{^ere,  we  have 

nA,  -  (n  -  2)  «•       S    _    S 
«■  4  p 

.*.         t  "  \n  -^ — M[_  ^  — ^^^  m^^  since  at  the  points 

of  concourse  of  the  angles  of  these  pologons,  a  certain  number  (a) 
of  angles  each  =:  A^  together  fill  the  spherical  space  sz  2ir,  we 

have  A  J  =  —     .*.  substituting,  we  get,  after  proper  reduction, 
a 

the  equation 

p  =  _^-lf (1) 

'^         2n~(n-2)a 

where  n,  />,  and  a,  are  finite  and  positive  whole  numbers,  and  a,  n, 
(by  the  nature  of  the  question)  each  >  2. 

From  equation  (1)  we  find,  as  follows,  what  number  and  what 
kind  of  equilateral  and  equiangular  spherical  polygons  will  ex- 
actly cover  the  surface  of  a  sphere,  and  thence  the  number  and 
kind  of  regular  solids,  whose  faces  will  evidently  be  the  rectilinear 
polygons  formed  by  the  chords  of  the  arcs  of  the  respective  sphe- 
rical polygons* 
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First.  Let  n  ==  8  or  the  faces  of  the  solids  be  equal  equilateral  A , 
then 

/  =  5?J «• 

which  being  satisfied  only  by  a  r=:  3,  4,  5,  and  the  corresponding 
values  of  p  being  4,  8,  SO,  shew  that  the  only  regular  solids  whose 
faces  are  triangular  are  the  Tetraedron,  having  three  plane  angles 
cU  each  soUd  angle^  the  Octaedron  with  four  plane  angles  at  each 
soUd  angle y  and  the  Icosaedron  with  five  plane  angles  to  each  solid 

i 

angle. 

Secondly.  Let  n  =  4,  or  the  faces  of  the  solids  be  square. 
Then 

p  =  _lf_  =:  JfL  (8) 

8  -  2a         4-a 

which  is  satisfied  only  by  a  :=  S,  giving  p  z:^  6.  Hence  the  Ctc&e, 
having  three  plane  right  angles  to  each  soUd  angle^  is  the  only  re- 
gular solid  whose  faces  are  equal  squares. 

Thirdly.  Let  n  =  5,  or  the  faces  of  the  solids  be  pentagonal. 
Then 

P  =  -il- (4) 

^  10 -3a 

which  is  satisfied  only  by  a  =  3,  giving  p  =  12.     Hence  the 

Dodecaedron^  having  three  angles  to  each  solid  angle^  is  the  only 

regular  solid  whose  faces  are  equal  and  regular  pentagons. 

Fourthly.     Let  n  >  5  =  5  +  «?.      Then 

4a 
p  r= . 

10  +  2t(;  —  (3-f  w;)  a 
and  supposing  a  >  2  =  2  +  «;' 

p  =  J,  whifch  being  negative  for 

4— 8.  (ly+w') — tt'ti; 

every  value  of  w  and  w'  =  or  >  1 ,  shews  that  there  are  no  more  re- 
gular solids  than  the  five  above  named,  scil.  the  Tetraedron^  Octo- 
edrony  Icosaedron^  CubCj  and  Dodecuedron.     Q.E.D. 

This  problem,  as  above  enunciated ,  might  have  been  solved 
with  much  less  trouble  by  the  consideration  of  the  limits  of  solid 
angles,  {Euc.  B.  XI).  It  appeared,  however,  desirable  to  discuss 
the  problem  analytically,  not  only  on  account  of  the  further  use 
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which  we  are  about  to  exemplify^  of  the  results  thus  obtainable, 
but  also  as  an  exercise  to  the  student  in  such  processes. 

To  find  those  regular  polyedrons  whose  faces  are  infinitely  smalL 

Here  p  =  oo.     /.  by  eq.  (1)  we  have 

2»  =  (n  —  2)  .  a 

ora=-^  (5) 

where  a  and  n  are  positive  integers. 

Let  «  =  n  +  2.     Then  a  =^1+1  =  2  +  ±,  and  A  =  a 

n  v!  n 

whole  number,  which  can  only  be  when  n'  =  1,  2,  4,  or  when 
»  =  3,  4,  6,  or  when  a  =:  6,  4,  8,  which  respective  values  of  n, 
a,  /.  satisfy  eq.  (5)  and  shew  that  the  only  regular  polyedrons 
having  faces  infinitely  smalls  liz.,  spheres,  are  those  whose  innu" 
merable  faces  are  equilateral  A,  with  solid  angles  composed  of  six 
plane  angles,  or  those  whose  faces  are  squares  with  solid  angles  com" 
posed  of  four  right  angles,  or  those  whose  faces  are  hexagons  with 
ioUd  angles  composed  of  three  plane  angles. 

This  conclusion  is  also  apparent  from  the  consideration  that  in 
this  case  the  solid  angles  become  plane,  and  that  equilateral  A, 
squares  and  hexagons  are  the  only  figures  whose  angles  measure 

360°. 

By  the  form 


A.  =  JL(i  +n-.2.p) (b) 

np 

deduced  from  (a),  we  get  in  the  tetraedron 

A|  =:  (1  +  4)  = Hence  the  difference  the  sphe- 

3  .  4  12  *^ 

■ 

rical  angle  Ai  and  the  corresponding  plane  angle  :=i  ~   -^  JL 

12  d 

=:  iL,  and  similarly  for  the  other  soUds.     Many  other  results  are 

deducible  from  the  above  equations,  which  we  leave  to  be  effected 
by  the  student. 
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70,        SP  s=  r  and  HP  being  the  distances  from  the  foci  to 
the  point  P,  a  x  e  the  eccentricity  SC,  (a  being —   axis    major), 

then  it  is  evident  that 

HP  =  SP  .  sin.»  A  +  (2ae  +  SP  cos.  A)« 

=:  also  (%a  —  SP)*  by  the  property  of  the  ellipse. 
/.  r*  sin.*  u  +  4a*  e*  +  4acr  cos.  tt  +  r*  cos.*  «  =:  4a*  —  4«r 
+  r*.     But  r* .  (sin.*  u  +  cos.*  «)  =  r*, 
/.  r  .  (a  +  fl«  COS.  tt)  =  a*  .  (1  —  c*) 

.^^      a*.(l-e*)        ^    g  .  (I  -  O 
a  .  (1  +  c  COS.  tt)        1  +  c  COS.  tt 


71.        To  find  the  difference  of  the  latera-recta  of  an  ellipse 
and  parabola  whose  least  distances  are  equal. 

The  equations  to  the  respective  curves  are  y*  =  —  .  (a*  —  jr*J, 

y*  :^L'  afj  where  6,  a,  are  the  axes-minor  and  major  of  ellipse, 
and  U  the  latus  rectum  of  the  parabola.  Now  at  the  foci  the  least 
distances  being  the  same  quantity  (suppose  =:  cf)  we  have  cor- 
responding to  those  points  y  =  —  (L  :=:  latus  rectum  of  ellipse)  y' 

2S 


i; 

2 


Hence  ll  =  ^ .  (a*  -  cf*),  and  !l  =  LU 
4  tf*     ^  '^  4 


But  by  a  common  property  of  the  ellipse  46*  s=  aL.     Conse- 
quently 

L  =  JL.  (a*  -  d%  and  L'  =  4rf, 
a 

/.  L  —  L'  =  —  .  (a*  —  d*)  —  4d  the  difference  required. . 

a 

If  a  :=  300,  and  cf  =  1,  according  to  the  problem,  we  get 

L  -  L' =  300  - -L:  -  4  =  22222-i_l!21 

800  300 

=i!I?i.  aE.D. 

SCO 
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72.        To  find  the  side  of  a  regular  decagon  in3cribed  in  a 
circle  in  terms  of  the  radius  r. 


xO 


=  2  sin.  (± 


The  side  being  a  chord  of  £^  =:  S6°,  and  the  chord  of  an  arc 

10 

that  arc),  this  sixle  =:  2r  sin    =:  8r  sin.  18  . 

^  ^  2 

But 

Sin  (8  X  18°)  =  sin.  36°  =  cos.  64°  =:  cos.  S  X  18° 

/.  8  sin.  18°.  COS.  18°  =r  COS.  2  X  18° .  COS.  18°— sin.  8  18°  .cos.l8° 

=  cos.'  18°  -  cos.  18°  .  sin.  Ms    - 
8  sin*.  18°  COS.  18° 

c=  COS.*  18°  —  S  COS.  18°  .  sin.  *18° 

.".  8  sin.  18°  =  1  —  sin.*  18°  -  8  sin.'  18° 
A  4  8in.'18°  +  8  sin.l8°  s=  1 
and  solving  the  equation  according  to  8  sin.  18°  we  get 

*  ^    4  8 

Hence  the  side  of  a  regular  decagon  inscribed  in  a  0  whose 
rad.  =  r  is 

JL .  (VT- 1). 


8  sin. 


73.        Let  the  ordinates  y,  y\  of  two  curves  whose  abscissse 
X,  x',  are  measured  on  the  same  axis,  be  always  in  the  constant 
ratio  of  m  :  n ;  they  have  the  same  tangents  at  corresponding 
points. 
For  by  problem  (68)  it  is  evident  that  x  \  a!  \\m  \  n. 
Hence  2f  :  y'  ::  x  :  ar' 
and  dy   :  dy'  ::  dx  :  dx 

.'.  -^  =  — ^  i.  e.,  the  tangents  of  the  inclinations  of  the  re- 
dx  dx 

speclire  tangents  to  the  axis  are  eiqual,or  the  tangents  coincide,  &c. 

This  proposition  relates  to  Newton's  Lemmas  in  the  Prihcipia. 


74.   Let  the  polar  co-ordinates  of  P,  R,  T,  (Fig.  Cam.  Prob. 
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f.  194)  be  (^  »),  O'l  ^)>  (f".  t^.  and  pit  Z  RSU  =  f .    Then  by 
equation  to  the  cnnre,  we  have 


a 

a  I 


«" 


// 


a 


(0 


Heooe  r  -  0  s:  c  /.  L^  and  6'  ^  d  =:  c/.  A. 

P  P 

But  0*  -  d  s=:  n  X  (^  -  d)  by  the  question. 


Now  DT  =  ST  -  SD  =:  e"  -  2,  .  COS.  w  .^^and  p'ssSR 

OR 
-=:  2«  eos.  .^i:^  s=:  8#  COS.  f , 

.•.  DT  5=  «"f  cofi."^  —  2p  COS.  «f 

=  Sp  (8^*  cos."^  —  COS.  n^) 
But  {WoMouM^s  Trig.) 


*  eo8."f  =  cos.  »^  +  »  .  cos.  (n  —  2)^  +  n  . 


2 


cos.(n— 4)  f  4-d(c.  to  «»ZL.  or  —  tenns,  according  as  n  is  odd  or 

2  X 


n— 8 


n  — 1_     n— 4 


eren.  Hence  DT  =  8  (n  cos..  L-^  QR  +  n .  !!— icos. 


S 


2 


2 


OR 


+  &c.)    Q.E.D. 


75.        Far  the  dtf  nition  <^  similar  cnrvesy  see  No.  ($8). 
Ii^  p>  /  Ve  the  ladii  Tectorest 
R,R' 


R  R') 

'      >  the  radii  of  the  pairs  of  generating  circles. 

Then,  Hi  R'  heiag  (hose  radii  vaetares  iVom  which  the  arcs  (6) 


pKonaTiM  or  c^rtr.  m 

ftve  onasured  (the  oentiet  of  the  dfdesave  poles)  the  eqnaSloiia  to 

the  l^u^doids  ghre 

{•  sr  (R  +  r)«  -  «r .  (R  +  r)  coi.  •     1 
j^  =s  (R'  +  r*)"-  «r'  (R  +  O  CO*  •  S 
Bat  bj  the  conditioBfl  of  similaritj  (No.  68.) 
e  :  e'::R  :  R,andO  =  y 

/.  (R  +  ry-8r.(R  +  r).cos.0=  J^  {(R  f  r')*  - 

«/(R'  +  r')cos.  0} 

Let  8  =  0.    Then 

R'  -  T*  =:  -^  .  (R«  -O  =r  R«-  ^ 
R"      ^  ^  R'« 

.vR  :  R'::r  :  r', 

so  that  aU  Epicycloids  are  similar,  the  radii  of  whose  pairs  of  ge« 
nerating  circles  are  respeetively  pvoportiooal* 


76.  The  equation  to  the  catenary  being  z  ^=i  sj  2aar+  x* 
and  8a  the  latus  rectum  of  the  parabola  whose  abscissv  are  the 
same,  let  /  be  die  ordinate  of  the  latter,  and  y  of  the  ioraMr;  then 


«  +  y  =  v*«^  +  ^  +  y< 

and  y'  s  IB  /^  Sa  .  sj » 


dx 


Now&'=  ijdx*  4dy'*  =  Jii=V^+^ 

tjx 


.-.  /  =  ^««4-«ax  +  a  I,  (or  +  a  +  V «*  +  ««*) 
in,  cfa  =     (^+^^  ^    =    /dF^ 


'.  diyrt: 


2ax  +  «»  ««u:  +  «« 

odx 


V2aar+2* 


and  y  =:  a  /.  (d  +  ^  +  V  ^«*  "♦"  ^ 
Hence  z  +  y  si:  «'.     Q.E  D. 

G8 


=  AD  =  mV  1 

=  Md'  =  cd!  =  eiy  J 
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77.  Let  ACV  (Fig.  43,)  be  a  semitrochoid  generated  bj 

the  point  C  given  in  position  in  the  revolving  .wheel  vd'j  daring 
half  the  revolution,  and  let  VIX  be  the  position  of  the  wheel  when 
V  is  highest,  or  at  the  vertex  V ;  then  drawing  CF  «L  axis  VD, 

and  /.  ±  vd  and  cutting  —  0  VED  in  E,  &c.,  required  to  prove 

that  CjB  is  to  the  arc  EY  in  a  constant  ratio. 

Let  0, 0  be  the  centres  of  the  circles,  join  OE,  oC  and  produce 
them  to  e  and  c  respectively.  Then,  by  the  nature  of  the  rotation^ 
we  have 

AD  =  AD  =  mV 
Ad 

.\  Ffssz  D(f  =  AD  -  Ad  =  arc  V'e-—  x   arc  VE,  R,  r 

r 

being  the  radii  of  \ejy  VED  respectively. 
But  F/also  =/E  +  EF  =:/E  +C/  =  CR 

.-.  CE  =  S^  VE 

r 

orCE  :  VE  ::  R  :  r.    aE.D. 
Hence  we  easily  get  an  equation  to  the  trochoid. 
Let  CO  =  ^,  and  Z  EOV  =  0 ;  then 

g«  =  CP  +  FO  =  (CE  +  EF)»  +  r«  cos.*  d  =  5!.  EV^  + 

a  i*  EV  X  r  sin.  6  +  r^. 
r 

But  EV  =  r  X  Z  0.     Hence 
gs  =:.Rt.02  +  2  Rr  0  sin,  0  +  r«   (a)  the  equation  be- 
tween^ and  d. 


78.        Let  Qbe  any  point  in  the  direction  Mm  of  the  para* 

bold  AP  (Fig.  47),  of  which  also  S  is  the  focus,  A  the  vertex. 

Again,  join  QS  and  draw  PSp  ±  QS,  and  join  QP,  Qp  ;  QP^ 

Op  touch  the  parabola,  and  the  Z  VQp  =:  a  right  angle. 

For,  drawing  PM  and  pm  X  Mm,  by  property  of  the  parabola, 

SP  =:  PM,  Sp  =  pm,  and  the  angles  at  M  and  m  are  right, 
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^d  PQis  common  to  the  two  A  ;   .'.  the  angles  at  P  are  equal, 
cud  likewise  those  at  p,  or  QP,  Qp,  touch  the  parabola. 
Again  Z  PQS  =:  Z  PQM,  and  Z  pQS  =  Z  pQm, 

/.  2  Z   PQS  +   2  Z  pQS  =  2  right  angle*,  or  Z  PQp 
=r  right  Z. 


79.        The  equation  to  the  reciprocal  spiral  being 

a 

*=T 

where  ^  is  the  radius  vector,  and  0  the  traced  angle,  if  we  make  f 
the  angle  between  the  radius  vector  and  that  tangent,  at  the  point 
of  contact,  (which  is  the  inclination  stated  in  the  problem,)  we 
have 

Snbtangent  =:  ^  .  tan.  ^, 

But,   subtangent  ==  i =  a 

_         1 
/.  tan.  ^  = —  oc  — .    Q.E.D. 


80.  The  angle  of  a  A  included  by  two  sides  a,  6,  being 
=  -i  right-angle,  the  (base)«  =   ^*Zf ' 

For,  by  Euclid,  B.  II. ;  and  Trig. 
(Base)*  =  a*  +  6«  -  2a6cos.  f—  right .  Z) 

d  a*  +  i^  -  2ab  cos.  (90°  +  SO^ 
=  a*  +  b^  +  2ab  cos.  80® 

=  a'  +  6*  +  aby  which  is  the  required  result  when 
divided  by  its  denominator. 

81.  Let  yP  (Fig.  48)  be  the  ±  let  fall  from  the  vertex 
V  of  the  pyramid,  upon  its  base  ACB ;  join  AP,  CP,  PB,  and 
produce  AP  to  Q.  Then,  since  the  faces  are  equal  equilateral 
i  (each  s:  a),  we  have  . 
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APc=  VA'-  PV*=:CV»-.  PV*  =  PC. 
Hence  AP  =  CP  ;=:  PB,  and  the  A  APC,  APB  having  two 
sides  in  each  rs,  and  one  eommon,  we  have  Z  CAQ  ^si  Z  BA^ 
HeneeAQisXCB. 
And  .\  CQ  =:  QB,  &c.,  and,  a?  is  well  known, 

AP  £=  2PQ,  /.  AQ  =  8  PQ. 
Now  VP»  =:  VA»-  PA»=  4CQ«-  4PQ* 

=:  4A€l\  tan.'  SO  -  ^  AQ* 

9 

=  -1  AQ«  -  A  AQ'  ==  JL  AQ» 
3  9  9 

/.  VP  =  i.  V«  X  AQ 
8 

But  Aa=  "^^^^^^  =  !! =    /3xa 

CQ  AQ.  tan.  80«         '"^[5 

/.  AQ  cz  V    V  ^  X  a.    Hence 

si    2J2        

VP  =  2  V«  X  y.  V«  =  "fr"X  V«-    Q.E.L 


82.  Let  B6»  Aa  (Fig.  49)  be  anj  two  conjugate  diameters 
of  the  ellipse  ABa6,  and  let  a  tangent  A'a  at  any  point  P  cut  off 
from  the  tangents  at  A,  a  the  segments  AA',  aa' ;  then  AA'  x  aa' 
=  BC«. 

Let  the  axes  of  co-ordinates  be  taken  parallel  to  the  conjugate 
diameters,  i.e.,  let  PN  (parallel  to  BC)  =:  y,  and  AN  r=  «,  and 
put  BC  =  6,  AC  sr  a.  Then,  by  a  well  known  property  of  the 
ellipse,  we  have 

PN*  c:  ^  X  AN  X  Na 
AC* 

Or  y«  =  JL  X  (2ax  -  of) (l) 

Now,  taking  PTf'  =:  y'  and  AN'  =r  j^  for  the  co-ordinates  of  the 
tajigeRl  Aa'  we  get 

y'=:y-PQ,    .%  y' -  y  er  ^  PQ 

x  =3.0;  +  NN'  =  1:  +  FQ,  .'.a/^xsiVQt 


' 
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.  i-y  -  -  PQ 


point P,  y-jf  _  «^ 

cm:  ox 


:,  which  being  invariable  for  the  same 


a  —  X 


But  ^  =  A.       

.-.  y'  =  ±   X    — 1--:L£—  X  ^  +  *f  (3) 


Let  x'  =  0,  then  AA'  =r  y'  =  ** 


Let  a^  =  2a,  then  aa'  :=i  y' ^  h.       *^""* 


Hence  AA'  x  ad  = 5i_.  (8ax  -  x*)  =  6*.        Q  E.  D. 

The  same  process  will  upply  to  the  hyperhoki^  the  milj  differ* 
enoe  in  the  equations  being  in  the  sign  of  x*,  which  in  the  hjpe^« 
bola  b  positiTe. 

The  proposition  is  also  tnie  for  the  parabola  and  cirde,  which 
aie  ellipses  in  extreme  cases. 

It  may  be  nsefnl  to  the  Student,  in  his  fVitare  inqtdries,  to  bear 
in  mind,  that  all  equations  of  conic  sections,  not  involving  the 
angle  made  by  their  conjugate  diattieters,  are  the  same  in  form, 
and  admit  of  similar  applications,  whatever  conjugate  diamt^rs 
may  be  lidien.  Hence,  as  above,  the  equations-  referred  to  the 
emjugflrte,  are  the  same  as  those  referred  to  the  principal  or 
reetangidar  diameters.' 

83.  This  problem  will  be  more  intelligible  when  enun- 
ciated ;  If  the  abscUsa  of  a  curve  {the  origin  of  co  ordinates  being f 
m  ihe  vertex)  be  to  the  ordinate  ultimately,  i.  e.,  at  the  vertex ,  in  a 
finHe  ratio ^  the  abseiesa  ttxiU  cut  the  curve  in  an  angle  whose  tangent 
ujtkke. 
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For  it  is  evident  that  the  line  joining  the  vertex  and  top  of  the 
ordinate  is  ultimately  a  tangent  to  the  curve  at  the  vertex,  and 
therefore  makes  the  same  angle  with  the  abscissa  as  the  curve 
itself.  Now,  calling  the  abscissa  or,  ordinate  y,  and  the  Z  be** 
tween  x  and  the  curve  d,  we  have  ultimate!; 

JL  =  tan.  6 

X 

which  is  finite,  infinitesimal,  or  infinite,  according  as  iL  is  finite, 

X 

and  of  the  form  -^,  infinitesimal,  and  .\  of  the  forms  ^,  — ,  or 

0  00    a 

infinite,  and  of  the  forms  — ,   — ,  i.  e.,  according  as  0  is  neither 

a      0 

p  X  «-  nor  p.  —yf  X  IT,  or  p  X  — ,  p  being  any  of  0, 1, 8, 3,  &c. 

The  considerations  to  which  this  problem  conducts  us  are  useful 
in  illustration  of  some  of  the  Lemmas  in  the  first  section,  of  the 
Princkpia. 


84.  Let  U  (Fig.  86,)  cut  the  diameter  Dd  of  the  circle  at 
any  angle  A.  Draw  from  the  centre  O,  OR  J.  Dd,  Ot  parallel 
to  L/,  and  from  V,  tm  parallel  to  D^.  Take  also  DA'  =c  Ac?,  and 
LM  =  Ai,  join  A'M,  and  draw  Om  J.  U    then 

DA-  Ad  :  LA  -  A^ ::  "Od  :  chord  of  2  x  Rr. 
For  by  property  of  theO ,  Lm  =  mZ,  and  we  have  aU6  LM  sr  AZ. 
/.  Mm  =  wiA  and  A'O  =  OD  ~  DA'  =  Od  -  Ad  =  OA. 
Hence  A'A  :  MA  ::  OA  :  mA  ::  OV;  Vm  ::  Dd  :  2L'm  from  simi- 
lar A  tnZ'O,  OmA.  But  2tm  =  chord  of  2  Rf,  A'A  =  DA  -Ad, 
and  M A  =  LA  -  A/,  .-. 

DA  -  Ad  :  LA  -  A; ::  Dd  :  ch.  2RZ'. 


85.  Let  aPA  (Fig.  50)  be  any  section  of  the  cone  gene- 
rated by  the  revolution  of  the  asymptotes  AC,  Cr,  about  the  axis 
CY,  made  by  a  plane  touching  the  hyperboloid  QV  at  the  point 
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Q.  Also  suppose  Aa  the  intersection  of  the  generating  plane, 
in  a  position  perpendicular  to  that  of  the  section  AFa,  with  the 
plane  APa,  and  let  PM  be  the  intersection  of  a  plane  X  axis  CV 
with  the  plane  APat  R V  being  it9  intersection  with  the  plane 
ACa. 

Then,  since  both  the  planes    APa,  RTr'  are  X  plane  ACa» 
their  intersection  PM  is  X  RV,  Aa.    Now  drawing  through  Q,, 
Rr  parallel  to  RV,  since  R'Pr  is  evidently  a  circle,  we  have 
PM*  =  R'M  X  Mr' .     .     .    .    (1) 
But,  by  similar  A , 

R'M  :MA::  RQ  :  QA 
and  rM  :  Ma  ::  rQ  :  Qa 

Hence  R'M  x  /M  =  ^  '^'^^^^  '  ^'^ 

QA .  aQ 

Now  RQ  X  Qr  =:  b\  b  being  the  axis-minor  of  the  hypei'-^ 
bola,  and,  by  a  well  known  property  of  the  hyperbola,  QA  x  aQ 
=  QA*.     Hence,  putting  QA  =  a,  AM  =  ar,  PM  =r  y,  we  get 

if  =  —.  (2ax  -  ««) 
a*- 

the  equation  to  an  ellipse  having  the  same  axis-minor  as  the 
generating  hyperbola. 


to 

86.  Lety'=-1.   (2ax  -    jr«)      the  equation    to    the 

a* 

ellipse.    Then  at    the  focus  the  equation    to    tl^e   circle   de* 

scribed  on  the  axis-major  (a)  is  y^  =  (2aar— a:«)  =  ^  x  (latus 

rectum)'. 

But  latus  rectum  =  ...^  by  a  known  property  of  the  ellipse* 

a 

f 

,      ,A       a«      b^        ., 
•^  6«     a« 

.-.  y  =  b.        Q.  E.  D. 

87.  "      Let  :r,  y  be  the  co-ordinates  of  the  cissoid  originating 
in  the  extremity  of  the  diameter  (a)  of  the  generating  circle. 


00  PilOPSATIM  OF  CURVBft. 

Theo  tiie  eqtvUkn  to  the  carve  being 

3,*=.^    .    .    .    .(1) 

And  by  the  question,  the  subtangent  =:  1~JL  =  ^  we  hare 

dy         4. 

te  (o  —  :t)    _.    a 


3d  —  So;  4 

d  4 

..  x  =  — a±a— J" 

5±  V"i5 

which  determines  the  abscissa  of  the  point  required,  and  substi- 
tuting in  equation  ( 1)  we  get  the  corresponding  ordinate,  which  wiU 
determine  the  aetual  position  of  the  point.  There  are  two  solu- 
tions giving  points  on  different  sides  of  the  axis  of  y. 


86.  Let  S,  H,  (Fig.  51,)  be  the  fbd  of  the  ellipse  APd, 
and  VT  a  tangent  at  any  point  P.  Then  Hy  being  ±  FT  and 
'Cy,  SP  joined,  Cy  is  parallel  to  SP. 

For,  producing  SP,  Hy  to  meet  in  A,  since  PT  (by  property  of 
the  ellipse)  bisects  the  angle  APH,  we  easily  prove  that  yh  =  yH, 
Hence,  since  SC  :=  CH,  we  have  CHy  similar  to  SHA.  /.  Z  yC<t 
=  Z  ^SH,  or  Cy  is  parallel  SP. 

Similarly,  Sy'  being  drawn  J.  PT,  and  Cy'  joined,  it  may  be 
shewn  that  Cy'  is  parallel  to  PH.     • 

89.  Let  C,  A  (Fig.  52,)  be  the  circle  of  curvature  to  the 
parabola  AP^P,,  &c.  at  its  vertex  A,  and  suppose  a  series  of  drdes 
whose  centres  are  C,,  C„  &c.,  to  be  described  each  touching  the  one 
preceding  it  and  the  two  branches  of  the  parabola,  then  r^  r„  r,^ 
^,  denoting  the  radii  of  the  circles,  required  to  prove  that  ri,r„  r», 
kc.y  r^,  are  in  the  proportion  of  1, 3,  5  2n  —  1. 


PR0PBBT1B6  OF  CUEVBt*  *1 

Joining  C«P«,  C,P,,  Ice.,  and  makiog  AN,  ss  x^  PJ^s  =  sr«»  ^. 
we  hare  r,  =  C/i  ^  dN,  +  C,N,  cs  »,  —  2r,  +  Z. 

-        =rl  +  JL-Sr.rrl.  -£.  +  £. -«r. 
p  2  p  4  2 

.'.after  proper  reductions,  we  get 

4 

.-.  »■.  =  ^ ± V^F. 

By  the  same  process  with  respect  to  the  next  circle,  we  get 


And  generally, 

^-  =  -^  ±  V  *P  (n  4-  r,  +  ....  r,_») (a) 

Now  it  is  well  known  that  the  diameter  of  curvatare  Srj  at  the 
vertex  of  a  parabola  =  latns  rectum  p. 

•  •  #  I  ^—  ^—  •  ••*  •111 

2  ^  ' 

Hence  r.=  -£-±p=:  -Tor—  iL 

'2^2  2 

r,«iL±3p=r!£or-.  £E 
2  '^         2  2 

Ac.  =  to. 

r.  =  i  +  (n -  1 ) p  =  (!^Z2)f  or  -  (^^-^)P 
2         ^  ^^  2  2 

«ind>  giTe  the  relations  required,  the  negatire  values  mereljr 
iadicaling  Uiose  circles  which  touch  both  the  preceding  one,  and 
the  branches  intemalfyj  and  evidently  coincide  in  Mo  with  it. 
If  X  =  f  (y)  be  the  equation  of  the  cnrve,  then  we  easily  find 

that  
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whence  it  appears  possible  to  find  a  series  of  circles  such  as  are 
represented  (r,  howeyer  being  any  ^t&en  O  touching  the  branches, 
which  somewhat  generalizes  the  problem,)  in  the  figure,  only  for 

such  curves  as  give  ^  ^  constant,  i.  e.,  for  the  common  parabola 

dx 

only. 


90.        This  enunciatioti  ought  to  have  specified  that   the 
radius  vector  in  arriving  at  SP  had  just  completed  a  revolution. 

Let  SP  =  ^,  and  the  corresponding  angle  =  d,  then  the  equa- 
tion to  the  spiral  (which  is  that  of  Archimedes),  is 

V  =  a/ 

Hence  the  subtangent  =  I =  ag'«  =  a  ^*  at  the  point  P. 

dfl 

Let  n  be  the  number  of  revolutions. 
Then  9  =  n  x  4.  R.  ^  =  a^. 

J  subtan.  -:— O  E  D 

Hence  n  a  ^  oc oc   sj  subtan.     ^-    •  ^'^ 


91.  This  enunciation  is  very  ambiguously  expressed.  By 
the  *'  acute  angle"  is  meant  that  of  the  angles  which  is  the  most 
acute,  and  the  tangent  is  considered  ''  the  base." 

Let  R,  fi  be  the  radii  of  the  respective  circles,  C,  c  their  cir- 
cumferences, L  the  straight  line  r=  C,  and  /  the  one  to  be  found ; 
then  from  similar  A  whose  sides  are  L,  C ;  /,  c,  we  have 

L:C  ::Z:c 
But  L  =r  C,  A  /  =  c.  Q.  E.  D. 

92.  Let  R  =  the  radius  of  the  circle,  r  that  of  the  circu- 
lar base  of  the  cone,  and  s  =:  side  of  the  cone ;  then  «-R*  s:  area 
of  the  circle,  «»  x  r  =:  circumference  of  the  base. 

Hence  the  surface  of  the  cone  =  ir  r  x  5,  and  by  the  question 

«■  R«  =  flrr  X  s 
.'.    R*  =  r*,  or 
r:R::R:5.  Q.  E.  D. 


PROPERTIES  OF  CURVES.  M 

93.  Let  R  be  the  radius  of  the  sphere.  Then  the  fM^lidky 
of  the  cylinder  whose  base  =  R^v  and  altitade  SR,  is  sR'r,  and 
that  of  the  cone  with  same  base  and  altitude  as  the  cylinder,  is 

—.    Also  the  sphere  =  f^.    Hence  the  cone  =  i.  R3»  = 
3  '^  3  8 

2R*r  -  ^  R»5r  =  Cylinder  -  Sphere.     Q.  E.  D. 


94.  let  PL  (Kg.  53)  =  CD  =  a\  CP  =  b',  CK  ss  KL 
=  KM  s=  KN,  then  PM  =  a  the  axis-major  of  the  ellipse,  and 
FN  =:  bj  the  axis-minor. 

Suppose  PM  =  nt,  PN  =::  n.     Then 

«•  +  n*  ==  (MK  +  PK)«+  (MK  -  PK)' 

=r  2MK*  +  2PK*  =  «KL*  +  2PK» 

r=:  PL*  +  PC*  =  a'«  +  6'« 

=  a*  +  6*  by  property  of  the  ellipse. 

Again,  (tn  +  «)*  =  CL*  =  CP  +  PL*  ±  2PL  x  PE 

/.  »!*  +  »*  +  2mn  =  a  2  +  ^,'2  +  2aV  sin.  PCE. 
Hence  mn  =  a' 6'  sin.  Z  C 

=  ah  by  property  of  the  ellipse, 
.*.  wi*  +  n*  =  a'  +  6'  1     whence  79i  =  a  } 
7»n  =  a6  J  n  z=.  b  S 

95.  Given  the  figure  of  an  ellipse,  to  find  its  centre  and 
fod  fractkaily. 

In  the  ellipse  draw  any  two  parallel  lines  GH,  gh^  (P'g«  ^3) 
bisect  them  in  I,  i,  and  It  being  joined,  let  it  be  produced  to  meet 
tbe  curve  in  P,^.  Then,  since  every  diameter  bisects  its  onliuates 
and  Tecii«t>cally,  Pp  is  a  diameter,  of  which  the  middle  point  C  is 
tbe  required  centre  of  the  ellipse. 

Again,  through  C  draw  Dd  parallel  HG,  and  we  get  Dd  a  dia** 
meter  conjugate  to  Pp.  Produce  EP,  (which  is  ±  CD,)  to  L, 
Qiaking  PL  =  CD,  join  CL  and  through  its  middle  point  K  and  P 
ditw  MKN,  making  MK  =  KN  =  CK  or  KL  Then,  by  the 
preceding  problem,  PM  =  a  the  axis-major,  and  PN  =  6  the 


uis-minor  of  the  eOipse.  Hence  with  C  as  centre  and  radii  s=  a, 
b  defleribing  circular  arcs,  the  points  A,  B,  where  they  will  meet 
the  ellipte,  will  determine  the  position  of  its  axes  AC,  BC ;  and 
since  the  distance  of  the  focus  from  B  =  AC,  if  with  centre  B 
and  radius  ==  AC  we  describe  arcs  cutting  AC  in  S,  S',  the  foci 
S,  S'  of  tlie  ellipse  will  also  be  determined. 


96.        Let  loif  Q07  (Fig.  54),  intersecting  in  o,  be  parallel 
to  any  tw9  conjugate  diameters  BCD,  ACM ;  then  lo  x  oi :  Qo  x  ' 
oq  ::  BC-:  AC«. 

For  drawing  Com  through  0  and  C  and  mn  parallel  to  BD,  we 
haye 

!«• :  mn* ::  AC«-  Ct;» :  A0»  --  Cn' 
And  mn* :  ow*  ::  C^' :  C«' 
/.  It;«  :  ot;« ::  AC*.  Cn*  -  C»^.C«*  :  AC.Cv*  -  Cn*.Ct;« 


} 


:.  Ir*  -  (V  :  !»• ::  AO  (On*  -  C»«) :  Cn  (AC*  -Cvn 


1 


Also  !«»  :  BC  -  AC*-  Ct;* :  AC« 
.-.  It;*  -  Ot;« :  BC* ::  Cn*  -  Cv* :  C»* 

::  Cm*- Co* :  Cf«* 
Or  lo  X  01  :  lao  X  o»'  ::  BC» :  Cm* 
Similarly  moxom'  :Qfi  >(.   og  ::  Cin* :  AC* 

/.  lox  oiiQjoxog  ::  BC* :  AC« 

BC,  AC  being  any  conjugate  diameters  whatever,  which  is  more 
general,  although  solved  with  the  same  fineility  aa  the  jaeMem 
proposed. 

97.  Let  the  cycloid  acb  (Fig.  55),  equal  and  similar  toACB, 
have  its  vertex  c  in  the  base  AB,  and  its  base  ab  parallel  to  AR, 
and  let  them  intersect  in  P ;  they  cut  at  right  angles. 

For  drawing  PEn  X  axes  CD,  cd^  and  intersecting  the  gene- 
rating cirdea  in  £,  e,  and  the  aaes  in  N,  i»,  and  jonnag  BC,  ed^ 
we  ha^  Ihe  tangents  at  P  to  the  curves  AC,  oc,  paraDel  te  CB,  ee 
ieq)eetively.  But  itis  easily  shewn  that  mI  is  paraBel  to  WC^bshA 
dee  is  a  right  angle ;  /•  the  tangents  at  P  are  at  right  iMigfcii^ 
and  consequently  the  curves  themselves. 


FIIOPlRTin  or  OURVM. 

y'«  =  ^(2aVq:x'-)  j 

be  the  equations  of  two  conic  sections  of  the  same  kind,  the  sign 
^  indicating  the  ellipse,  circle,  or  parabola,  and  +  the  hyper- 
bola ;  them  bj  the  queitioii,  we  have 

a'  TszOf'^  zs  Xy  and  /. 
y*:y«::6*:6'«. 
Boty=   latusrect.     ^  ^  ^  L  X  a 

8  2 

^^^.^JlaUisjrect^  X  a'  :=  IliLl 

8  8 

/.  y'ly**  ::L:L' 
And  y  :  y  ::  VX :  ^^T.  Q.  E.  D. 


99.        The  side  of  an  equilateral  polygon  of  n  sides  inscribed 

iaaeiide(rad.  3l)ia±  \/8  ±  s/ 2  zp  ^8  :f^  2  if  &c., 
t»(ii-«l)  extractions. 


finoe  the  side  of  the  polygon  =:  the  chord  of  —  =  8  sin.  — 

8-  8"' 

ireliaTe  merely  to  shew  that 

8-        ^   V2±V2:FV2:f:V  2=F to(n-.i) 

terms. 
Now,  suppose  the  proposition  true  in  one  case,  i.  e.,  let 

8  8io.^=::t      /     i        /  t 

8»  W  2±,  s/  2T  Vsq:  ....  torn— 1  terms;  then, 

fiace  8  sin.  -!1  =  8*.  sin*  .J^.   eos. 


8*  8»+*  il-+ 


/  ? i     '^     I 

=  V«±  vaqp^*?  -A  to  m  —  1   terms,  squaring  both 

ate,  and  changing  signs,  lU;.,  i^e  get 
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Hence  resolving  the  equation  in  2^  tin.^  —I-,  we  have 


2^  «'»•'  iiT=*±v/2T   v/2TV«T  &e.^    and 


1  =  ±    \A±^ 


^sin-^i+i  —  ^    v^8±  Y^2  T  V^  If  &c.,  torn teiTOS, which 

shews  that  if  the  proposition  be  true  for  any  one  case,  it  is  likewise 
so  for  that  immediately  succeeding ;  but  it  is  true  in  the  case  of 

m  =  1  (since  2  sin.  JL  r=  2  x  -4i-  =  ±   V^»  •*•  **  ^  ^^  i»=2, 

and  .*.  for  m  =3,  &c.,  up  to  m  =r  n,  i.  e.,  the  side  of  an  equilateral 
polygon  inscribed  in  a  circle  whose  rad.  =  1,  is 

db    V  2  it  V  2  :p  V  2  If  ^2  If  &c.,  to  n  —  1  terms. 


100.  Let  AB,  AC,  (Fig.  56),  the  sides  of  a  spherical  A 
ABC  be  produced  to  B',  C,  so  that  BB',  CC,  may  equal  half  the 
supplements  BA',  CA'  of  AB,  AC,  respectively ;  then  B'C  being 
joined,  and  the  chords  «,  j9,  7,  being  drawn,  the  angle  between 
7,  ^  =:  the  angle  at  the  centre  of  the  sphere  subtended  by  B'C 

For  the  sides  opposite  A,  B,  C,  being  put  =:  a,  6,  c,  and  those 
opposite  A',  B',  C,  =  a',  b\  c',  and  taking  radius  of  the  sphere 
:^  1 ,  we  have  by  Spherical  Trig. 

p       A  cos.  a  —  COS.  b .  COS.  c 


and  COS.  A'  =: 


sm.  b  .  sin.  c 

COS.  a  —  COS.  b*  .  COS.  c' 
sin.  b* .  sin.  c 


But  A'  =  A,  6'  =  ."izi,  c'  =  !!-:£ 


b  c 

and  .*.  COS.  b* .  COS.  c'  =:  sin.  —  .  sin.  — 

2  2 

and  sin.  6' .  sin.  c'  =  cos.  —  .  cos.  — 

2  2 


r 
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Heace,  equating  cos.  A,  cos.  A',  and  substituting^  we  get 

COS.  ci  —  sin.  J^  .  sin.  J^ 

2  2    ^  COS.  a— cos.  b  COS.  c 

COS.  b  •  COS.  c  sin.  6  .  sin.  c 

Jlat  sm.  6  .  sin.  c  r=  4  sm —  sin .  cos.  —  .  cos.  _. 

2  2  8  8 

4  sin.*  —  .  sin.*  —   —  cos.  b  .   cos.  c  +   cos.  a 

,                    2               8 
..  cos.  a  = •.  

.    •      o  c 

4  sin.  —  .  sin.  — 

2  2 

which  easily  reduces  (since  cos.  6=1  —  2  sin.' ,  &c.)  to 

2^ 

sin.*  A  +  sin.«  —  -  sin.*  — 


2  2 

Cos  af  =  . „ (1). 

■  #«    •       b      *      c 
2  Sin.  —  sm 

2  .2 


Again,  making  the  angle  between  I?,  y  =:  0,  by  Plane  Trig,  we 
hare 

Cos.  6  =  !!-±2l:if!. 

But  5=2  sin.  — ,7=2  sin ,  «  =:  2  sin 

2  2  «  2 

sm.*—  +  sin.«  —  —  sm.*  — 
2  2  2 

Hence  cos.  0  = — . (2) 

JT^    *      b  c 

2  sin.  —  .  sm.  — 

2  2 

.'.  cos.  6  =  cos.  a'  ::z  cos.  Z  B'OC, 
and  since  the  radius  of  sphere  B'O  was  supposed  =  1 ;  .*.  0  = 
Z  B'OC.     Q.  E.  D. 


101.        Let  a,  the  diameter  of  the  circle,  be  the  first  term, 
ad  r  the  common  ratio,  then  the  other  sides  of  the  A  described 

m 

in  the  —  © ,  will  be  — ,  and  — 
2  r  r2 

VOL   II.  H 
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But  by  properQr  of  the  —  O ,  we  have 

••=(T)**a)'=^*?^ 

.%  r«  -  r«  =  I 


.\  r« 


--  1  ±  V6 


2 


ABdr=  ^l  ±V 


^  6 

Whence  the  side  —  =:  which  being  inflected  in  the 

—  O  will  give  the  point  required. 


102.  Let  A,  A\  be  two  opposite  angles  of  the  qnadrilateraly 
and  let  the  sides  which  contain  them  be  a,  & ;  a\  b\  respectivelj, 
and  ByB',  be  the  other  two  angles ;  then  putting,  the  diagonals 
hA!  zz  D,  BE'  =  E,  by  trig,  we  have 

2ab 


And  cos.< A'  s  r  . 


a'«  +  6'2  -  E« 


But  A'  ==  »  —  A,  .'•  cos.  A'  =  —  COS.  A. 
•    g^  +  h^  -  E»  _  _  g^g  +  V^  -  E^ 

.  p»>  ^  (g»  +  6«)  aV  +  ((^>  +  yg)  ab 

g6  +  a'y 


and  E  =       /(g'  +  6«)  g^y  +  (g^>  +  h'^JHb 
"^  ab  +  M 

In  the  same  manner  it  may  be  shewn  that 

D=       /(g*  4-  g'^)  M/  +  (&«  +  V^' 
^  oaf  +  hV 


108.        Let  c,  C  (Fig.  57,)  be  the  centres  of  the.  reyolTing 
and  fixed  circles»  and  let  their  radii  be  denoted  by  r,  R,  respec- 
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tirely ;  also  siqppose  A  the  point  in  which  the  generating  point  P 

meets  the  fixed  0,  and  join  Cc  (passing  through  the  point  of  con* 

taet  m,)  PC,  CA,  and  draw  FN,  Cn  ±  CA  produced,  and  Pn'  ±  C». 

Then,  putting  Z  cCN  =:  0,  PN  =  y^  and  CN  =  x^  we  hare 

:r  =  Cn  +  Nn  =  (R  +  r)  cos.  0  +  r  .  sin.  Pen'  and 
y=cn  —  cn'  =  (R  +  r)  sin.  0  —  r  .  cos.  Vch\ 
But  since  by  the  nature  of  the  revolution  Am  =  Pm,  Am  ==  R .  0 
and  Pm  =  r,  A  Pern,  we  get 

R.O=r.Pcm=r.Pc»'  +  r.  T— —  «) 

.-.  ZPcn'=:lL±j:.0-^ 

r  2 

R  -4-  r  R  -i-  y 

/.  sin.  Pot'  =:  —  cos.  — Z 0,  andcos.  Pen'  =  sin.  -— 1 —  9 

r  r 

Hence 

R  4-  r  * 
X  =:  (R  +  r)  COS.  0  —  r  •  cos..     _      0 

„  ,       i (1)  ^fce  equa- 

y  =  (R  +  r)  sin.  d  -  r  .  sin.5LZLl6 


'1 


tions  to  the  curre  between  x,  y,  and  0. 
Now  supposing,  according  to  the  question,  that  R  =:  mr^  where 

fli  is  an  assignable  whole  number,  then  equation  (l)  becomes 
«  =  (m  +  1)  .  r  cos.  6  —  r  .  cos.  (»»  +  1)  fi)  ^  v 
y  =5  (m  +  1) .  r  sin.  9  -  r  .  sin.  (m  +  1)  0)  ^*^ 

and  the  latter  of  these  equations  bdng  reducible  to 

4  (m  +  1)*  .  (1  -  cos.«  6)  (1  -  COS.'  m  +  1 .  0)  =  {(m+l^x 
(1  —  cos.«  0)  +  1  -  cos.'m  +  1  .  0  —  2l^*,   and  substituting 

(8cos.o)r+'  -  (nt  +  i)(8co8.e)-i  +  (2L±iLJ[2Lz3x 

IB 

(2  COS.  6)***'  —  &c.,  for  its  equivalent  cos.  {m+  1)  9  in  the  equa- 
tmis,  the  results  will  contain  integral  powers  of  cos.  0.  Hence 
resolving  those  results,  i  e.,  finding  any  two  values  of  cos.  0  in 
terms  of  x,  y,  and  constants,  we  may  equate  them,  and  thereby  ob-" 
tain  an  Algebraic  equation  between  x  and  y.  Q.  E.  D. 
Ek.  Let  m  =  1,  or  R  =  r ; 

H  2 
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Then  j:  =  2r  .  cos.  0  —  r  cos.  2  fl 
and  y  z=i  2r  sin. 


»s.  0  —  r  COS.  2  fll 
dn.  0  —  r  sin.  2  OJ 
From  the  former  we  easilj  find 

Cos.  fl  =  1  ±  V  Sr-««  ^hich  eives 


2 


pves 


Sin.  0  =  Vs  ~  3r+  2xq:2  V8r-2.v^  ^hi^i^  being  gub* 

2 
stituted  in  the  latter  we  get 

i(-=:sin.O  .  n  ^  COS.  6^  =  ^3  -  -^r  +  2x  Zf2^/3r-2x 
2r  ^  2 

X  1  T  a/ ST'-^x^  which,  after  proper  reductions,  will  give 
2 


104.         Let  X  rr  the  part  produced  of  the  given  line  a ;  then 
hy  the  question 

a;*  =  (a  +  x)  .  a  =  a'  +  ax 
.'.  a:"  —  ax  =  a' 

and  X  =  ^  ±        A.^a^  =  a±a/l 
^  '^  4  2 

=  |.(1±V^> 
which  is  the  production  required. 


105.        Let  AB  (Fig.  58,)  =  a,  he  the  given  line,  required 
to  construct  a  Tetraedron  upon  it. 

In  the  plane  ABC  construct  the  equilateral  A  ABC,  and  let  O 
be  the  point  in  it  equaUy  distant  from  A,  B,  C,  and  make  OD  X 

plane  ABC  ==  a    /^  ;  then  AD,  BD,  CD,  being  joined,  the 

^    3 

figure  A  BCD  will  be  the  Tetraedron  required. 

For  AO   :   BA  : :  sin.  30°  :  sin.  60®    . 

2  2 
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V8 


Hence  AD  =  ^  AO«  +  DO«  ==    V^  -|-  ?f!=  a,and simi- 

3         d 
iarlj  DC,  BD,  may  be  shewn  to  be  =i  a. 

.*.  the  fonr  faces  are  equal  equilateral  A  kc, 

* 

Again,  r  being  taken  in  OD  so  that  r  A  =  rD,  we  have 
AO  +  Or*  =  Ar«  =  rD»  =  AO«  +  (OD  -  rD)«  =  AO«  + 
OD«  +  rD«  -  80D  X  rD. 

.-.   2  OD   X   rD  =  AO*  +  0D»  =  AD«  =  a»  or  rD  = 

-7r=r  =  — ^-—  =  —  ^  /— » which  is  the  radius  of  the  circum* 
20D         2a  Vf  8  V    2 

flcnbiug  sphere. 


1 06.  To  find  the  focus  of  a  given  parabola,  either  use  tbe 
method  adopted  ia  Prob.  95,  or  the  following  onie  ;  drawing  two 
perallel  lines  in  the  parabola  QV,  Q'V,  and  let  them  be  bisected 
|n  V,  V,  join  W  and  produce  it  to  meet  the  curve  in  P,  thus 
determining  an  abscissa  PV,  corresponding  to  the  ordinate  QV. 
In  like  manner  drawing  any  two  parallel  lines  not  parallel  to  the 
former,  we  get  another  pair  of  oblique  co-ordinates  pv,  qy. 

Now  by  property  of  the  curve,  we  have  (S  being  the  focus) 

.-.  SP  =  ^1 

being  known,  if 


QV«=4SPxPV>  4PV 

and^*  =  4  Sp  xjw  3        ^  or» 

Dp    z:  —2 — 


4pt?  J 

with  P,  p,  as  centres,  and  radii  =  SP,  Sp,  we  describe  two  cir- 
cular arcs,  their  intersection  will  be  the  fbcus  required. 


107.        From  similar  A  OPBI^  ONQ,  and  the  property  of 
the  parabola,  we  have 

AN  :  AM  ::  ON'  :  PM»  ::  ON*  :  OM« 
::  (AO  -  AN)»  :  (AM  -  AO)' 
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.-.  AN  X  (AM»  —  2A0  X  AM  +  A0«)  =  AM  x  (AN« 
dAO  X  AN  +  AO^,  and  by  reduction 

AO«  X  (AM  -  AN)  =  AN  .  AM  (AM—  AN) 

.-.  AO»  =  AN  X  AM,or 

AN  :  AO  ::  AO  :  AM.        Q.E.D. 


108.  Let  AP  (Fig.  47,)  be  any  conic  section  whose  focus 
is  S,  and  vertex  A ;  also  let  La,  Aa,  be  the  tangents  at  the  ex- 
tremity of  the  latus  rectum  SL,  and  vertex  A  intersecting  in  a ; 
then  ha  =:  AS. 


For  supposing  y  = — i^Soxqp  a;"  to  be  the  equation  to  the  conic 

a 

section,  (which  will  be  an  ellipse,  parabola,  or  circle,  when  the 

negative  sign  is  taken,  and  an  hyperbola  when  the  positive,)  a  and 

h  being  axes,  and  x,  y,  originating  in  A,  we  have. 

y'  -  y  =  ^  .  («'  —  a?) (I)  the  equation  to  the  tangent 

at  any  point    Hence,  since  ^2^  =  _  .  — ^""^^ 

y'  =  A.      ^^^      .af  + ^ (8) 

Let  X  z=z  AS  szm,  and  x'  =  0 ; 
ThenAa  =  3/  =  Ll^        ; 

But  a'  =  ft*  +  (a  qp  m)*  =  &*  +  o^  +  m*  qp  ^am  from  a  well- 
known  property  of  the  curve, 

.•.  2am  rp  m'  =  y 
and  Aa  ss  m  =  AS.        Q.  B.  D. 


109.       If  R,  r,  be  the  radii  of  die  dreles,  ciitumflcribing 
and  inscribing  a  A  whose  sides  are  a,  6,  c,  then 

R     _         abc 
«(o+i+c) 
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For,  sappoBiiig  A,  B,  C,  tbe  angles  to  which  a,  6,  c,  are  lespee- 
tivelj  oj^osite,  since  those  angles  aie  each  bisected  by  the  lines 
joimng  them  and  the  centre  of  the  tascnieiO,  wehafe 

B  C 

a^  r  cot  —  +  r cot  — 

b  =  r.fxii.—  +  rcot.  A 

2  2 

c  s  r .  cot.  —  +  r  cot  — 
2  2 

A  iL±l+i.  =  cotA+cot,l  +  cot.£ 
2r  2  2  2 

.    fl+5 -c  . C 

•  •  ...i.-i_.i...  ^  cot  — 

2r  2 

Hence  _il. ==  sin.-^  =    ^^^^ 

_  ggft  —  tt*  -  y  +  C» 

4ab 
wUdb  giyes  by  reduction 

4r«  =  ^"^"^  "^  {c«  -  (a  -  by}  .....  I. 
a  +  6  +  c  ^  ^  ^ 

Again,  since  the  chord  of  an  arc  s  8  sin.  of  half  that  arc,  we 
have 

G  =  8R  sm.  ^  =  8R  sin.  C 


.-.  R«  = 


2 

c» 


4  8in.sC 

a«  i«  c» 


(a+6+c).(a+6— c)(c+6— o)  .  (c+a— A) 


-  ...  («) 


•.4a-r-«        -•*'^ 


(a  +  b+cf 

andRr=_-f5^ — -.        aUD. 
2  (a+6+c) 


110.        The  equation,  to  an  equilateral  hyperbola  whose 
SONS  are  mii^  and  co-ordinates  al  the  centre  being 
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wp  have  fydx  =  fdx  jj  I  +  x* 

cs  3?  yi  +3?'  -  L .  I.  (x -{- jTir7) 

/.  Sector  ACP  =  i-  /.  (a:  +  /TT^ 

2 


and  similarly  ACp  =  _  .  t  (or'  +  V 1+^") 
.\  by  the  question 


Now  AC  :  AT  ::  CN   :  NP 


Or  1   :  T  ::  X   :  sji-^x^ 


.    1  — T  _  i  -  Vi+^  -. 


Similarly 


1+T         X+V1+**        (a;+Vl+J^')* 
1-e  1 


.    1  -  T  _  1 _   /I -A* 

"   1  +  T        (or'+Vl+^T        VI +  ^^' 

111.  Let  LF  (Fig.  47,)  be  a  tangent  at  L  the  extremity  of  the 
latus  rectum  of  the  ellipse,  meeting  any  ordinate  PN  produced 
in  P' ;  then  S  being  the  focus,  required  to  shew  thatSP  =:  NF. 

a  and  h  being  the  semi-axes  of  the  ellipse,  y,  x^  its  co-ordi- 
nates at  the  vertex,  and  y',  x\  those  of  the  tangent  at  any  point, 
originating  also  at  the  vertex,  we  have 

y  =  — jj2ax  —  a^ 
a 

and  y'=:  A  .        ^"^     '  X  of  -\-  ^"^  (See  1  OS.) 

«       ^2ax  -  a^  jj  2ax  —  x* 

Let  x  =  AS  =  m=:a±  j/a^  —  b* 
Tlien,  after  the  proper  reductions,  we  get 


y 


'  -  ±Vg'-y  x'  +  a  ±  ^a*^b' 


a 


and  /.  y«  =  ^Lzi*  a?'«  -   ^  V^'  -  ^'  (a  ±  Va'^  x'  + 


*•  a 


2a«  — i*  +  2aVa'-^' (0 
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Bui  SP«  =  y«  +  SN«  =  —  .  (8aJf-«»)  +  (a±>/a«-6*)* 

a* 

which  reduces  to 


a 


a 


-6*+  SflV**-^* (2) 

which  heing  identical  with  (1)  when  x  =  x\  we  haye 

SF  =  NF%  and  /. 

SP  =NF.        Q.E.D. 
The  geometrical  proof,  although  easier,  is  not  grounded  on  such 
obvious  and  general  principles  as  this. 

1 12.  Euler,  who  invented  this  theorem,  conceived  it  to  be 
murersallj  applicable ;  but  we  shall  presently  see  that  it  is  true 
only  in  a  very  particular  class  of  polyedrons; 

Case  1 .  Let  the  polyedron  be  without  perforation,  and  consist  of 
one  surface  only. 

Let  F,  S,  £,  be  the  number  of  faces,  solid  angles  and  edges 
of  the  polyedron,  respectively. 

Then  supposing  any  one  face  projected  upon  a  given  plane  in 

such  a  manner  that  the  interior  angles  of  the  projection  may  be 

each  less  than  two  right  angles,  and  all  the  others  upon  the  same 

plane,  so  that  their  projections  may  be  wholly  within  the  former, 

(which  is  evidently  possible),  the  projection  thus  formed  of  the 

polyedron  will  consist  of  F  plane  polygons,  united  by  the  8  points 

of  concourse  of  the  E  different  sides,  one  of  them  circumscribing 

the  rest.    Now,  supposing  n,  n^  n^ n^  to  represent  the  number 

of  edges  in  the  respective  faces  or  polygons ;  then,  since  it  can 

evidently  make  no  difference  in  the  sum  of  the  inner  angles  of  the 

interior  polygons,  whether  or  no  any  of  them  be  greater  than  two 

i%ht  angles,  (for  they  equally  fill  space  about  the  points  of  con- 

eoarae),  we  have 

Sn,  R  —  4R  > 

gw,  I»  —  4R  .^         ^_,  _,  ,^ 

'^  V  =  4(S  — n)R+  2nR  -  4R 

SiifR  — 4R' 
Or»,  +  »,  +  -  2  (F  -  1)  =  2S  -  »  -  2. 


=  e  +  21 

=  c'  +  2  J 
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But,  since  each  of  the  sides,  except  those  of  the 
polygon,  is  common  to  two  of  the  polygons,  we  have 

nt+n^+  =  2  (B  -  n) 

/.  2E  -  2F  =  28  — 4 

.%  S  +  F  =  E  +  2 (1) 

which  shews  the  Theorem  to  be  true  in  this  case. 

Case  2.  Let  the  polyedron  be  supposed  to  be  hollow,  t.  e.f  to  have 
two  surfaces  consisting  of  plain  faces,  one  mterior  with  respect  to 
the  other. 

Then,  supposing  s,/,  e ;  s',/',  e^  to  be  the  number  of  solid  angles, 
faces  and  edges  of  these  surfaces,  we  get,  by  case  1, 
s+f  = 

and  «  +  «'  =  &\f  +  fzz  F,  and  c  +  c'  =  E 
/•  in  this  case 
S  +  F=  E+  4; 
and,  generally,  if  there  be  h  interior  boundaries,  we  get 
S  +  F  =  E  +  2(*+  1) (2). 

Case  3.    Let  the  polyedron  be  annular,  or  have  a  perforation. 
Then,  supposing  a  plane  to  cut  it  into  two  polyedrons  of  the  first 
class,  making  (m)  new  edges,  and  •*•  (m)  new  solid  angles,  and 
two  new  faces  in  each,  we  have  (using  the  above  notation) 
«  +/=ig  +2> 
^  +f^e'+  2> 

.-.  s+  »'+/+/  =  «+  c'+4 
Orfil+«i  +  F  +  4  =  E  +  m  +  4 

.*.  S  +  F  =  E  ; 
and,  generally,  if  there  be  p  such  perforations,  we  have 
S  +  F  =  E  +  2  —  2p (3). 

Case  4.  Suppose  the  polyedron  formed  by  the  unieii  af  two 
othersof  the  first  class,  in  making  the  pUnes  of  two  of  their  un- 
equal faces  coincide,  so  that  the  face  of  the  one  may  be  wholly 
within  that  of  the  other. 

Let  S,  F,  E,  be  the  number  of  solid  angles,  faces,  and  edges  of 
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the  compoimd  polyedron:  s,/,  e ;  if^ff  ^,  tbose  of  the  componeiits, 
then  by  case  (1) 

Biit«+  «'=  S,/  +  /=F  +  l,c+  ^  =  E 
/.  8  +  F  =  E  -f  8 ; 
andsiiiiilarly,  if  the  polyedron  be  formed  by  the  union  of  notherSi 
npon  any  face  of  one  of  them,  we  ha^e 

8  +  F=:E+2  +  n. 
Hence,  generally,  if  n„  n^  n,, ....  n  be  the  number  of  such  form- 
ations upon  each  of  m  faces,  we  have 

8+F  =  E+2  +  n,  +»,  +  n,  +  ....  rt.  ....  (4) 
Hence,  then,  Eoler's  Theorem  may  be  generalized,  by  stating  it. 
If  a  Pofyedron  have  (h)  interior  surfaces^  (p)  perforcUions^  and 
1*19  3«s9  n,9  ••••  n.  augments  vpon  m  of  its  faces  severally,  then 
S  +  F  =  E+2+  2(A-p)+  n,  +  n^  +  ....  n^. 


113.  In  the  axis  AB  of  the  cycloid  AP  (Fig.  59,)  of  which 
C  is  the  coitrfe  of  its  generating  0>  lei  CN=AH,  then  if  MP  be  ± 
AB,  FN  be  jdned,  &c,  as  in  the  fig.  required  to  shew  that  the  sector 
ANP  =:  A  MQB. 

Let  AC  =  r,  AM  =  x^  PM  s=  y,  then  ike  equation  to  the 
cjdoidis 

y  =  AQ  +  QM  =  vers."'  j?  +  V  *^*  —  -** 

A/wiy=  pL_j/^Eidx  s/VsJ^^^Xito 

= /QM  X  <; .  AM=r area  AMQ;  t. e.^  Am  P = AMa 
Hence  sector  ANP  =  AMP  -  PNM 

=  PM  X  AM  -  ^><^C  +  CM  X  Mft  ^  MNxPM 

a  2  ~         2 

^  PM  X  (2AM  ^  MN).->  Pft  X  AC    ^  CMxMQ 

""  2  "2 

_  MQ  X  AC    .    CM  X  MQ  _  MB  X  QM 

2  2  2 

=  A  BMQ.        Q.E.D. 
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1 14.        Let  X  :=!  A£,  then  ^  =  r  .  sin.  x 

.'.  Subtangent  =:  ^ —  =  tan.  x  . 

dy 

And  the  area  st  J'ydx  =  rfdx  .  sin.  x  ^iz  c  ^  r  cos.  x  » 
Let  X  s=  o.    Then  c  =:  r*,  and  the  area  ^  r^  -^  r  cos-  x ;  let 
X  sz  AC,  then  the  whole  area  si  r«. 


115.        Let  AP  (Fig.  60,)  be  any  curve  whateyer,  and  sup- 
pose ordinates  PF  JL  AN,  to  be  erected  on  AP  as  a  line  of  ab- 
scissae, tracing  out  the  curve  AP' ;  then  T  being  the  intersection 
of  the  tangents  at  P,  P,  and  p'p  thv)  next  position  of  the  ordinate, 
if  Fm'  be  drawn  parallel  to  TPp  wc  have,  by  similar  A 
FT  :  PF  ::  Fw  :  mp' 
orPT  :    y'    ;:  d.  AP  :  dy 
and  calling  AP  =:  s,  we  get 

PT  =  i!!^ (1) 

which  will  always  give  the  value  of  FT,  vben  y'  i**  a  function  of  s^ 
and  the  nature  of  AP  is  given. 

In  the  problem,  y  =  a^ 
And  AP  is  a  circle, 

/.  PT  =  — ;  and  £  is  known, 
n 

.*.  PT  is  known,  and  joining  FT  we  get  the  tangent  FT. 
In  the  case  of  the  cycloid  AP  is  the  generating  circle,  and 
n  =  I,  and  /.  PT  =  PF. 

Hence  Z  PPT  =  —  supplement  of  TPF  =  JL  TPN  =   Z 
TPA  by  property  of  the  circle.    See  Prob.  26,  p.  22. 
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116.  Let  the  base  AB  of  the  A  ABC  =  a,  and  the  angle 
A  =  nB,  then  AC  being  the  radius  vector  f ,  and  Z  A  =  Hhe 
angle  traced  by  it,  we  have 

P  :  a  ::  sin.  B  :  sin.  C  =  sin.  (A  +  B) 
::  sin.  nd  :   sin.  (n  +  1)  0 


^     a  sin.  7*9  ,.^ 

Rin.  (/*4-  1)3 

the  polar  equation  to  the  Ioqus  of  C,  which  will  be  a  straight  line, 
liyperbola,  &c.,  according  as  n  s=  1^8,  Sec,  ^ 

Now  Subtangent     (See  Appendix  to  new  edit,  of  Simpsony  or 
Lacroix). 

ST  —  P^^^   —  asin.'nO 

4p  n cos.nO .  sin.  n+ 1 .  0  — (n+ 1) sin.  n 9  cos.n+ld 

y    the    subtangent    at  any 


n  sin.  d  —  sin.  n  0  .  cos.  n  +  1  d 
point  (fy  0). 

Let  p  =:  00,  then  C  =  ir  —  (n  +  1)  0  =  0,  .*.  0  =     *"   , 

n+1 

•'.  the  subtangei^t  to  the  asymptote  is 

asin.^ .  V 

n+1 


»  +    1  .  sm. 


n+1 

which  is  also  given  in  position  by  its  inclination  to  AB,  which  is 

9  ft^.»*'_      *"      .«     n— 1        «■ 

T  i"         n+l  n+1    '  "i" 

Hence  drawing  a  J.  at  its  extremity,  we  shall  have  the  asymp- 
tote required. 
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eooeoooooooooDooooop 


117.        To  find  the  radius  R  of  cnrvatiire  to  the  como^oa 
cydoidy  wlioae  equation  is 


•y  =  sin."*  a?  +  ^2rx  — or* 
we  have 


R=: 


X    fl+^V 


a 
which  reduces  to 


R  =:  2  a/  2a     X    A/2fL  —  x. 


118.        Required  the  chord  of  curvature  parallel  to  the  axisy 
of  the  common  parabola,  whose  equation  isy^  ^  px. 

—d'y  \         df*  J 

But  ^  =  ±     /P. 
dx         8  V    a? 

_   d^y  -   v7    1 

:.  R  =  _L_  X  (4x  +  p)^.  . 

Now  the  chord  of  curvatuie  parallel  to  the  axis  as  SR 
8R         __  4«  +  f) 


■1 


±       = 
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119.        By  the  preoeding  proUeiD  we  learn  that 
R  c=  -ii^  (4*  +  pf. 

Again,  in  the  expressions 

rdv\*       ,       ^  d*y         f      ^^^  Appendix   to 
1  +  (|)    +(y-^|X=o 


Smp$on*s  Fhtxions  or  Lacrcix), 

oj  I?  are  the  co-ordinates  of  the  centre  of  cnrvatnrey  and  •%  of 
theevolateof  acqrve;  and  if  we  can  eliminate  from  them  y  and  j;, 
the  oo-ordinates  of  the  cunre,  the  result  will  be  the  equation  to  the 
erohrte. 

But  since  y^  =  px, 

by  substituting  for  -J(,  — L  hence  obtained,  we  easily  get 

*»'  .„ 

4lX       I  I     41  ^^~  ^^  "^  '^*      If 

y  -  /9  =:  — ZJL  .  sj  X   :=,     P  .  y,  and  /.  x  —  « 

2 

Hence  a?  =  —  (  «  —  —  I 

3  8/ 

4a:* 


and  —  /3  rr 


pi      *  pi    ^87 


87p  ^  8/ 

the  equation  to  the  eTdute. 


120.         Bj  the  question,  the  equation  to  the  curve  is 

'    J?  ^  r  .  vers,  y  =:  r  --^  r  cos.  y, 

dx 
/.  —  s=  r  sin.  y 

rfy 

and =:  r  cos.  y. 

dy« 
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Hence  R  =     ^^'      =  ^  (i  +  ifl\t 
dy  d^x         d^x  ^  dy^  ) 

=  r  COS.  y  {\  +  y*®  sin.2  j^)5«. 


121 .        By  problem  1  la  the  radius  of  curvature  of  the  para- 
bola is 

R  =  — -.  (4  07  +  p)*t  and  the  equation  to  the  parabola 
being   y«    =    px   the    normal    (N)     =      A/y*+     3^*^^* 


<ic« 


^  dx^  ^  4x  2 

•  •  jcv  ■!>  •«>  '  '■  "'y  or 

.-.  R  •  N  ::N«  :  lil.       Q.E.D. 

4 


'  122.        By  problem  118  we  have  generally 
R  =  JL  (4x  +  p)* 

.*.  at  the  vertex  of  the  parabola,  where  x  ■^  0, 

R=:  JL.pt==    P.. 
9Vp  ^ 


123.        To  find  the  evolute  of  the  common  cycloid,  whose 
equation  is 

y  =  vers,"'  X  -\-  fj  2rx  —  x* 
Here 


cto       V  — ];— 


CtjjRVATURK  AND  EVOLUTES.  l** 

which  being;  substituted  in  the  equations 


dx  I 

give 

«  —  »=:  —  4r+ar       1 


fi  +  8  i^2rx  —  of*  =  vers."'x  +  V  2rx  —  «• 

.-.  /5  =  ▼ers.-^(«  -  4r)  —  jj2r(jx  -  4r)  —  (»  -  4r)«  the 
equation  to  the  eTolute,  which  is  therefore  a  cj^doid  equal  to  the 
cunre  itself,  but  haying  its  baee  ±  base  of  the  given  cydgid  at 
either  extremity. 


TOL.  II« 
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"\ 


CONTRARY  FLEXURE. 


uoeeoooooooQoooooooo 


124.  To  find  the  points  of  eonirary  flexure  of  a  cuire, 

whose  equation  is 

X  zz  (fyy,  we  have 

^L±  =  J^(2-ty)  =  Oor  oD,  by  the  nde,  which  gives 

and  y  ==  e^,  which  are  the  co-ordinates  of  the  point  le^Diied. 

125.  If  R  be  the  radius  of  the  wheel,  r  the  distance  of 
the  generating  point  from  its  centre,  x  the  abscissa  of  the  trochoid, 
measured  from  the  vertex^or  highest  point  of  it ;  then  the  equa- 
tion to  the  curve  is 

y  rz  —  vers."'  x  +    ij2rx^  x" (1) 

r 

.    dy  _    R  +  r-  a         ,gv 
.     d^y    —  Rj;-(R+r)r 

which  being  put  =  o  or  go  ,  will  give 
Rx  -  (R  +  r)  r  =  0  ^ 
or  2tx  —   x*       =  0  S 
and  we  .'.  have  two  points  of  contrary  flexure,  whose  abscissae  are 

(R  +  r)  ^  and  2r, 
R 

and  ordinates 

?L.  vers.-'  (R  +  r)  ^  +  4  VTP?^%   ^>^  —  '^^'^  ^  ^^ 
r  •     R         R  r 

spectively,  the  latter  point  being  a  oeratoid,  as  we  learn  by  sub- 
stituting in  equation  2, 


Uf 
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126.       The  eqaatioQ  to  the  cnnre  befog 


4x*dx 


r:  4a  sin."^  x  •—  4A 
where  A  s=  that  part  of  the  area  of  a  O  'whose  rad.  is  a,  which  is 
comprised  between  the  ordinates  at  the  centre  loijd  extremity  of  x. 
iMm^  Uy  wUfih  it  cannot  exceed,  then  die  whole  area 

4fydx  =  16a*  —  —  4a'ir 

=:4oV  =  #0  (rad.s=<^). 


127.       Here  y  s  »./.  a-^a^-x' -.  ^a.  I  (a-V«*-^) 

-fUd.x. 

•'•  fy^?=^  tafdx  Z  (a  -  ija^—x^  -  2af(fxlx 
=  Uxl{a^47rrP)  -  fc   r  "^  -  2axx 

£c  +  2axs=8aarx)l+/. 


|i+f,«-v^'-:W^ 


j:«cte 


-.^   /*  j:*aar 

let  a  -  ^Jff^gf^  m 
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Then 


Henoe 

+  8a*  sfa^^z^  +  C. 
lety  5=  0,  or  jp  =:  a.    Tbmfydx  zz  Oand C  as  8a»  —  2a\ 

and  putting  itr  c=  (,  we  nl&aU  haye  the  area  contained  between  the 
abscisBoe  a  and  b. 


a' 


128.  Here  y  ?=  2- 

.*•  /yeb?  =  y  ~  (b;,  which  cannot  be  expites^ed  in  a  finite 

number  of  tenns. 
We  know  that 

a- =  1  +  fa  +  W1.X+ (^.  4?  +  &c 

,\fydx  =  lx+  xla  +  £(^  +  f!(^  +  &C.  +  C.  which 

win  converge  for  some  particular  values  of  a  and  x. 

For  the  whole  theory  pf  the  integration  of  ^— .,  the  reader 
may  consult  Lacroix^  VoL  IIL,  pp.  475m.. 

129.  Here  5^  =  — i! — 

a*  —  «• 

Let «  =  Oy  then  y  s  a,  and  area  c:  o  •*•  C  =:  0 
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^  ^  J  a+x 


mSifydx  ss  — L 

J2     a— X 


130.      The  regular  octagon  may  be  divided  into  eigbt  s=  A 
wliQse  =5  bases  shall  be  equally  distant  from  the  concourse  of  their 

vcrtioes,  and  the  area  of  each  ^  =  — I2U1 


^  —  X  — cot.. —  =:  —.cot. — • 

S  8  8  4  8 


.%  the  whole  area  =  2a^  cot.  — . 

8 


131.        Since  y  ^,ax  +  —  %  we  hare 

Vi— «* 

fyeto  =zi!fl  +  5flin.-i  x  +  C. 

2 

Let  X  =  0,  then  y  =  5,  and  area  =:  0 
and  C  =  —  6  sin,""*  0=0. 

:.fydx  =s  -5f-.  +  6  sin~i  or. 


132.       Theaieaofa  A  =5^5212^1. 

8 

•*•  if  a  be  its  base,  since  ±  will 
s  i.  sin.  (Z  opposite  to  C)  =  6  X  --.  X 


133.       Let  the  faces  FAB,  PAC;  ABC,  (Fig.  61)  of  the 
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pyramid,  J.  to  one  another,  be  represented  bj  F|  Ft  F*,.  then 
(PCB)*  =  F«  +  F*  +  F's. 

For  passing  through  AB  a  plane  ±  EC,  the  faitersections  FN, 
ANwiUeachbe±BC; 

Hence  (fiCt)-  :=.  ^£U^ 

4  4 


AP«x^AB«    ^  AP«  xAe« 

4 

--  F«  +  F'«  +  F'«. 


+   : -F   1- 


134.        Let  the  radius  of  the  O  ==  r,  AM  (Fig.  in  Enuncia- 
tion) =  y,  PM  s  a;;  then,  bj  the  question, 


y 


=  AC  -  :fc  =!  Va^+2ri-i*-4? 


the  equation  to  curve,  which  is  a  coinnidti  (ArabblA. 
Hence  the  maximum  value  of  y  is  obtained  by  putting 


dx  2,J  X  I 


f    ^   r 


4*  TT  Tr 

which  gives  a?  =:  —  and  /.  yssr  -  _   =2  ^ 

d  8  8 

Again  the  area  r=  yV^^ 
=  ijTrfJ^  -  /tic  =  »  V  ^^  «*  -^  $• 

135.        Since  «/  =  <^  or  y  s=  a**--;::*  wcJ  have 

fydx  =  2a*  V"^  +  C  =  .^  +  C 

Let  X  =  c,  then  7  s:  oo  and  0=0. 
.'.fydx  ss  ^  )fi'"^ .'.  the  area  iMtwedBthdoidinatesi  and  CIS 
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136.        For  the  investigation,  see  Vince,  Simpson^  or  Lacroix* 
Since  a*  a;"  z=i  y"*"",  we  have 

=:  — L— .  ♦a"+"  it  ■+■ 


Sn+m 
/.  between  y  =  6  and  c,  the  area  is 


137.  Here  y  ^  Sox—  x^  s  ac, 

•  /ydx=  r  <^  '^  r  -*^.  ^ 

«/     iJtax-'X^        J    i^2ax— a?* 
r<f^^^  =  avers.-a;-<i  V^^^-** 

Let «  =  ff.    Then  ters.~^  a  =s  a  x  A0« 
Amifydx  s=  •  x  AC  —  a* 
=  2ABC  -  o« 
=  ABO  -^  (0*  -  ABC) 
=  ABC  -  AED  (Fig.  in  enun.) 


138.  Let  r  be  the  radius  of  the  given  O,  then,  by  the 
question 

X  :=:  sin.  y  (to  rad.  r) 
•*•  y^^  =  S^y  sin.  y  =  C  —  r  cos.  y 
•*•  yV^  =r  a:y  —  y^rdy  =2  y  sin.  y  +  r  cos.  y  '^  i*m 

139.  Since  the  equation  to  the  parabola  is  y*  ss  pXf  we  hove 

fydx  =  J^fsfi  dx  =:  £Vp  a:*  =  £  £!. 

8  3    p 

•%  the  area  between  y  ss  6  and  c,  is 
il.  (€»  -^  iO- 
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140.         By  the  question 

y^  =      ^       en 
^        1  +  y^ 

:.  fydx  =  6    r^-^H—  =:  b  tan .-!«  +  C 

t/  1  +  y* 

where  C  is  perfectly  arbitrary,  because  if  the  equation  be  inte- 
grated it  will  contain  an  arbitrary  constant 


141.  Let  FN,  FQ  (Fig,  62)  be  any  two  of  the  rectangles 
inscribed  in  the  interior  and  exterior  of  the  parabola  AP,  and  put 
PN  =  y,  FN'  =  y',  AN  =  «,  AN'  =  x\  and  let  p  be  the  para- 
meter  of  the  parabola,  then 

PW  :  FQ  ::  y'(x  -  x')  :  x'(y  -  y') 

y.  JL(jS^^y'*):C{y^y') 
P  P 

»:  y  +  y' :  y 
Let  the  number  qf  rectangles  be  indefinitely  increased,  and 
•*•  NN'  diminished,  then  y^y'  and  by  the  fourth  lemma  of  the 
Principia, 

APN  :  APft  ::  FN  :  FQ  ultimately 

::2y:y 
::2    :i 
/.  APN  :  ANP  ::  3  :  2  +  1  ::  2  :  3 

/.  APN  =  —  ANP  the  circumscribing  rectangle. 


142.        For  the  investigation,  see  Vinccy  Simpsoriy  or  Lacroix, 
The  equation  to  the  hyperbola,  referred  to  its  centre,  being 


y  s:  —  ^  «*— a%  we  hafe 
a 


B 
a 


fyzTi^fdx^x'^a^ 


I 

j  ,  =  iL  «  J  3*- a*  '•—I.  (x  +  V  *'-«')  +  C 
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as  we  leaniy  by  patting  x  tj  x*— a'  s=  «  &c. 


Letxrzo,    ThenC  =  f^fa. 


•^^  8a      ^  «     S 

Now,  since  the  asymptotes  originate  in  the  centre,  and,  by  a 
faiown  property  of  the  cimre,  the  ordinate  of  an  asymptote  corre- 
sponding to  its  abscissa  a,  =  6,  its  co-ordinates  are  always  in  the 
ralioof  6  :  a.  A  the  A  formed  by  the  asymptote  and  its  co-ordinates 

X  and  0?  X  — »  = .  Hence  the  area  between  the  asymptotes 

a  %fl, 

andcnrre 


143.        Since  the  diagonals  (d^d")  of  a  rhombns  bisect  each 
other  at  right  angles,  its  area  will  evidently  be 

dy.  d' 

2 

Bat  if  d  be  the  Z  subtended  by  d\  we  have  (from  the  nature  of 
the  rhombus) 

d'zz  d  X  tan.  — 

2 

1  0 
.'.  the  area  =  —  tf'tan — 

2  2 

In  the  problem  (2  =  a,  and  0  =  60^. 

/.  area  =  JL  a»  x  tan.  80®  =      ^''_. 
2  2  V3 


144.        Let  AM  =:  x,  FY  =  y,  AB  =  2,  the  radios  bebg 
supposed  unity ;  then  by  the  question 

y  =  tan.  f^  vers."^  x). 
Let  vers."*  xsz  z;  then  x  =  vers,  z 


IM  THE  QVADRAttJKB  Olf  CHIlYti, 


=  1  —  COS.  z  =  8  sin.'  —  5  bence  tan.  ~ 

8  9 


*=y5Zi. « 

the  eqttttion  to  the  cuire. 

xdx 


Tfoiw/ydx  =    /  - 


A  Am  =  vert.-i  a:  —  j^2x-x^  (137) 

But  AMP  = 
and  A  AMP 


=ifj^2x-afdx  1 
—  dry  fix  —  g«     r 


.••  segment  AP  =  /  V  a*-**,  dx  -  fj2x^ 

2 

Hence  d.AP  =s         ^^^         s  ±.  d.AMV  j 

and  they  begin  together, 
A  AMY  ss  2AP. 

Again  ^  =  f 

dx        (2a?  -  a;«)l 


and 


'd«y    ^  2 


^*  (2x  -  x^)i 

which  :=  oo,  when  x  z:  2 ;  whence  the  position  of  the  point 
of  contrary  flexure. 


145.     The  equation  to  an  ellipse  referred  to  the  centre  being 

a* 
the  rectangle  inscribed  in  a  quadrant  of  it  which  =zy  x  Xjis 


— .  X  Va*—  ^* 
a 
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<ir  a  a     ^a^^af" 

assumed  =  0,  we  get 

a  h        /    '  '     d  "  a 

wliicfa  giTCfl  X  =5  — =,  and  y=3  —  .  /  a*— —  ^  "■  •'•  the 

peatest  rectangle  iiuKirij[ftibIe  in  ibe  qmidrant  of  ifae  eUlpse  is 

(Kg.  68). 

ab 


NM=  Y' 


2^ 
a 


AgHUf  fyix  Us  _/  V«'-^Xeii? 


6     .   ^ 


s=  —  Xi/d*— «*  +  —  sin.'^x,  as  we  learn  by  assuming 


x^^-*^  =  tty  substituting,  &6. 
Letx=  -1= 

Thto/yito « ^  +  4 rin-'  (-4=)  =  BCNP. 
Let  X  =:  a.    Then  CBPA  =  ^  sin."^  o. 

2 

Hence  PMB  =  BCNP  -  NM  =s  ?^+ A.(45<'  of  0  «id.=a.) 

4       2^  ' 

""  T  "^  T         T' 

And  AXP  =  ACB  -  CBPN=  A.  90°  -  f* 

2  4 

-  jL  45^  =  A  45^-^. 
2  2  4 

.-.  PMB  =  ANP.    Q.  E.  D. 

146.        Let  a,  5,  p ;  a',  b\  p'  be  the  axes  and  parameters  of 
tlie  ellipses  E,  E',  respectively ;  then,  by  the  preceding  problem, 

ifehave,  E  =:  4  x  —  sin."' a  =  —  —  x  clfcmnference  of  a 

2    .  a      2 
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circle  (rad.  =  a)  =  —  x  its  areas  —  d^^  Tidbw.    Knulaily 

a  a 

.•.  E  :  E/  ::  ah  :  a'6'. 
But  by  the  pn^rty  of  the  ellipse 

h:^  ij  op  9fiA.  h  1=  V^'p' 

.%  E  :  E' ::  a*  Vp  •  ^  V7-    Q-  E.D. 

147.  Let  A,A'  be  the  arcs  of  the  ciides  whose  radii  are 
Ry  R' ;  then  by  the  question  (area  of  sector  s=       ^     J 

RxA  _  RxA^ 

•   11  •  R' ••  A' •  A  ••    ^    • -L. 

148.  Let  Pop  (Fig.  64.)  be  the  section  required,  dS  being 
the  intersection  of  the  generating  and  cutting  planes,  and  BC  the 
diameter  of  the  base  ±  Pp  the  intersection  of  its  plane  with  Pop ; 
then  putting 

a6  =  BN  =  fl,  oN  =  a:,  PN  =  pN  ==  y,  we  have,  by  the 
property  of  0, 

y«  =  BN  X  NC  =  ei6  X  NC  =  a  X  x  X  ?i"'^ 


sin.C 


rsox  X  Jl^::^  =  2  sin.  A  y.  ax 
cos.  A  * 

s 

the  equation  of  any  parabola  of  the  cone. 
But  by  the  question, 


2 


y<  =3  BN  xNC  s  area  of  parabola  =  —  xy 

3 

A  l( 

/•  S  sin.  —  X  ox  =  —  xu 

S  3 

A 

,%  y  s=  8  sin.  —  X  a 
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aad  X  s  — 1 — -.  _  9a  sin.  — 

2a  sin.  A  ""  ^ 

2  2 

irhich  detennine  the  position  of  the  parabola* 


149.       Let  SP  ==  f,  and  the  Z  traced  by  it  ss  0,  then  by 
tbe  question 

0  OC  p*  S=  flp* 

and  we  hence  obtain  the  area 

/p*rfO    __    ma    r>  ,^j  ,  ^       ma 

2(m  +  2)\aA 

Let  0  £=  Sv,  4*-,  6«r  •^•...  £ii«r  siioces8iTely>  then  the  correspond- 

iag  areas,  described  by  l,  s,  8, n  revolutions  of  p  ate  eri- 

dentlyas 

«M-g          at-hg          *M-e  «■+« 

l,2y       •      yS       «      ^4        «        oW       «      • 


150.       The  equation  to  the  conchoid  referred  to  the  centre 
C  (Fig.  6£y)  of  reyolution  of  its  generating  line  p,  is 

,=  *  +« 

COS.  0 

.*.  Area  ACP  traced  by  p,  is 
J    »         J  Vco8.«        ^     2 

S    J  cos.*9  t/  COS.  ft        »  . 

=  —  tan.O  +  aJ  .  Z.  tan.  C^  +  A'^  +  £!  J  +  C 

9  V4  2/  2 

See  Appendix  to  new  edition  of  Simpsoiif  p.  335,  or  Lacroix. 
Lets  nso.    Then 

C  =:  -  oi  /.  tan.  il  =:  —  a&  •  /.  1  =  0. 

4 


I 

If  the  ajrea  ABNP  be  required^  we  have 

A  BCQ  =:  A  X  BQ  =  A  ^/(p-ay-6«  c=  ^  tan.  «, 

m4  9ince  4^  PCQ,  PQJS^  are  lii^U^r 
A  PQN  =  A  BCQ  X  j-^ 


(p-a) 


=  ^.j!2llxcos.*e=2!.sln.«C08.» 

Hence 
ABNP  =  ACP  -  BCft  +  PQN 

s:  ab  I.  taa.  ( ±  +  J.)  +  f!  «  +  5l  sin.  «  6. 

This  may  also  be  expressed  in  terms  of  FN  es  3f,  or  BK  ss  «• 

For  y  =  a .  COS.  d 

a 

Hep» ^  5S  COS.-' iL  =s  ~cos.-|f 

a  a 

and  tan.  fiL  +  -i^  =  i±^  =  -jt^ZE? 

\  4  2  /  COS.  0  y 

and  5!  sin.  2  0  =  fil  sin,  0 .  cos.  «  »  vJf^'-lf 
4  2  » 

.%  ABNP  =  06  Z.  «  +  V^'-y  +  iLcos.-«y+liVZEP 

y  2  «^  ^ 

a  result  which  is  tha  same  as  that  dediioad  by  SimfWH  in  his 
Pluxipns,  p.  147,  from  the  equation 

x^y*  =  (6  +  yY  X  (««  -  y«.) 


151.        Let  rf,  (f,  be  tjbe  diagonals  of  the  ^rapeziui^,  t  their 
inclination,  m,  w',  the  segments  of  c?.    Then,  since  the  trapeadum 
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IB  auAof  two  ▲,  wlMie  oonunon  base  ia  d  e    Ll.  4- 


2  2  2 

152.  Let  or,  y,  be  the  oo-ordinates  of  the  hyperbola  Yvf 
(Fig.  M^)  originating  in  the  centre  A,  and  meafiured  along  the 
asymptotes,  then  by  property  of  the  curve 

xy  =:  const,  s  m,  the  equation. 
Let  BC  touch  the  curve  in   P»  then  the  subtang^nt  MC 

(as   it   may   easily   be    proved,)  =   I^  =  -  J?L  x   — 

dy  X  y« 

=  J?  =  AM. 

Hence  PB  =  PC,  and  A  ACP  =  2  AMPN  =  2xy  x  sin.  A 
=  2m  sin.  A  :=  a  const.    Q.  E.  D. 

A  geometrical  demonstration  may  be  seen  in  moat  books  on 
oonic  sections. 

153.  Let  the  radius  of  the  circle  CA  (Fig.  66,)  s  r, 
AN  =2Xy  PN  =  y ;  then  by  similar  A 

y  =  (1  -  x)  X  ^L  =  (I  -  x)  tpn.  f  JL  vers.-^^). 

Let  vers.""*  x  =  2z, 
then  X  :=  vers.  2z  ss  I  ^  cos.  2z  :s  2  m.^gf 


2  —  X 


:.  y  =  (1  -  a:)  Vf_ 
the  equation  to  the  curve. 

J  tjix  —  ;e*    J  JSx—x' 

ffl  aroaCDA  +  ^Sx— a?*  r-  vers."**. 
Leto;  =  CA  =  1.    Then 
fydx  =  ACQ  +  1  ^  AB(^  X  CA 
s  CA<  ^  ACQ. 
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154.        Let  A,  B,  C,  be  angles  of  the  A ,  of  which  make 
B  s  0,  A  =  «•  -  sd,  the  side  AB  ==  a,  and  BC  s=  p  ;  then 
p   :  a  ::  sin.  Sd   :  sin.  (v  -  SS  +  A) 
.  asin.Sd  ^,v 

Bin.  2fl  ^  ^ 

the  polar  equation  of  the  locus  of  C. 

.•.Area=    C^  =  ^  rd6sin.'3d 
J     »  »J      sin.' 89 

=  fi!/(8  COS.  6  -  — i_V  d  9 
a  •'  ^  S  COS.  9/ 

s=  2a«/d9  cos.«  9  -  o«/d9  +  f!  A^ 

8  c/  COS.  o 

=  a«  sin.  0  .  cos.  0  +  o«  6  —  a«  0  +  —  tan.  6 

8 

s=  f!  .  tan.  6^x  (8  cos.«  6+1) 
s 

the  area  required. 


155.        Since  a^y*  —  a«x«  +  a?  *  =:  o 

ory  =s  ±  — jt/a*'^x^9  we  have 

a 

/ydc  =  C  -  i.  (a«  -  x«)^ 

=  i.  a«  -  i.  (a«  -  x«)*. 
«  8a  ' 

Let  X  zs  ±ia  (which  it  cannot  exceed,) 
Then  the  whole  area  is 

4   X  i- ««  =  —  a2. 
8  8 


156.        Let  a,  &,  C,  denote  the  two  sides  of  the  A  plane  or 
spherical,  and  C  the  included  Z  ;  then  in  the  former  ease,  the 

area 

^   base  X  ±    _  «*    ^.     p 


S  « 
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A,  B,  'being  the  other  two  JL<,  it  is  yrell 


known  that  the  area 

=  A  +  B  +  C- 
But  hj  Napier's  Analogies 


'  •    \ 


a-h 
tan,  ^  "^  "  r:  cot.  —  x  ?_ 


A+B^^,   C        "^ 


CDS.  

% 

^  C7D8. 

A  A  4-  B  s=  8  tan.-3 


a—  b\ 
p     cos. 1 

i.-Mcot.±l. £_f 

cos.  -21- 1 
2    J 


•*•  the  spherical  Ay  Tisgiren  by  the  equation 

a-6 


p     cos* 


T s=  C  +  «  ton.-i  {cot.  £. «_ 


.COS. 

s 

Another  ezpoesBion  for  T  is 

cot.  —  .   cot.  —  +  COS.  C 

g 2 

*  sin.  A 

iriucfa  4he  reader  ^11  haTe  no  difficulty  in  inrestigating. 


a        .     b 
m        coi.  — .  cot.  — 

Cot.  il  ==  g  2 


157.  Let  ABC  (Fig.  67,)  be  either  end  of  the  oblique  tri- 
togidar  prism  A'C,  and  (supposing  the  prism  to  be  produced,)  let 
Cftc  be  a  section  made  by  a.plane  J.  its  axis,  and  /.  to  its  sides  ; 
then  NCD  being  the  intersection  of  the  planes  ACB,  icC,  and  D 
that  of  the  lines  ic,  ND,-  if  through  A6,  Be  we  make  planes  to  pass 
J.  ND,  the  A  &NA,  cMlB  between  the  intersections  of  these 
ihnes  with  those  of  ACB,  &Cc,  will  each  be  the  inclination  of  the 
plane  ABC  to  the  plane  iCc,  t. «.,  the  complement  of  the  inclination 
of  ABC  to  the  axis,  (since  it  is  ±,  by  construction,  to  6Cc).    Let 

this  Z  =  JL  -  0. 

2 

Now  A  ACD  =  CDjlAN 
•ad  a6CD=:.^!L^ 

▼Ot  II. 


IM  ras  QVADR^Ttmi  of  cubybs. 

.-.  A  ACB  =  CD  X   ^"^^ 

CD 


S 
CD 


cos.(f-«)''c«.(i-fi); 


*■  m 


Saia.  I 


.  (6N  —  cM)  . .  . . ,  1 


Again  A  M3e  =  (CD-CcDs  J9L.(ftN-«cM) 

.*.  A  ACB  s:  JL  X  A  5Cc. 

sm.d 

Bat  for  the  same  prism,  the  sectton  X  ttis  hCc  it  efidebtlj 
constant. 


A  end  ACB  00  --i-- 

tni.d 


t.c.,ACB  :  A'CB'.-r-Ar   : 


1      .      I 


sin.  0        sin.d' 

This  proof  which  only  applies  to  triangular  piiiflms»niay  be  ex- 
tended to  those  of  whose  ends  are  any  polygons  whateyer,  (and 
.*.  to  cylinders),  by  dinding  them  into  their  component  triangiika^ 
prisms. 


158.       JLet  the  radius  of  the  cirde  =  1« 

Then,  by  the  question 

y  s  rers. «  =:  1  «-  <»a«» 
the  equation  to  the  cunra 

A  fydx  s:  jr  —  ain. «,  the  aiea  reqdred« 

Again, 

-1^  ssin. « 
fix 

^  =  COB.  m 


dx* 


which  =  0,  when  x  zs  J!l,-i!L  .^^  fcli^) 

2       2  2        / 
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onrbeii  y  s  1,  which  Tallies  of  the  oo-ordinates  giye  the  pod* 
tions  of  the  several  points  of  contrary  flexure. 


159.        By  Problem  138,  Vol.  11.,  the  area  (T)  of  a  plane 

Q 

A  expressed  in  terms  of  its  sides  a,  5,-c  and  semi-perimeter ,  is 

8 


Bat  when  the  right-angled  (c  being  the  hypotheniis^),'' 


.*.  T»  =  £  .  f£  -  c)  X  T 


1 


X9 


f      r 


isa 


THE  CUBATURE  OF  SOLIDS, 


cooooooooopgoteooooo 


160.  ETerj  Triangular  Prism  is  decomposable  into  tbree 
equal  ^yramidsi  of  bases  and  altitudes,  equal  to  those  of  the 
prism»  and  the  prisms  its  base  x  its  aUHude^  •*•  a^y  triangular 
nvmn'd  —  ^^^^^^  X  itsahitude 

If  the  base  of  the  pyramid  be  a  polygon,  it  may  be  decomposed 
into  triangular  pyramids  of  the  same  altitude,  the  sum  of  the  bases 
being  =:  that  of  (he  whole  pyramid.    Hence  the  yolume  of  any 

pyramid  whatever  s=  —  (base  x  altitude) . 

s 

m 

161.  Let  Oi  i  be  the  axes  of  the  ellipsei  then 

y«  rs  !^.(8flur— ^«) 
a* 

y«  =  2l  (86*  -  .«) 

are  equations  to  the  ellipse,  in  the  former  of  which  x  is  measured 
along  a  from  its  origin  in  the  curre ;  in  the  latter  x  is  measured 
along  b  from  its  extremity. 

Hence  the  Tolumes  of  the  solids  (A,  B,)  generated  about  Sa, 
ibftaee 

A  s=/«y«cto=*!J!l .««  (8a - 

=  /wy«(te  =  f!|..a:«(86 

respectively.  Let  x  =  Sa  in  the  former,  and  2b  in  the  latter, 
then  the  whole  volumes  are 

andBs 
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Nonr.wben  ft  s  at  the  spheroid  will  be  a  sphere  S?  — ?• 
.•.AxS«i2*!l.  X  12!* 

8  8 


.     9 

.*.  A  :  B  ::  B  :  S.     Q.  B.  D. 


=  (*..aP6ry=5B« 


162.       Let  the  tangent  parallel  to  the  diameter  of  the 
be  the  line  abscissiBy  and  let  the  abacissA  x  originate  at 
the  point  of  contact,  then  bj  property  of  the  O9  we  hare 


.*•  the  Tolnme  Y,  generated  between  the  convex  part  of  the 

—0>  and  the  tangent,  is  expressed  by 

s 


wx^ 


V  ^fy^dx  =:  %9i^x  -  29rfdxjiJt*''Sf  — 

3 


rx« 


=:  2^x  —  -I —  —  rwx  ^  f*  —  aj*  —  i*ir  sin.-^x. 

8 

Let  X  s  r ;  then  the  whole  exterior  Tolune  SY  s  _  x 

8 

(10  -  8r), 

And  sobtracting  this  from  the  cylinder  described  by  the  dia- 
neter  about  the  tangent  which  =  vr*  x  Sr  =:  8r'r,  we  get  the 

▼ofame  Y,  generated  by  the  — Oi  expressed  by 


V  =  .!2l .  (8»  -  4), 
a 


Otherwise, 
By  Giildin*8  Theorem,  the  Tolnme  Y' s  area  of  the  —  Q   x 

91 

arcomference  of  the  circle  described  in  the  rcTolution  by  its  oen- 
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tre  of  gmvitj.    But  tbe  radios  of  this  drde  s  !llli  x  n  •*• 
its  circumference  :s  ■?  x  v"*    Hence 

Y'^HL  yi  2i:3ixr  B  J!!l.<Sr-4)asbefore. 


163.       Let  r  1)e  the  radius  of  the  circle,  thenly  prob.  161, 
therolume  of  the  spheroid  V,  ^  » and  that  described  by  the 

A  V  wilt  eyidently  consist  of  two  cones  of  the  same  base  vr^and 
altitude  r,  each  of  whichis  known  to  equal  vr*  X  — • .  Hence 

A  V  :  v  ::  4  :  « ::  2  :  1. 

Again,  to  compare  their  surfaces  S,  8',  we  have 

.•.  S  =s  Hwfydx  ./TZ^L  =  4«rrx 

^  4«r*  for  the  whole  sphere. 

1  • 

Now  the  surface  of  a  right  cone  =  —  circumference  of  its  base 

2  ^ 

9 

X  slant  side  (as  is  known) 

.\  S'  =:=  Tf  X  r  -v/T+  irr  X  r  sjT 
^2j2wr* 

:.  S  :  S' ;:  ijT  :  i. 


164.  Let  Aa  =  2a'  (Fig.  68,)  be  the  given  diameter,  and 
B(  =:  2V  its  conjugate,  then  FM  being  any  ordinate,  if  through 
it  a  plan^  i.  plane  ABC  be  made  to  pass,  cutting  firpm  the  sphe- 
roid the  segment  Ap  FF,  it  is  require  to  find  the  Tolume  of  that 
*segment4 


TRK  CVBATURt  OP  SOLIDS.  1*^ 

Bj  way  of  lemma,  let  m  lint  prove  Uiaf  aU  gectuna  of  a  spheraidy 
ntade  hy  plams  mti^tfoffy  poraife/,  are  dmiUw  eO^Sy  which  may  he 
effected  either  hy  the  formulsB  in  page  1 1 ,  or  more  simply  thus ; 

LetFp'he  thelineof  intersectioiiof  the  plaaes  of  FPp  with  a 
cfade  Dd  described  by  the  reyolution  of  any  point  D  in  the  gene- 
rvtiof  ellipse;  then  since  DFd  and  PFp  im^  X  plane  A6<iB» 
PM'  is  X  lines  Pp,  lidf  and  Hd  is  evidently  the  diameter  of  the 
cirde»    Hence 

FM "^  =  DM'  X  M'(2, 
Bnt  by  a  well  known  property  of  the  dlipea 
DM'  X  M'd  :  PM'  X  M'p  ::  CB^  :  CB«, 
or  y/  :  «a,  a:,  —  x*  ;:  &•  :  b\ 
potting  CVj  the  semi-conjugate  axis  £:  b» 
FM'  c=  y, ,  Pp  =  2a,,  and  PM'  =  x, 

—  .a* 

•••  y;  =  ^iLl .  («a/^.-  Jf.O  .—  (1) 
a, 

«*•  the  section  PpF  is  an  ellipse  whose  axes  are  --.  a,  and  a,  and 

b 

are  .*•  in  tha  ebnstant  ratio  c(  h  :b\  and  it  is  evident  that  die 
ixesof  all  sections  parallel  to  PpF  are  in  the  same  ratio.  Hence 
sD  sections  parallel  to  one  another  are  similar.    (See  Ph)b,  68). 

Now,  making  CM  =:  or,  PM  =  y,  and  drawing  CN  X  Pp,  since 
ire  may  conceive  the  volume  B6 AB  to  be  generated  by  the  parallel 
motion  of  the  ellipse  B6,  varying  in  magnitude  but  not  in  form, 
¥6  shall  have 

y  s/area  of  the  ellipse  x  d  .  CN. 

Bat  since  the  area  of  an  ellipse  s=  «r  x  (the  product  of  its  dia- 
meters,) and  that  of  BC&  =  v  X  bb',  (as  we  learn  from  equation 

],)and  .*.  theareaof  the  similar  ellipse  Pp  =  wbV  x  -^  ss 

b 

V=  *^/(«^  -af)dCSei  —••»».  C/Ca*  -^dx 


or  V  =^  Bill.  C  X  («>*  -  fi)  ......  («) 
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Let  X  £=  a'.    Then,  since  a6  sz  aV  sin.  C, 

whicb  is  known  from  other  principles  to  be  =  —  spheroid. 
Hence  V  -  V  =  *^'^^    x  (8o'»  +  «»  -  *»'««)  =  PpA 

Set- 

the  Yolome  required. 

By  this  method  may  be  found  th^  rolumes  of  all  solids  whose 
parallel  sections  are  similar  figures. 


1 65,     The  base  B  of  the  solid  may  be  decomposed  into  triangles, 
and  consequently  the  whole  Yoliune  into  as  many  pyramids  of 

the  same  altitude  A,  each  of  which  beinff  known  to  sr  —  its  base 

8 

X  altitude.    Hence  the  volume  required  =  —  B  x  h. 

Otherwise. 
As  in  the  preceding  problem  it  may  be  easily  shewn  that  all 
sections  parallel  to  the  base  B  are  similar  to  it,  and  idso  that 
(A,  X  being  dist.  of  B,  and  B'  from  the  giren  point)  the  folame  cor* 
responding. to  B'  is  expressed  by 


V  =    C—  dxzz^ 
,  ^  ^   Bh^  Bh 

•  •    V     tots 


3A*         a 


166.        The  bases  of  the  whole  cone  and  part  cat  off,  are 
.*.  if  hf  K  be  their  altitudes,  the  frustum  F  will  be  expressed 

bv 

ButA=ia  +  A'=A'ri.  .     , 
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ac  ■  -    ii  «  ai 


:.  K  =  ^n-,  and  &  s 


Henoe 

^     8  6— c 


I 


167.        Let  the  equation  to  the  generatiiig  partkbbla  be 
Then  the  frustum  F  will  be  expressed  by 


ffiif 


im 


.  (a;  +  aO  (*  -  ^  jpperally. 

Leti^rf^=?flf>  y  s2  J,  y  =5  c 
Then  F  =  ^l!;fL^l±£  --  J!:i, .  (4>  +  c^). 


168.        By  the  question 
fydx  I  yx  i\  m  I  n 

:.ydx:^~ydx  +   —  xd^ 
n  n 

.  dy  ^^  n  ^  m    dx 
*     y  m         X 


/.  fy  c:  i.  a?   •       . 

J.  y  Si  X    '^ 
the  equation  to  the  parabolic  curve. 

tr  1  f 

Hence  V  s  fiefdx  =  — - —  the  paraboloid. 
Now  the  cylinder  (V)  of  same  base  and  altitude  =  wy*x  = 

A  V  :  V  ::  1  :  «r  +  i  s  »  :  *»'^  «». 


If9:  TBK  CUBATUU  OF  BOLIM* 

169.  Let  PM  (Fig.  59,)  s  Am  o  x  and  Pm  =  y,  (Ami 
being  the  tangent  parallel  to  the  base  TV)  and  Afi  the  axis  of 
the  cycloid  s=  2r  &c.  &c. 


Then  «  s  AQ  +  MQ  =  Tew.r'y  +  V^y— y* 
to  the  cyckud. 

Hence  the  Tdume  V  genertited  by  APm  k  ezpicised  by 

t/<V«ry-y»      V«ry-y*3 

ss  r/y<^  V^-jr* 

ezwr/dy^2nj^  jT  -  »/ (»"^  y)  <fy  V ^'y  —  y* 

t=  «T  X  area  AMQ -^^ .  (S/y  —  y^^. 

o 

V 

Let  X  s  8n    Then  the  whole  volume  described  by  8AT<  ia 

V  =;  «4rr  X  i  ©  A€IB  ss  «V. 

Again,  the  Tolnme  of  thd  cylinder  dec^bed  by  ¥l  18  - 

V  =  »  («r)*  X  TV  e=  4*1*  X  «nr 

«  8irV.  ■  • 

•*.  the  volume  of  the  solid  described  by  the  cy doidal  area  VAT 
is  expressed  by 

V  -  V  =  7»V». 


170.  Let  a  be  the  part  of  the  axis  of  the  cyliitder  inters 
cepted  by  the  parallel  bases ;  these  bases  being  equal,  if  cf  be  the 
distance  of  their  planes,  it  is  evident  that  the  volume*  comprised 
between  them,  is  expressed  by 

V  =  d  X  Base  =:  d  x  B. 

Now  a  is  ±  circular  ends,  and  d  is  JL  elliptical  ones^  and  they 
meet  in  the  centre ;  •*•  if  r  be  the  radius  of  the  circular  ends,  and 
0  =  inclination  of  B  to  them,  we  shall  have,  by  projectionSi 

cos.O 
But  it  is  also  evident  that  d  s=  a  •  cos.  (, 
:.  V  =  wr'at 


wUch1)dng  ittdependent  of  the  miigiiltQde  anil  ineUnation  of  die 
ends,  gives  the  proof  required. 


ginee  y*  as .  ss  —  6«  .  • 

a—*  a  — « 

a— jp 
ve  have 

V  szfwy^dx  =  C  -  »y«  -  oJSr  I.  (a-  ar) 

a— » 


172.       Let  r  he  the  radius  of  the  sphere,  then  the  area  of  a 
great  circle  is.  «rr>,  and  the  Yolame  of  a  cone  of  that  base  and  alti* 

tnde  =:  2r  IS  arr*  X  —  = =  —  •  — — -  s  — thesphere* 

3  8  S        3  4         '^ 

(See  161). 


173.        The  octagon  is  composed  of  8  eqnilateral-triangnlar 
faces. 

Let  A  be  an  J  one  of  the  equal  angles  of  corresponding  sphe- 
rical equilateral  A,  of  the  circumscribing  sphere  whose  radius  is  ly 
then  the  surface  of  any  one  of  them  is  expressed  by 

aA  ^  2  right  j[£  s=  8A  «-  « 
and  eight  of  those  A  coyer  the  sphere  which  is  s  4  great  circles, 
.%  8  X  (8A  -p  «r)  ss  4«' 

•  .A  = -1 

Now  a  being  a  side  of  the  Spherical  ii ,  we  have  by  {he  fimda* 
mental  theorem  of  spherics 

Cos.  A  =  J22!i£ZLS25ii  a  cofci  8=  0 

sm.*  a  2 

.\  coB«  a  =:  0|  or  a  s  — 
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^nce  the  side  (s)  of  the  octagon  being  the  chord  of  09  is  ex-» 
pressed  bjr 


s  s  8  sin.  iL  s  2  sin.—  s  a/8 

8  4  ^  . 

ss'R  X  V^  if  instead  of  being  c=  unitj  the  radius  of 
the  sphere  is  r:  R.  

Hence  the  area  of  each  face  is  R  X  V^  x     .  /yRt_  ^es 

8  ^  8 

J—.  •  i/8,  and  the  distance  of  the  face  from  the  centre,  or  the 

8  •    ' 

altitude  of  the  equal  prisms  whose  bases  are  the  equal  &ces  of  the 
octaedron  and  common  vertex  at  the  centre,  is 

^  Hence  each  of  these  prisms 

whole  octaedron  is  therefore  expressed  by 
±R».  aE.D. 


1 74.        Let  b  be  the  radius  of  the  base  oommon4o  the  henuB* 
jdieroid  (H)  and  paraboloid  (P),  and  A  their  height,  then 

H  :  P  ::  4  :  8. 

For  H  =  r  .fy^dx  =  ^/(fiax  -  ««)  cte^ 


a« 


a«  3/ 


Sff-fi^a 


o»  3/  3 

when  X  t=  Cf  ory  =:  6. 

and  P  1=  wfpxdx  =  -2L. 
But  since  «•  «=  ---  .  («ai?  —  *■)  =:  oa: 
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•  n   •   A    ••        I  ■  '■  •  ■  ■  ■■  ■■■■■  »•»••*• 

8  8  ' 
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175.  Let  PQ  (Fig.  60,)  the  trauiTenie  axis  of  the  ellipie 
s:  Sa*  and  its  ooajngate  <to  be  determined)  =  th%  and  put  A  ABG 
=t  T,  A  APQ  r=  Ti  Gon^  ABC  s  C,  and  se{;Bient  APQ  =:  C* 

thenC  :  C  ::  1*  :  T*. . 

For  since  PQ  is  the  axis  of  the  ellipse,  its  plane  is  ±  plane 
ABC  which  passes  through  the  axis  of  the  cone. 

Hence  pm  being  the  intersection  of  the  0  FC  with  the  ellipse 
P^  sDd  B'C  that  with  the  plane  ABC,  it  is  easily  shewn  that 
pm*  =;  Jtm  X  mC. 
ButPm  :  Fm  ::  sin.B  :  sin.  P  1 
and  md  :  mC  ::  sin.  B  :  sin.  Q  3 

•'.  Fw  X  wC=  Pm  X  wQ  X  «°;  'I  ^  I""-  *^ 

su.*  B 

=  Pm  X  i»iQ  x£-  X  -^^sspmSpand  p' 

bemg  the  peipendicnlars  let  fall  from  A  upon  BC  and  PQ  respec- 
tifdy. 

Let  mQ  =  Pm  =  i.  .  S&  =  &. 

8 

Then 

and  the  area  of  the  ellipse  is  /•  expressed  by 

P 
Now  it  is  evident  that  C  may  be  decomposed  into  triangular 
frisms  of  the  same  altitude  p\  and  the  limit  of  the  sum  of  whose 
bases  =  the  base  of  C,  hence 

Ca-Lp'  X  —  VTT  =  JL,  r*v"T (1) 


r 


Itt 
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Letr  rs  T,  t]ie&e s=  C,andwe1iaTe 
C  =  J-xT» (S) 

8p 

/.  C  :  cr ::  T^  :  T*. 

Again,  to  find  the  equation  to  the  surface  of  the  cone,  we  will 
suppose  the  rectangular  axes  of  Xy  y^  z^  to  originate  in  its  vertex, 
tad  the  axis  of  « to  be  that  of  the  oone  itself,  as  in  Rg.  69.  Then, 
Lhdng  any  point  in  the  surface,  kt  OLA.  be  that  position  of  die 
generating  A  in  which  it  passes  through  L,  and  draw  LN  X  AZ^ 
HI  ±  plane  of  (x,  y,)  and  I'M  ±  AX.  Let,  therefor^  AN  =  it 
AM  ss  0?,  an4  L'M  s  y,  and  we  hare 

Z:NLcAU  s=  y?+7::OA:OC::  l:<an.A 

2 

Abeing  the  angle  at  the  yertexof  the  cone, 
/.  Z  X  tan.  A  =  j/a^  +  y^ 

the  equation  of  the  surface  of  the  oone,  whose  rectaiq^lih^  90-ordi* 
nates  originate  in  its  rertex,  and  that  of  z  coincides  with  its  axis, 
which,  in  practice,  wiU  be  found  the  tnost  comihodiotts  way  oTcon* 
^d^ring  the  question* 
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176.       Tliis  is  a  particular  case  of  the  Theorem  of  Aigi 
Bsni,  which  we  will  first  demonstrate  generally. 

Let  1,  and  i&,  be  the  semi-axes  of  the  dl^pse,  ant « its  aeoMH 
tndtj,  Then  the  equation  of  the  curve  refcned  to  the  centre  by 
xecfangiilar  oo-erdinates  ^,  y,  is         > 

Hence,  denoting  by  E.  fh|il  part  of  the  eiOSptie  arc  meamred 
fian  the  extremity  of  bf  whose  abscissa  is  ^r,  we  have  « 

and  putting 

meet 


Vi-«*«* 

But «  S3  1  when  jc  =:  0 .  A  C  =  E^ 

andE.+X-^E,z=£2^2......-.(0 

V 1  -  c*^* 
irliich  is  the  theorem  of  Fagnani 

Leta  =:  X  =  (as  we  readily  find  by  substituting 

Vl+6 


V   1  —  ««tt«  / 
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Theu  equation  (1)  becomes 

8E_^  -  E,  =  Jl.  =  1  -  6, 

whidi  floltes  Ih^  ^robkki. 


177.  Let  8,  Si|  and  v,  be  the  transverse  axis,  conjogate 
azisi  and  eooentridty  of  the  ellipse,  th^i  its  equation,  referred  to 
thecentre,  is  expressed  by 


«Ad  the  l^a(^  of  any  arc  by 


«« 


Let 

«  =:  —  ,  or  :r  ss 

Then 

1+1?  1+1^ 

(i+«0* 

Henoe 


d  ^  =  dK  .  V  1  +  tV (8) 

(1+^0* 
irhieh,  by  potting 

and  mating  the  requisite  substitutions  transforms  to 

d  E.=  dP  *'*'^''  (8) 


«       •       • 


V  (1  +  «0  0  +  **■«*) 

in,  make 

„  =  .    /iJl!tL    . 

V    1  +  6 V 
Then 


«•=  6V  -  1  +  V 1  +8  .  (8 "^0  v'H-  ^V. 

8 
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and  '^'^  ^  1+ JV_  ^^  _,         dv 

—  dv  dv 


V 1+8.  (8-6*)  ty  +  &V      V{l+(l+e)V)x{l+(l-e)*!>'} 
I«t  (l+e)  »  =  «„  (1  —  e)  »  as  ft,  «„  or  6,  = 


I-< 

l  +  « 


and /.  «  =  JLzii.  and  1  +  e  =s      * 


1  +  A,  1  +  6, 


also  let  V  (I +»•)(» +*V)  =  U,  V  (1  +  «.•)  (1  +  &•«,•)  =  Ux 
n«n^  =  i+iL.^ (4) 

and  A  after  proper  reductions, 

B^  being  put  =:  1  +  b^. 

Hence  it  is  evident  that  by  repeating  the  foregoing  operations^ 
and  making  snooessively 

«.=  *.,     /LiiV.  ft.  =  ijui^ 
^  1  +  *i*«t'        1  +  V 1  -  *.* 

V   1  +  AX*  1  +  ^  1  _  ft,« 

kc.  ss  ke.  See.  =  &c. 


we  shall  obtain  results  symmetrical  with  the  former  scil. 

— u;^        T'  '   •    4   "u.  ^  B.*    u. 

U,        "    4     •   ^       4     •   U,    ^  B,        U, 
&c.  =:  5cc.  ' 

vhich,  by  aid  of  the  formula  (4),  which  evidently  expands  into 
dtt  ^^  B,    Bj  B^     du^  ^^/^ 

V    '^    2   '   2 2*U. ^   ^ 

VOL,  II.  L 
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give  dE,  =  dP  -  (^  B,(f«i  +  ^  .  5i  cftt,  +  ,...i^X 

+ *■*       ?  X  J^  -       ^'t  ,  X  iit^ .....  («) 

2B|B3,...  B,tC  Us         Bj^  ••••  B,^  l/» 

Consequently  the  difficulty  of  reetifying  an  ellipse  is  reduced  to 
that  of  integrating  the  expressions 

i!f!Land  ^'^"\ 
U.  U. 

which,  however,  can  only  be  effected  by  approximation. 

Now  since  in  every  case  of  eccentricity,  and  fitorc  ^spedalfy 
when  h  is  small,  or  e  nearly  s=  1,  the  values  of 

*i>  6„  6,  b^j 

become  rapidly  less  and  less,  we  shall  soon  arrive  at  6.11  which 
may  be  considered  =:  0  without  materially  affecting  fhe  result* 


Hence  U^  =a  ^i+u^* 

and  y!^  =  Z.(u,  +  /T+H^) 

and  we  have  generally 

6„*  ^^^  b*bi  ...•  6,  B|B, ....  B, 

8B,B,B,....B.  -  -^^r, 

gince  i.  =  -JtiL,  b^^  s  -J^,  ftc.,  nearly. 

4  4 

/•  equation  (o)  becomes,  by  substitution  and  integratioBi 
.     t»  5,ft^  p..  &,^|  B^Bg^,  ....B,  )    ^   ftB|  ....  B,    ^     f  b 

+  i  +  ib*^  + ....  5k^|  /.  («.  +  VT+-0 

nearly , i  .  .  .  (7) 

and  to  obtain  the  whole  quadrant  E^  of  the  elUpse^ 
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ur 


since  tt  = 


«i= 


I   ^ 


1 
1 


) 


when  X  s 


&c.  =:  &c.  -^ 


Vi+* 


-.  ». 


aiidZ.(i«^  +  VI +  0  ^  "7  +  ^  jT 


nearly  =  Aszi 


+  2L 


8 


**•-•  +  sw.  _i 


=  &e.  s:  8"^  Z. 


8 


V*-i        ^*  V^i-g  ''- 

nearlj,  (m  being  the  indei  at  which  6«^,  may  flnt  he  taken 
=  — =-  nearly). 

Hence,  by  tiibstitttting  in  eqnation  (7)  and  making  the  iieces* 

h  hh 

sary  reductions,  and  patting  ?^  zz  B^B,  ..^B^Q^at  Jl  +  —' 
ftc,  IK  haTe 

Bat  by  the  pracwUiig  pMbleia  urt  iunr* 

Ej  =  sE     t      +4—1 
(Vi+i) 

tbe  approximate  Talue  of  the  elliptic  quadrant. 
In  the  problem  we  have 


€   =  .  M,  /.  b  =   V  1  — (.99)«  =:  .1410673 
1— g    _-      1      . 

L8 


6.= 


.0050)651 
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6a  = ^'*  =  .000006813 

(i  +  Vi-W 

Bat  since  ^  £=  .0000068129  differs  so  little  from  b„  we  make 
4 

take  m  =  1.    Hence 

P,  =  B,  =i5l2.,  Q,  =  A  +  i*i-  =  .0707108 
1»9  8  2« 

and  Z.  JL  c=!  {.  796  s=  6  .679599 

A  jL  P,Q,  Z-  -1  =  .0884818, 

«Hi  *1B.  «  £  .  i51  =  .006 

2S  4       199  ,  • 

Hence  E|  =  1  —  .005  +  .0334818  =  1.0884808 

.  and  4E|  s=  4.1  L89238  nearly. 

For  a  yery  elaborate  and  profound  discussion  of  this  and  kindred 
subjects,  the  reader  is  referred  to  a  paper  in  the  Transactiom  of 
tke^  Royal  Society  for  1804,  by  Mr.  Woodhouse.  He  will  also 
find  it  ably  treated  by  Mr.  Ivory,  in  the  4th  yolome,  and  by  Mr. 
Wallace  in  the  5th  rolume  of  the  Edinburgh  Trdnsactioni.  Euler, 
moreover,  in  his  Aninuxdversiones  in  Rectificationem  EUipseas 
Opuscul.  Vol.  II.y  may  be  consulted  with  advantage. 


178.  Let  the  rectangular  co-ordinates  .(a?,  yi)  of  the 
hyperbola  (H)  be  referred  to  its  centre,  then,  1  and  b  being  its 
semi-axes 


.*•  denoting  by  H;,  the  arc  whose  abscissa  =  or, 

du,=:dx/i  +  ^yL:=:dx    /!^lri 


where  e  the  eccentricity  ==  ^^  1  +  6«.* 
Now  since  e  is  >  1,  to  transform  d  Jl«  into  algebraicdl  and 


.THE  RECTIFICATION  OP  CQRVEa*  \^^ 

'^l^tic  fiiQctions,  we  must  put  .r-  =  f|  (which  gives  e^  <  1 .) 


e 


and  X  s=      / L— L,  we  get,  by  substitationv 

dH.  = (^-'»*)dx,  j.,) 


t  «.t 


Agdn.  let  P  =  ,,  y-if^ 
•Thea  rf  H.  «  rfP  *.  Ac.     /l-'.'*.*4._     Q-Q^. 

.•.H.  =  P-E.+   r       ('-'■•) 'fa^i 

^   V(l-3;.')(l^e.'j.«) 

Again,  let  e,  r=   ^  -'  V  ^  •"'«*,  and  *i  =  -- — • —  .«.X 
Tben,  we  get 

Hence  H,  i=t  P  +  2^.  or,  +  E,  -  «  .  (l  +  e,)  E, 

1  « 

which  expression  shows  that  the  hyperbolic  arc  H^  may  be  found 
by  means  of  E,  the  elliptic  arc  whose  abscissa  is  x,  wA  axes  1 ,  and 

t,  (  =  V  1  --  (f.*  =»    V /i  -  ±=3       *       Y  and  of  ?.  whose 

ilMeissaisx,<nd  axes  1  and  6.  (  =  t—1  s:  (Vl  +  i«->  l)*'^ 
*  ^       e  +  1 j.  y 

nd  of  P  an  algebraic  function  of  x. 


179.        Since  the  eqoatioQ  to  the  Lemnueata  expttsaei  hj 
netangalar  6o-ordinatea,  Is 

r«*  +  yO«  =  «•  -  y», 


IM 
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if  ive^tke  their  origin  A  (Fig.  I,)  the  pole  of  the  cur?e»  Iho  ^ 
subteoded  hyy  zz  B  and  the  radius  vector  AM  =  ^ ,  we  have 

y  =:  f  .  Sin.  9yJP=if.  COS.  A 

and  /.  p*  =  COS.*  D  —  sin.*  0  »  cos.  24 


or  j  =  V  cos.  8d  ......,,  (I) 

the  polar  equation  to  the  curve. 


Jt 0, 


&ence  ds  =i  dp      /\  ^  ^t^^* 

and  measuring  «'  from  any  given  point  B'  of  the  branob  AB,  %^ 
ymx^A  A,  we  have  ii  negative,  or 


or  ^ 


Now  bj  the  Question  s  =:i^. 
A  dB'!=i  dd  and 


VI -p* 


or 


r/d 


-  + 


Vi-p'* 
d^ 


=:  Q 


either  of  which 


tions  being  integrated  will  give  the  solution  required. 
To  integrate  the  latter  we  have 


dO 


dd' 


•• 


.^  zs  ^CQ^  8d,  and  -.^^^  S9   ^co».^V 
ds  ds 

J~  zz  C03.  «0,  and   il — .  =;  cos,  24' 
d^  d»» 


-•  sia.  26,  wd44-  =5  -  sin.  »d' 

OS* 


and  putting  t  +  ft'  ss  te,  6  ^  C  :=  v,  we  have 
1_!  =  —  (sin.  29  +  sin.  20)  s  —  2 sin. «. cos.  w 


d* 


JZ  =  —  (sin.  29  +  sin.  20)  s  —  2 sin.  u, cos.  v"! 

f 

JL  =  — .  (sin.  20  —  sin.  20^)  =  -  2sin.v.cos.«  I 

But^.^  =  -S-  -  ^*.l  =  C0s.  20  ^  co9.«r 

ds*  ds* 


(8) 


ds     ds 


—  2  sin.  tf  •  sin.  v (2) 
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•*.  dividing  each  of  equations  (l)  by  eqaation(8),  we  get 
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iPm      ^  cos.v 


du  .  dv        sin 


and 


d'v 


dv  du         sin 


^  COB.U  \   ds   /    ^ 


^^   dv  cos.  V 


sin.  V 


> 


du  cos.  « 
sin.  ti^ 


and  integrating 
du 


L^  xz  I  tin.  V  +  Zo  1 
ds  I 

/.  *i  =  Z.sin.tt  +  fc'  J 


•%  —  £=0  sin.  V,  and  —  =:  c'  sin.  u. 
4$  dt 


and  substituting  for  Jf ,  — ,  v  and  «,  we  get  tbe  integrals 

ds     ds 


i/cos,  20    +    V«>s.  sy  =  c.  sin.  (0  -  ff)^ 
Vcos.  2d  —    V  COS.  8d'  =  c' .  sin.  (0  +  0*) 


(3) 


Now  supposing  »  to  denote  the  g^ven  Z  B'AB,  we  have  V  ss  a 
whend=  45^,  and  .*• 

^-.  V  COS.  8«     -.    ,/atan.(45*'+«) 
sin.  (45  —  «) 

^--  -  V  COS.  2^    -._  V2tan.(45*'— «). 
sin.  (45  +  a) 

Substituting  these  values  in  equations  (3)  and  taking  their  dif« 
tdnaeef  ^  get,  after  tbe  neeessaiy  reductions, 

J  COS.  29^  =    ^/ x(sin.Ocos.O'-ftan.«xsiii.d^cos.O) 

^  V  i-tan.*«     ^  ' 

wUch  affords  a  general  solution  to  the  problem. 

Hence  any  given  arc  of  the  lemniscata  AB'  (measured  from  the 
table  point  A)  may  be  bisected. 
For  then  V  sz  6^  and  /« 


v 
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»]  COS.  2d  =      / X  (1 + tan.  ft)  sin.  0  cos.  0 

.-.  COS.  «  0  =  ^'  ^^^+^)  «in.«  20, 

2 

and  finally 

cos.  20  =  -  tan.  (45^  -  a)  +  sec.  (4j  «--  •) . 
and  for  the  whole  arc  AB  (»  =  O) 

cos.  20  =  —  1  +  4^% 
and  /.  cos.'  0  =  — —.. 

By  aid  of  the  equations  (s)  we  may  also  bisect  liny  given  arc 
A'B' ;  the  only  difiference  in  the  processes  consisting  in  the  deter- 
mination of  c,  c'. 

The  reader  will  find  solutions  to  this  problem  by  Mr.  Ivory» 
and  Mr.  Wallace,  in  Ley  bourne's  MaXh.  Rep,  pp.  204, ....  yol.  i ; 
which,  however,  have  the  disadvantage  of  being  neither  direct  nor 
sufficiently  general. 


180.        Since  y  =  Z.  Jl±i  =  Z.  («•  +  1)  -  I  («■—  1) 


•  ^y  —  — 


2c* 


dx  e**  -  U 

and.=/rfx      /^7;il=:/cte.J±i 

Let  £L±Jl  =  w.    Then  dx  =:  -  -  ^"    .  and  i  ss  c 
e*"  -  1  tt'  —  I 


-  i.  ./.(«•-  1)  =  c  -  /. 


%e 


2         ^  '  ^  -I 

Let  a;  =  00.    Then  since  y  is  possible,  $  s  oo»  and  e  being  >  1 
,      2e«     _  7      «     _  7  o       -^ 

(.  =:   L  -  s=  i.  2  —  00 

.%  c  =  /.  2. 
Hence 
5  =z  {.  2  —  i. =  h  ^ — - — . 
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181.        Let  r  be  the  radius  of  the  generating  0  of  the  cj- 
ddd,  and  referring  the  abscissa  x  to  the  vertex  and  aust.we  hate 


jf  =5  j/irx  —  «•  +  ▼ers."'*. 
ax  , — 

ij  X 

.  dx^        ^     ^ 

Bntx  :  chord  of  gen.  Q  ^m  ix  m  :  Sr 
Hence  $  s:  2m. 
/•  the  semi-cycloidal  arc  s  4r 

Let  8m  =  i.  X  4r.    Then 
n 

IS  —  semi-cycloidal  arc, 

n 

which  more  than  solres  the  probbnn. 


182.       By  Mechanics  we  hare  (x  abscissa  from  lowest 
point) 

si=  a  .  — • 


J    dx 
a ,  a  •  * — ; 

^y 

or  dy  s , 


rfy.        ^  dy« 

Hence  solTing  the  above  equation  vhen  reduced  to  the  form  of 
t  quadratic,  ire  get 

if 

dx  _  g*    —  1 
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Let  y  S5  D  the  greatest  ordinate. 

Theagfssa.  \e*  —  e'J 
See  Whewell's  Mechanics,  page  171. 


183,       By  the  questioni  we  haye 

y  X  «  = .?—  X  4 
dy 

or  V  «* + «*    «^  ^/anr^ 

C  being  any  constant  whateTor* 
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QUADRATURE  OF  SURFACES. 


UOUUW0C0O0OCOMIt<DO» 


184.       If  $  don^  the  aid  v  »  8  •  Ul,  ftc ;  tken  tbe  sar* 
face  (S)  generated  by  tbe  revolution  of  i  about  its  line  of  absdastt 
(x)  will  be  represented  by 
8  =:  2v  fjfdi 
Now  in  the  sphere  referred  to  ita  canlrOt 

•  ^y  —     —  ^ 

A  dS  =  J^^  =  2irr*l? 

:.  8  s  8«rrjp  £=  surface  of  tbe  corroafoodfait  poHioa  of  the 
cjlinder.     /•  Uc. 


185.        By  tbe  preceding  problem  we  hare  the  surface  (S) 
of  a  sphere  expressed  by 
8  =  4«T» 
and  the  aireaof  the  ends  s=  2  x  «t* 
/•  the  whole  surface  S'  of  the  cylinder  is 
S'  =  4»»*  +  2»i*  =  ewi*, 

/.  8  =  ±  8'. 
s 

Again,  the  Tolumes  V,  V,  of  the  sphere  and  cylinder  are  ex^ 

3 

.-.  V  =s  i.  v. 

3 
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186.        The  surface  of  a  spherical  A  trhose  angles  are 
A,  B,  C,  is  generally  expressed  by  (Woodhonse) 
g  _   A+B+C--180    ^^ 
180 

r  being  the  radius  of  the  sphere. 
But  A  s=  160,  B  =  150,  C  ss  140. 

180  2 

S5  —.area  of  great  O.     ^  K  D. 

2  ^ 


187.  The  surface  (S)  of  a  cylinder  is 
S  =:  4irr*  =  4  area  of  its  base. 

Hence  the  whole  surface  =  6  area  of  the  base. 

188.  By  prob.  184,  the  surface  S.  of  a  sphere  oorre9pond* 
ing  to  abscissa  :r,  is 

S,  =  2wrx 
//the  whole  surface  S„  sz  A^ 

:.  S,  :  S^  ::  x  :  2r. 

189.  The  equation  to  the  cycloid  being 
y  ^  jj  2rx  —  j^  +  vers."*  x 

^  dx^  V* 

/.  S  =  2icfydx  s/  1    .  .^  =  C  -  i-  /Fr  .  r  (2r-«)^    + 


2w tj 2r  /-^  vers."^  x 
•J    J  X 


ij  X 


=  C  -  ^s/2r  (8^  _  x)sj2r^x  +  Bw  ^  2r{^/xYenr'*) 
3 

Letx  =  o.    ThenC  =  .^*'^' 


8 
Hence,  fcc.  fcc 


QUADRATURU  OF  SURFACES.  ^<^7 

190.        The  surface  (S)  of  any  portion  of  a  sphere  oorre« 
sponding  to  abscissa  x  (from  centre)  is  (prob.  184), 

S  s=  2«TX 

•\  — whole  surface  ='2st*. 

9 

.*.  the  surface  (S')  of  the  spherical  s^ment  =s  8rr .  (r-^Jt). 
Now  the  dist.  of  the  pole  of  the  circle  whose  rad.  is  y,  is 


/.  the  area  (C)  of  the  Q  whose  rad;  is  that  dist.  =  %wt  (r^x) 
=  ET.       Q.  E.  D. 


IM 


MISCELLANIES. 


191.  Let  Aa  (Fif.  70,)  be  the  axis  of  the  paraboloid*  and  of 
lie  the  perforating  cylinder.  Then,  PMAM  being  the  oo^rdinatea 
of  the  point  P  of  the  generating  parabola  (y*  =  px),  it  may  easily 
be  shewn  that  the  intersection  of  the  surfaces  PMp  is  a  Q  whose 
xad,  is  FM.    Hence  the  volume  (Y)  of  the  paraboloid  APp  is 

^7  2 

Let  a;  =:  Aa  =  a.    Then 

8 

and  the  cjUnderPc  =  «y*  x  (Aa  —  MA) 

=  pwx  (a  —  x). 

Hence  the  part  bored  away  =  V  +  prx  (a  —  j:)  =  -£L  x  x 
(»a  —  »)=  —  •  V'  =  £?2L,  by  the  question. 

.••  a: .  («a  -  x)  =  — 

andx  =  a  —  — = 
which  gives  the  diameter  of  the  cylinder  =:  8y  =  8  j^px  sz 


Vsop.CV^  -^)»  audits  length  =  a  —  x  =  -^. 


J92.  For  the  investigation  see  Translation  of  LacroiXf 
p.  176,  where  it  appears  that  the  equation  to  a  plane  touching  a 
sniface  at  any  point  (x,  y,  z,)  is 


macBixANin*  U* 

dx  dy 

y,  y',  /,  being  the  oo-ordinales  of  the  pUat. 
Now»  since 


(t)'  *  a)'  *  (f)' 


irehaTe 

<fa^_  ^9    i^  ^  ^  ^ 
dx  ^z    dy  b*z 

/.  by  nMltiiting  fai  eqwtlon  (1),  weget 

a*  6«  c« 

far  the  equation  determining  the  position  of  a  tangent  pline 
(4<,  y',  j^,)  to  an  ellipsoid,  at -die  point  (t^  y»  s*)  of  its  surface. 


193.        Since  the  equation  to  the  elliptic  paraboloid  is 
ox*  4-  iy*  *f  aix  s=  a6c 
we  ha?e  the  partial  differential  coeflBcients 
dSr  ^  fix  rf«  ^  «y 
dx         b  dy         a 

* 

viueh  bdngBobstituted  in  the  equation  to  Un  normal  (Lac.  TroM. 

INdaM 

y  -  y    +  ^  (a' ~  ,)  =  0  I 

tiimhy  detemiiiiag  the  position  of  tha  nennal  to  my  point 
Csi  fi  ^0  af  the  sarfiMO. 


the  limits  0  and  ^^ — .  A/ac-^y^  of  x,  giTes»  after  redaction, 
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Now,  when  this  normal  meets  the  pUineof  («y),  or(xz),  or  (jn)« 
we  OTidentlj  hare  z'  =  0,  ory  =  0,xf  s:  0. 

/.a/  =  ^.(«x  +  6)  1  i'sx  +  ^landy'ssy  +  i-l 

determine  the  points  of  intersection  required. 

Again,  to  find  the  volume  we  have  (Lac.  Trans,  p.  811.) 

y-Uyf^dx 

the  symbols/^/ ,  denoting  that  the  integral  is  taken  on  the  sup- 
position that  jT  or  ^  is  constant. 

But/yCdx  =  —  (ac—  y*)«  —  — ,  which  being  taken  between 

a  8b 

a 

for  the  area  of  the  section  of  the  solid  made  by  a  plane  parallel  to 
that  of  (x,  x). 

Hence  the  volume  is  generally  ezpr^ued  by 

V  ^fdyf^dx  =  i.  ^  A.  ^  /(««  -  S^*i^,  which,  by 
means  of  two  substitutions 

P  :=  (oc  -  y*)*yi  F  =  (flc  -  y«)*y 
and  proper  reductions,  becomes 

V  =  i.^±P  +  Lc  ^Af+  ±  c  V"S?sin.-i  JL- 

Let  y  s=  i/oc  (or  x  =  0,  2  s=  0).    Then  the  whole  volume 
comprehended  by  the  planes  (x,  ^),  (y,  z),  (x,  z),  is  expressed  by 

V  =:  J-c  VTc  X  -1- 


.194.     '  Let  the  radius  of  the  base  of  either  cylinder  s=  r, 
and  suppose  (or,  y,)  originating  in  the  intersection  of  the  axes  of 
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Ae  cjlmdera,  to  be  measured  along  those  axes.    Then  the  cqua- 
tkms  to  the  surfaces  of  the  cylinders  being 

^  +  ^  =  r^l (1) 

if  a  section  of  the  part  common  to  both  be  made  by  c  plane  pa- 
rallel to  that  of  (Xj  y)j  we  shall  have  x  =  z\  and  A  y'  =  s.  Hence 
it  is  evident  that  the  section  is  a  square  whose  side  is  S&\  Conse- 
qnentlj  the  solid  (common  to  both  q/Unders  may  be  generated  bj  the 
motion  of  that  square  parallel  to  itself,  and  its  volume  will  there- 
fore be  expressible  by 

Vs=/4kc«cfe 

Bnt  dz  ss  —   .  ,  bj  equation  (1). 

Let  z  s=  r,  or  x  =  0. 
Then  the  whole  volume  of  the  part  common  to  both  cylinders 
wiU  bo  expressed  by 

3 

This  solid  is  evidently  the  common  groin. 

Mr.  Peaood  (A  Collection  of  Examples,  &c.,  page  451,)  has 
arrived  at  the  above  result,  but  by  a  process  of  reasoning  obviously 
incorrect  This  work,  however,  upon  the  whole,  is  worthy  onr 
best  recommendation. 


195.        Let  r  be  the  radius'of  the  base  of  the  cone,  and  •% 
-I.  that  of  the  base  of  the  cylinder.    Then  referring  the  co-oidi« 

sates  to  the  centre  of  the  base  of  the  cone,  its  equation  will  bo 
(asitsalt) 

r 

and  that  of  the  cylinder 

y'»  zz  r^  -^  £* • {2 

VOL.  IL  X 
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Hwce  the  equatious  to  the  curre  of  their  intersection  {w  mi  x\ 


(») 


dy  ^  r     r  —  8x  <^y  r  —  2j: 

Bat  projecting  the  tangent  and  curye  upon  the  planes  (x,  y)* 
(y,  «),  we  have  {Lac.  Trans,  p.  171.) 

ay 

or  af*  =:  j:  + 


8  V 

rx^a^ 

.( 

r  - 

-  2a: 

a 

.  Vr- 

X 

z  

j^r      r  —  2x 

which  determine  the  position  of  the  tangent. 


196.        Since  yz  =  f .  (^\  is  the  equation  to  the  cnnre 
surfaoe,  we  have 

where  ^Y-Lj  denotes  a  certain  function  of  fi^j,  of  which  it  is 
not  necessary  to  know  the  precise  form. 

Let  dx  =  0.     Then  ±  =  -  i.  +  i- .  f '  f  l-") 

<fy  y  X  \x  J 
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108 


■  dx  X*         \x/ 

Hence  the  equation  to  the  tangent  plane.    {Lac.  Trans,  p.  176.) 

»'  ^  zz:i'.(j^  *^  x)+~  y'  —  y) becomes 

dx  dy 

X*  \x  J  \y       X      X  J 

Let  a^  s2  y'  =  0.    Then 

X         \  X  y  «rvx/ 

.•.«'=  2r,        Q.  E.  D. 


197.  Let  r  be  the  radius  of  the  sphere,  y  the  radius  of  the 
base  of  the  cone,  and  a:  +  f  its  altitude.  Then  its  volume  V  is 
wprwedby 

V  =  JL  5ry2  (r  +  0?)  =  max. 

s 

.-.  y«  .  (r  +  x)  =  (r«  -  x«)  .  (r  +  x)  ffs  mat. 
/.  —  2xdx .  (r  +  x)  +  dr  .  (r2  ^  x«)  =  0, 

whence x  =  -L  and y  =  i/r^^^x*  =    ^  V^  .  r . 

/.  v  =  !£.T»\ 

81 


198.  Let  APB  (Kg.  71,)  be  the  circular  arc  whose  centre 
is  C.  Then  D  being  the  middle  point  of  the  radius  CD,  describe 
a  cirde  passing  through  C,  D,  and  toucbing  the  arc  AB  (p.  7, 
Vol.  L)  in  the  point  P.  P  is  the  point  required. 
For  the  Z  CPD  =  Z  CQD  >  CPD. 
Now  '/  the  circles  touch  at  P,  they  have  a  common  tangent, 
which  fs  ±  their  radii,  and  .*.  ±  CP.  Hence  CPisthe  diameter 
of©  CDP,  and  /.  CDP  is  a  right  Z. 

.-.  CDsrCP.sin.P  =  JLCP. 

M  t 
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•*.  sin.  P  s=  2.,  or  the  max.  value  of  P  is  80^. 

2 


199.  Let  y  be  the  radius  of  the  base  of  a  cylinder  in- 
scribed in  the  sphere,  whose  radius  suppose  =  r,  and  to  its  alti- 
lude.    Then  it  easily  appears  that  the  Tolume  (V)  is  expressed  by 

y  zivy^  X  2xzz  max. 
.\  y^x  s=  (r«  —  ««)  X  =  max. 
or  dx  .  (r«—  a?)  -  2s?dx  =  0 

•%  Max.ofV=:-4=.»f«. 

200.  If  y  and  «  be  the  co-ordinates  of  the  O  referred  to 
its  centre,  and  r  its  radL  then 


y  =  a/t^-^x* 
and  by  the  question 

Sy  X  2x  =:  max. 

•%  yidx  +  xdy  =  0^  or  ^  =  —  i!L. 

dx  y  X 

.V  ««  =  y<  =  r«  —  x8 

•*•  «  «=  — =»  wid  max.  =  4 .  2L  =  £r«. 
V»  « 

201.  Let  AC,  BC,  be  the  given  lines,  and  P  the  point 
oetween  them.  Draw  APB  ±  CB,  and  let  QP^  be  any  other 
line  passing  through  P,  &c. 

Then,  putting  PA  =  6,  PB,  =  j?,  CB  =  a,  and  Z  jQC  =  0, 
we  have 

^  b .  cos.  C   p     ^  g 


pq^  ci.cos.o   p^  -  ^ 


sin.  0         ^         sin.  (0  +  C) 
and  t%  by  the  question 
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b  COS.  C  ^  B  ^  ^_^ 

sin.  d  sin.  (d  +  C) 

•*.  gin.  0 .  sin.  (0  +  C)  ss  min. 
/.  dft.cos.  G  -  siii.(d  +  C)  +  dO  .COS.  (0  +  C)8iii.SsO 
or  sin.  (90  +  C)  s  0 

.•.  «0  +  C  s=  IT,  and  «  =  21  —  — . 
Henoe  max.  =s  9b$  x  cot.  C. 


902.       Let  a,  by  be  the  axes  of  the  generating  ellipse  of  the 
qiheroid ;  then  its  equation,  referred  to  the  centre,  is 

a* 

and  «y  wiU  be  the  base  of  a  cone  inscribed,  whose  altitude  is 
a+  X. 

,%  —  •  vy* .  (a  +  x)  SI  max. 

.*.  y*.  (a  +  «)  =  max. 
and  .*•  f^dy  .  (a  +  ^)  +  y'dx  =  0 

*        , 

:.  ^  =  —  ^ 

**  cte  8.  (a+«) 

But  ^  =  -  A. -^£=,  = -1 .  VZzZ 

Sir 

and  the  greatest  cone  required  s=  —  .  ab\ 


.  203.      Let  a  be  the  length  of  the  line,  and  x,  a  «»  ^,  the  parts 
reqidred.    Then  by  the  question 

«  =  X .  (a  —  x)  .  (a  +  9j;)  =:  max, 
/.  du  =  0,  gires 
a*  +  9ax  -*-  Cx"  =  0, 
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204.  Let  A,  /?,  7,  be  the  inclinations  of  the  given  plane 
figure  (S)  to  the  co-ordinate  planes  («,  y),  (y«  ;i))  («,  f)«  Hien 
it  is  well  known  that 

S'  =  S  COS.  «,  S"  =  S  .  COS.  ft  S'"  =  Scos.  y 
*%  &'•  +  S*^  +  B'"»s  {co9.»4i  +  COS.*  0  +  COS.*  y)  .  S* 
But  coSi'  a  4-  008.'  )9  +  eos.*  7  s  1 


205.  Let  6  be  the  given  base,  Xy  y  the  other  sides,  whose 
sum,  being  given,  suppose  c=  m.  Then  S  denoting,  as  usual,  the 
semiperimeter  of  the  A ,  which  is  also  given,  we  have,  by  a  well 
known  expression, 

u  t=  VS.(S-  6).(S  -  a;)  .  (S  -y)  =5  max, 

••.  (S  —  x)  .  (S  —  y)  =  max. 
and  du  r=  o,  gives 

^  •  (S  —  y)  +  rfy  .  (S  -  a:)  =:  0 
But  since  x  +  y  =  wi,  rfy  =  —  dx, 

.\  S  —  y  =:  S  —  «,  /.  x  :::  y, 
or  the  required  A  is  isosceles, 

and  its  area  =  (S  -  ^)  VS,(S-6)  =  A.  ^m*^b\ 


206.        Let  y  be  the  radius  of  the  base  of  the  cone,  and  s  its 
^titttde.    Then  its  surface,  which  is  given,  will  be  expressed  by 

m  =  — ![IL  X  slant  side  =s  iry  ^x*  +  y* 0) 


3 


and  its  volume  =  —  .  vy^x  =  max. 

3 
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/.  y*x  c=  max. 

.•.  2jfxdy  +  j^dx  =5  0,  or  J?  =  —  JL. 

dx  2x 

Also  firom  eq.  1,  we  have 

^  =  —      y^ 

dx  x^  +  2y«  ' 

:.  JL  =:       y^ 

2x         ««  +  «y« 
which  gives  a^  s:  2y', 

and  /.  m  :=  «y  >/  Sy«  or  y  =      / __. 

and  «  =  y  /«    =    ^/    ^— » 

^     irV3 

Hence  the  cone  required  = ■:. 

3  VsVs 

207.  For  the  inrestigation  see  Lac»  Trmis.  or  Simpson,  by 
which  we  learn  that  the  volume  of  any  solid  of  revolution  is  ex- 
pressible by 

V  =  wfy^dx 
X  being  the  axis  of  rotation. 
Now  in  the  problem  before  us 
y  =  /.  (1  +  x) 

Y  =swfdx.(l.l+xy 

Baifdx.(lT+xy  six.  (I.  T+x)^  -  2  Cf^  .  I  T+x 

J  1+a? 

and  continuing  to  integrate  by  parts  we  finally  obtain 
V  =  «• .  (x-1)  (/.!+«)•  -  £» .  (x  -  /!  T+x)  X  (I.  T+x  -  I) 
=  9  .  (1  +x)  {L  l  +  xy  +  2ir  .  (1  -x  .  /.  (l+ar)  +  2«. 


208.  Let  BC  (Fig.  73,)  be  the  base  of  the  A ,  and  BM 
the  common  altitude  of  all  equal  A  equal  to  it,  and  MN  parallel 
to  BC.    Then  ABC  being  that  A  ^hich  is  isosceles,  and  A'BC 
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any  other  wbaterer,  if  BA  be  produced  making  AC  s=  AC,  and 
A'C,  A'C  be  joined,  it  is  easily  shewn  that  A'C  =  A'C. 

.-.  BA  +  AC=  BC'<BA'  +  AC  <  BA' +  AC,  i.  e.,  BAG 
18  less  in  perimeter  than  any  other  A  BA'C  of  the  same  base 
and  area. 


309.  Let  the  two  given  sides  of  the  A  be  a,  i.  Then  its 
area  z=  ab  sin.  C  =:  max.  which  evidently  is  the  case  when 
sin  C  c=  mas.  or  when  C  =  90°. 


210.        Let  6,  A  —  6,  be  the  parts  required  of  the  given  Z  A. 
Then  by  the  question 

sec.  (A  —  6)  .  sec."  0  =:  max. 
or  cos.  (A  -  6)  .  COS.*  0  =  min. 
.%  dB  .  gin.  (A— d)  cos.^fi— 2ci0  cos.  6  sin.  B  .  cos.  (A— 6)  =0 

s  1 

whence  tan.*  d  +  .  tan.  0  =  — 

2  tan.  A  2 

and  solving  the  equation  in  tan.  d,  we  have 

tan.  «  =9  -3  J:  ^9+8tan.^A (^j 

4  tan.  A  . 
w^iich  involving  no  imaginary  quantities,  shews  that  the  restriction 
in  ijie  enunciation  with  regard  to  the  limits  of  A,  is  by  no  means 
necessary.    Indeed,  when 


4  tan.  A  J  2 

Baving  found  A  from  eq.  (a)  by  means  of  the  tables,  we  shall 
easily  obtain  A  -  6,  and  sec.  (A  —  d)  .  sec.*  0. 


911.       By  the  equation  to  the  ellipse  referred  to  its  focus  as 
a  pole,  we  have  (Pp  =  the  line  required) 

Pp  =  P  +  p'  =  ^  *  (^  ""  ^^i  +    ^'(^  -  g^) 
^      '^      ^         1  +e .  cos.  0        I  +  cos.  {w+  B) 

_   2  a  .  (1  —  c«) 

55  1 4  -5  max. 

1  — e«,cos.«  0 
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«• 


or  min.  according  as  0  =  0,  or  — ,  i.  e.,  according  as  Tp  coincides 
with  or  is  JL  to  the  axis  a. 


212.  Let  d  be  the  required  angle,  and  x^  y,  the  corre- 
sponding co-ordinates  measured  from  the  Tertex.  Then  it  will 
easfly  appear  that 

dz 
But  by  the  equation  to  the  parabola 

y«  r=  px.        ^ 

Awehnve^s       ^y 

sjpx 


•*.  An.  0  = 


ij  (4a: +p)  .  (x+p) 
But  since  0  =  masi.  dd  =:  0. 

.    d^smj.  ^  dO  =  0, 
cos.  0 

.*•  d  .  sin.  d  =  0 
which  will  be  found  to  gire 

.TssJL^andy  =  -^E— 
which  determine  the  position  of  the  point  required. 


213.         Let  A  be  the  given  Z,  and  0,  A  —  0  the  parts  re- 
qoired.    Then  by  the  question, 

u  =  sin.^  0  .  sin.^  (A  —  A)  =  max. 
•*•  6b(  =  0,  gires 
2  tan.  a  =  8  tan;  (A  —  0), 

r  o 

whence tan.*d  +  -.  .  tan.  6  =  -fL, 

8  tan.  A  2 

which,  being  solred,  gives 


tan.  Pes  -  5  ±  V^g  4t  g4taii.»  A , 

4  tan.  A 


1*5^^  MISCELLANIES. 

The  construction  is  easily  efTccted  as  follows : 
In  the  line  Aa  (Fig.  74,)  take  AN  =  1,  and  Aa  =  6  x  AN 
:=  5 ;  then  BAa  being  the  given  Z,  we  have 

PN  (±  Aa)  =  AN.    Tan.  A  =  tan.  A. 

Again,  take  aH  (±  Aa)  e=  ^/84  x  tan.  A,  join  AM.  Then 
AM  =;:  4/26  +  24  tan.'A,  and  if  AQ  =  Ao  =  6,  we  have  qSL 
r-  —  5  +  ^26  +  S4  tanTA,  gm  sr  6  +  ^  26  +  24  tan.«  A, 
Finally,  taking  AM'  as  4  tan.  A,  and  Q'M'  X  Aa  and  s  QM,  qV. 
JL  Aa  and  =  qm  taken  negatively,  we  obtain 
B  =  Q'AM',  or  =  g'AM'. 


214.  The  least  polygon  circumscribing  a  O  sn^  the  greatest 
inscribed  in  the  Q  of  the  same  number  of  sides,  are  known  to  be 
those  which  are  equilateral  and  eqoiangular.  Hence  it  is  evident 
that  the  sides  of  these  circumscribed  and  inscribed  polygons  sub- 
tend equal  A  ifi  for  instance)  at  the  centre,  and  moreover  the  poly- 
gons (P,  F)  are  similar  figures.  Consequently,  s^s'  being  any  two 
sides,  we  have 

P  :  F  ::  «»  :  «'•  ::  r*  :  cos.«i- 

2 

as  we  easily  learn  from  similar  21^,  &c. 


215.  This  problem  may  be  generaliied  by  stating  it, 
**  Required  t^e  shortest  line  drawn  from  a  given  point  to  the  cir- 
cumference of  an  ellipse,  given  in  position,  form  and  magnitude." 

Let  a,  bt  be  the  semiaxes  of  the  ellipse,  and  y  s _  ,  ^o*— ^t* 

a 

its  equation  referred  to  the  centre,  and  a  as  an  axis  of  x.  Then» 
a,  0,  being  the  co-ordinates  of  the  given  point  referred  to  the  same 
origin,  we  have 

u  =  (y  -  i9)«  +  (x  —  a)8  =s  min. 
and  du  =  f ,  gives 

dy  ^         X-^ix,       J,       rfy  h       X 

dx  yS  dx  ay 
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a  — 6  (a— 6)»  o— o 

s=  cbv  the  resolution  of  which,  x  and  A  y  may  be  found, 

^^"*)'  .  ^ 

which  will  detemine  the  position  of  the  line  required. 

In  the  problem  0  =  0;  whence 

irhdee  f<mr  roots  are  a,  — ^ ,  and 

a — 0 


a*«« 


^        .  (6  -  a  -  •  ±  V  (a  -  6)*  +  6  (a  -  6)  •  +  «•),  two  of 

which  correspond  to  maxima,  and  two  to  minima,  between  which 
the  student  may  easily  distinguish  by  the  usual  test. 


216.        Lot  a  be  the  extreme  value  of  x  (measured  from  the 
vertex)  of  the  given  parabola.    Then  since  the  area  of  a  parabola 

s  JL  xy,  that  of  the  inscribed  parabola  will  evidently  be 

It  s= .  (a  —  x)  >/px  zz  max. 

3 

.•.  (a  —  «)•.«  =  max.  =  u' 
and  ^  =  Owin give 

CUE 


8  ^    Z 

,*.  the  maximum  area  =  —  ^/ES- 


217.         Let  Q3  be  the  given  volume,  then  x  being  the  radius 
of  the  base  and  z  the  altitude  of  the  cylinder,  we  have 


"'•  MISCELLANIES. 

and  bj  tlie  question 

«  =  Swx  X  z  +  r«*  =  surface  =  min. 


•  • 


+  «■  =  min. 


and  —  =  0,  giyes 
dx 

•\  the  minimum  surface  sz  (2  +  w)  Q<. 

218.       It  very  easily  appears  that  the  area  of  any  roc- 
tangle  inscribed  in  a  —  ©  =  Say  (a?  being  measured  fiom  the 

cente). 

.*•  ay  =  max. 

A  «dy  +  ydla:  =2  0,  or  ^  s=  —  X. 

Buty  =5  V^^^^  ••.  ^  =  -  ±  =  -  y. 

da?  y  4? 

.••  a?  =  y.     A  j?»  =  r*  -  a-,  /.  a?  =  _!_, 
and  the  maximum  rectangle  c=  2  •  il  =  r' 


tl9.       I^t  (y,  «,)  be  the  co-ordinates  of  the  cycloid  mea- 
sured from  its  vertex,  and  (y,  x,)  those  of  the  locus  required, 

then  since  y  =  tj2rx-^a^  +  vers.'^x 

or  y'*  s2  8r« 
and  the  locus  is  .%  a  parabola  whose  latus-rectum  =  8r. 

220*        By  the  question 

(tan,  P)* .  (tan.  Q)-  =  max. 
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and  :.  m .  {.  tan.  P  +  n  .  /.  tan.  Q  ==  max. 
--  +  n. —-!: 5T=0 


COS.*  P.  tan.  P  COS.*  Q  tan.  Q 

Bat  since  P  +  Q  is  giTen,  or 
P  +  Q  =  a,  dQ  =  -  dP. 
•*•  m.  COS.*  Q  tan.  Q  =  n  cos.*  P  tan.  P 
iriiich  becraies  by  reduction 

tan.  «P  =      ^  '^°'  ^^ 

n  +  in  cos.  Sa 

Whence,  by  means  of  the  tablesi  we  have  P,  and  .*•  Q. 


221.        The  radius  of  the  base  of  any  cylinder  inscribed  in 
the  solid  being  y,  and  •%  its  area  s=  «y*  ss 


«.a  '•"•■"x*+*  (since  o*a*  =  y*+*) 
and  the  altitude  of  the  cylinder  being  i  <-  ^9  ire  have  the  Tolume 
expressed  by 


V=  r  .  o*  +  ». «"•+■•.  (6  -  n)  =  max. 


A  x*"*"*  (6  —  «)  =  max. 

and  potting  its  differential  s  0,  we  get 

2n       , 
«  = .  6 

dft +  m 
whence  it  is  easy  to  find  y  and  the  maximum  volume. 


222.        The  equation  to  the  ellipse  referred  to  the  focus  (S) 
by  the  radius  Tector  and  ±  upon  the  tangenti  being 


!>•  = 

.    dp 

o'i« 

1 

So- 

a? 

+  6«. 

ab 

P 

"df 

r.it 

V7 

(Sa- 

"dp 

ab 

U4  UISCBLLANIES. 

But  p  +  HP  =  a,  and  .%  2a  -  p  =  HP 

and  CD  =  VHP  x  SP. 
.   dp^  _   HP  X  CD 
"dp         AC  X  BC  ' 


223.        Let  8  be  the  arc  to  rad.  s  r, 

thencfe=   r^^-tan.i      Let  s  =  45°. 
r'  +  tan.'  i 

Then  tan.  «  sb  r,  and  — ^ =s  -^  !=  i 

d .  tan.  s  2r^  2 

.*.  d  .  tan.  s  =  2(2s. 


224.        Let  0  be  the  arc  required,  then 

u  =  sin.  0  —  vers.  0  =  max. 

du  • 

.-.  ^  c:  Oi  gires 

dB 

tan.  d  =:  1  =  tan.  45''. 
or  d  ss  45°. 


225.  Let  AB  (Fig.  75,)  be  any  circle  whatever  en  the 
surface  of  the  sphere,  and  suppose  PQ  that  great  circle  which 
passes  through  the  extremities  of  the  diameter  (AB).  Then  HN, 
any  circle  whose  plane  is  JL  plane  of  PMQJf,  and  whose  poles  are 
P,  Q,  being  considered  the  plane  of  projection,  and  .-.  P  the 
point  of  vision,  ab  will  be  the  section  of  the  oblique  cone  PAB 
(formed  by  the  rays  proceeding  from  every  point  of  the  circumfe- 
rence AB)  made  by  the  plane  MN. 

Now  PL  being  the  tangent  at  P,  Z  BPL  =:  /.  BAP  = 
Z  abP. 

.*.  ab  is  the  smbcohtrary  section  of  the  cone,  or  it  is  a  0 
(p.  18). 

Again,  let  ab  =  2r,  AB  =8r',  Pc  =  d,  PC  =  B,  and  Z  P  AB 
==  A  and  Z  APB  s=  P.    Then  by  similar  A 
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•     a&  :  AB  ::  Pa  :  PB  ::    ,    ,f^    ^.    :  aR  x  lin.  A 

sm.  (A  +  F) 

whence  r  =  ,      — : —  (I) 

SR  sin  A .  sin.  (A  +  F) 

Also  OC  =  OC  +  r  =2   --, : i     ^,      ^   ■■        my     X     {«R     X 

2R  .  sift.  A  .  sin  (A   "    '^^  * 


sin.  A  •  sin.  (A  +  P)  +  r'} (8). 

Now,  according  to  the  problem  we  have  a  =:  r'  ^  R,  P  sr  00^. 
.-.  equations  (1)  and  (2)  become 

r=       ,      ^ =       ^       (8) 

2  Bin.  A  .  COS.  A        sin.  2A 

and  oC  :?:  ^ —  (  -  8  sin.*  A  +  l)  =  R  cos.  2A  ....  (4) 
sin.  iA 

ButwhenP  =  90^A  =  iL-  ZPa6  =  -!L- ABP    =  JL 

2  2  S 

-  T  -  A.     . .  2A  5s  —  -  T. 

8 

Hence  r  =     ^^  =  sec.  T  to  rad.  R 
COS.  T 

and  oC  s:  R  tan.  T  s  tan.  T  to  rod.  R.        Q.  E.  D. 


226.  We  generalize  this  problem  by  stating  it,  Let  P 
(Fig,  76,)  be  the  pole  of  the  great  0  ABM  of  a  given  sphere  whose 
centre  is  C ;  then  supposing  the  quadrant  AP  to  revolve  uniformly 
about  the  axis  PC  with  a  given  velocity,  whilst  a  point  from  P 
nofM  along  the  quadrant  also  with  a  given  uniform  velocity,  it  is 
required  to  find  the  surface  APQ,M  traced  out  by  the  point  P  in 
■ofing  through  the  whole  quadrant. 

Let  t;  and  nv  be  the  velocities  of  P  and  of  A  (which  measures 
the  angular  velocity  of  the  quadrant),  and  let  PQP,  P^^  be  any 
two  successive  positions  of  the  quadrant,  and  Q,  q  of  the  point  P. 
Then  9  denoting  the  surface  APB, 
dS  =  QjqbB, 
Now  CiBbq    :    Zone  corresponding  to   x(  =:  CN)   ::    Bb 
:  ABMA  =:  2irr. 


^^'i  MISCELLANIES. 


Bot  the  zone  =  2wrx,  miBbssnd.TQ,   tsz  ^     ^^^    , 


sjr^-^a^ 


.    jc  —  ""  nrxdx 


andSerO  +  nr  Vr»»-«»  =  nr  ^t*-a* 

Let  ;r  a  0. 
Then  8  sr  APQH  ±=  n»', 
and  APaMA  sa  fcr*  -  nx*  =  (8<r  -  n)  r«. 

In  the  pftblem  n  =  4,  when  M  coincides  witii  A,  and  the  sur- 
face of  the  hemisphere  18  divided  into  the  two  parts  4r*  s  (Sr)^  and 

The  corve  of  dbuife  curvature  AQM  is  called  the  Spiral  of 
Pappus. 


227.        Let  a«  6,  c^  he  the  sides  of  the  sjjietical  A  t  And 

«,  0,  7,  their  chords,  and  suppose  A,  A',  the  JL  included  hj  b^  Cf 

and  0, 7.    Then  it  is  well  known  that 

*       cas.  a  —  COS.  b  cos.  c        ,         * ,        ^  +  v^  —  «• 

COS.  A  r= : — 5—: ,  and  cos.  A  s=      ^^ . 

sin.  6  sin.  c  2fiy 

But  »  =:  2  sin.  iL,  j3  =  2  sin.  — ,  y  =  2  sin.  S.. 

2  2  2 

Hence>  by  substitution  and  reduction,  we  get 
COS.  A'  =  COS.  A  +  sin.  —  sin.  ^ 

2  2 

whence  oos.  A'  is  always  >  cos;  A  (for  sin.  — sin.  ^  can  never  ba 

8  2 

negative),  and  consequently  A  is  always  >  A'  whether  the  aphe* 
rical  A  be  iiosceUs  or  not 


228.        Measuring  the  co-ordinates  of  the  semidrde  S,  and 
the  sector  S',  we  have 

dS  =  ycfcp,  and  dS'  ss  -L  /SF+d^^ 

2 


t  •.     1 

I    y 


MISCfitLAlSIfiS.  ^^^ 


'.  t, 


1 1 '     * ' 


But  j^  =  V-J*.  .-.  ^  =  -  ^ 

<w  y 

and  yrr^  ==  ^/?±i!  «  -^ 

^  da-  ^       y  y 

.-.  dS  :  dS' ::  8y«  :  r» 

: :  S  sin.»  9  :  r* 

« 

::  r"  —  rcos.  80   :  r« 

: :  vers.  SO  :  r.       Q.  E.  D. 


229,        Bjr  the  Arithmetic  of  Sines 

sin,   (:p  —  z)  =  $in.  ^  cos.  z  -^  cos.  x  sin.  x, 

sin.  fa?  —  2) 
.-.  >  /  £3  cos.  2  —  COS.  X  sin.  2r. 

sin.  X 
But  COS.  aj  =  1  -  —  +  -J1—  -  &c. 

9  2.3.4 

Sin.  zrz  z  —  — —  + -  &c. 

2.3         2.8.4.6 

and  when  z  is  indefinitely  diminished,  cos.  z  =  1  -  -^  sin.  z=:z 

2 

ly. 

.    sin,  (g  —  g)  -.  1  _  £l  _  cot.  X  X  z  nearly. 
-^     sin.  X  2 

/.  sin.  (a?  —  z)  =  Bin.  «  —  «  cos.  x sin.  x. 

\  J  2 


230.        Let  y*  =  px  be  the  equation  to  the  generating  pa- 
rabola whose  altitude  =  a.    Then  the  Toliime  of  a  cone,  the  ra- 
dius of  whose  base  is  ^,  and  altitude  a  ~  or,  Is 
V  =  «y*  .  (a  —  a:)  =  vpx  .  (a  —  a;)  =  max.  and  putting 

d  V  =  O,  we  get  x  zz  — ,  which  determines  the  cone  required. 

T0£.  II.  N 
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*  231.  Let  C  (Fig.  77,)  be  the  centre  of  the  eartli,  AB  = 
9  feet,  the  height  of  the  person's  eyes  from  the  gromid,  and  CA 
=  radius  of  the  earth  =:  4000  miles.  Then  if  from  B  the  tangent 
BD  be  drawn,  the  arc  AD  will  be  the  distance  required. 

Now  CB  (which  is  eiddentlj  a  straight  line)  s  4000  miles  + 

8yards=  4000  +  JL  mUes  =  1212221  and  cos.  C  =  ^ 

1760  1760  CB 

^  7040000    ,    C*  ,    C*     - 
B= =  1  —  —  +  —  —  «C. 

7040003         9     S.8.4 

Bat  since  C  is  very  small  compared  irith  1,  we  may  neglect  the 
higher  powers  of  C. 


...  C«  =  2  (1   -  ..7040000    ^ 


6 


7040008  7040008 


.".  AD  =  4000  X  C  =  4000    /      ^  '     miles,nearly, which 

^    7040003 

may  easily  l^  conyerted  into  miles,  fm^longs,  poles,  yards,  &c. 


232.  Let  A  (Fig.  78,)  be  the  given  Z,  and  with  AD,.the 
given  line  drawn  from  the  vertex  A  bisecting  the  opposite  side  of 
the  A  9  describe  a  circular  arc  MN.  Then  ABC  being  any  A  of 
which  BC  is  bisected  in  D  by  AD,  and  Ahc  that  whose  side  be  is 
bisected  by  Ac2  at  right  angles,  and  .*.  touches  MN,  we  have  A  Aftc 
>  ABC.  For  rDs  being  drawn  parallel  to  be  meeting  the  J.  from 
C  and  B  in  r,  s,  it  is  evident  that  A  Cec  >  CDs  >  DrB  and  k 
fortiori  >  bBe,  and  the  part  AheC  is  common  to  the  two  A  Abe^ 
ABC ;  .*.  Abe  is  >  ABC.  But  ABC  is  any  A  whatever,  .-.  Aftc 
is  the  greatest  A  required. 


233.  Let  AB.  (Fig.  79,)  the  given  line  s  a,  and  suppose 
the  velocity  of  the  point  A  moving  along  AC  from  A  =:  4  X  vel. 
of  B  moving  from  B  along  BA ;  then  B',  A',  being  any  contempo- 
raneous positions  of  A,  B,  required  the  curve  to  which  A'  B'  is  per- 
petually a  tangent. 
Let  6a  be  the  position  of  A'  B'  immediately  successive  to  A'  B'l 


I. 
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ITt 


and  intersecting  it  in  P.    Then  P  is  eyidently  the  point  at  which 
V  A'  touches  the  ciznre. 

Now  let  the  equation  to  the  line  B'  A'  referred  to  origin  A  hy 
eo-ordinates  v,  y,  parallel  to  AC,  AB  be 

y  =  Mx  +  N. (1) 

Then  ABssyszlf 
A4'  =  X  =  --  S  =  nBB'  =  n .  (a  -  N) 

/.  N  =  Ji22L 

Mn— 1 
and  the  equation  (1)  becomes 

''="'+s- « 

Now  at  the  point  P,  y  and  x  belong  to  the  cnrre  as  weU  as  to 
the  tangent ;  and  since  for  the  next  position  aby  they  may  be  con- 
sidered constant,  we  hare 

xm  +  J^  ■■  m  -  ^^^^^  =  0 

Mb— 1  (M»-l)« 

which  gives  M  =  i-  ±       /^ 

and  sabstituting  in  equation  (2)  we  get 

n  \     n 

the  equation  to  the  curve  required.     See  pp.  47,  48. 


234.  Let  a  be  the  given  line,  and  Q""  the  gifven  8quafe» 
then  X  being  one  of  the  required  parts,  and  *\  a  '^  x  the  other, 
we  have 

(a  —  a?)  a?  =  Q* 

/.  X  =  g  J:  Va'  *-  4Q>\  tv^faich  determines  the  rectangle  re- 

paired.    Also  since  4Q'  cannot  exceed  a*,  (  —  J    is  the  greatest 

s^e  the  rectangle  can  equal. 

n8 
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235.        Let  (Kg.  C.  P.  p.  272) 

AE  =  a  ?  BE  =  6  )   CE  =  c  5       ,  _._       . 
AD=  «' S  BD=  6'j  CD=  4  "^^^^  =  "• 

Then  cos.  0  s=  cos.  a  •  cos.  a!  +  cos.  b  cos.  V  +  cos.  c  .  cos.  c^ 
For  COS.  DAE  =  cos.  (DAC  -r  EAC) 

=  COS.  DAC .  cos.  EAC + sin.  DAC  sin.  EAC. 

But  COS.  DAE  =  COS'  Q  -  cos-  ^  cos-  ^' 

sin.  a  sin.  a 

and  since  the  angles  at  A,  B,  C,  each  =  90^. 

COS.  DAC  =  -?!l4cos.  EAC  =  J2L1 

sin.  a  sm.  a 

sin.  DAC  =  COS.  DAB  =  .S2tJL 

sin.  a* 

sin.  EAC  =  COS.  EAB  =  .£2!lL 

sin.  a' 

.*.  by  substitution  and  reduction,  we  get 
Cos.  G  =  COS.  a  .  COS.  a'  +  cos.  b  .  cos.  6'  +  cos.  c  cos.  c'. 

This  Problem,  which  is  in  substance  the  same  as  '*  To  find  the 
inclination  of  two  straight  lines  on  the  same  plane  given  in  posi- 
tion," may  be  otherwise  solved,  as  follows : 

be  the  equations  of  the  given  straight  lines  referred  to  the  point  of 
their  intersection  by  rectangular  co-ordinates  passing  through 
A,  B,  C.  Then  supposing  this  point  to  be  the  centre  of  the  sphere 
ABC,  let  the  lines  intersect  its  surface  in  D,  E,  and  make  the 
radius  of  the  sphere  =:  1.  ^ 

Now  the  equation  to  the  points  E,  D,  being 

J-  +  y«  +  ;t»  =  1,  a/'  +  y'«  +  z'*  =  I. 

by  means  of  equations  (1)  and  (2)  we  have, 

(1  +  TO«  +  n«)  z«  =  1,  (1  +  wt'«  +  n'«)  2'«  =  1 

But  DE«  (chord)  =  (j:  -  aO«  +  (y  -  j/'j'^  =  z  --  x  (xa/  +  yy' 
+  zz\  and  cos.  0  =  I  —  —  DE«. 

2 
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.'.  cos  0  =  Ofo/  +  yy'  +  Z7i 

1  +  mid  +  nii 


181 


Cos.  0  also  =  COS.  a  Cos.  a'  +  cos.  6  cos.  li  +  cos.  c  cos.  c^,  for 
it  readily  appears  upon  drawing  the  co-ordinates  that  x  =  cos.  a> 
j/  =  cos.  et',  y  =  COS.  6,  y'  =  cos.  &',  2  =  cos.  c,  z'  =:  cos.  c'. 


236.  Let  0  be  the  Z  at  the  centre  of  the  generating  Ot 
subtended  by  that  arc  which  has  been  in  contact  with  the  base, 
then  R,  r,  being  the  radii  of  the  base  and  generating  circles,  it 
readily  appears  (see  Principia,  vol.  i.  p.  284,  new  edit)  that  the 
length  of  an  arc  measured  from  the  first  point  of  contact  is  ex- 
pressed by 

^^4MR±r)^ers.  1 (l) 

the  positive  or  negatiye  sign  prevailing  according  as  the  curve  is 
the  epicycloid,  or  hypocycloid. 

Let  fi  =:  360®.    Then  vers.  _  =  2 

2 

and  the  whole  arc 

S  =  ^.(R±r) 

.*.  supposing  R  constant  and  r  variable,  we  have 
r  .  (R  —  r)  =  max. 
.-.  Rrfr  -  "^rdv  =  0 

R 

/.  r  =  — ,  orR    :    r   ::  2    :    1,  the  proportion  required. 

In  the  epicycloid  it  is  evident  that  the  greater  r  is,  the  greater 
will  be  the  length  of  the  curve. 


237.  Since  the  surface  of  water  in  equilibrium  is  always 
plane,  the  question  is  reducible  to,  *^  Required  to  shew  that  the 
solid  cut  off  from  a  cone  formed  by  the  revolution  of  an  asymptote 
to  an  hyperbola  about  its  axis,  by  a  plane  any  where  touching  the 
corresponding  hyporboloid,  is  a  constant  quantity." 
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Let  the  cutting  plane  APa  (Fig.  50,)  touch  the  hyperboloid  in 
the  point  Q,  and  let  the  reToWing  asymptote  and  hyperbola  be 
brought  into  such  a  position  that  their  planes  may  be  J.  cutting 
plane.  Then  Aa,  APoA  being  the  intersections  of  APa,  ACr^  and 
of  APa  with  surface  of  the  coney  we  know  that  APaA  is  an  ellipse 
whose  axes  are  Aa  (  =  2a!)  and 


flxCN  1 

.£'   VCA.  Ca 


cos 


=   VT    X    yi^(  =  260 


where  T  s=  area  of  A  AOa. 
Hence  the  area  of  the  ellipse  (Aa)  is 

•  >C«'*'=^VTX    ytaii.£ (1) 

and  the  volume  of  the  frustum  ACA  is 

JL  X  (APoA)  X  CN  =  Z.  X  o'  X  C!Nx  V^X  Vtan.  £ 

8  6  ^  S 

-~xTVT  X  y^^i^. 

But  T  =  2— it —  sin.  —  (a,  6,  being  the  semi-axes  of  the  hy- 
perbola).   See  No.  152. 

.    .  C 
.       Bin.<  — 

.-.  Frust.  CAa  =  _!L-  .  (a'+by ?L_  . 

a  constant  quantity.        Q.  E.  D. 

238.       The  equation  to  the  j)arabola  referred  to  its  focus 

being 

2a         _        a 
9  = 


1  +  COS.  0         ^^„  o    0 

COS.* 

2 

/tan.«i.  . 

i=o*.\_ i  +  fan.J-J. 


► 
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239.  This  is  a  particular  case  of  the  general  problem  of 
trajectories,  "  Supposing  a  given  curve  F  (x,  y,  c,)  =:  0  to  change 
position  according  to  a  certain  law  depending  on  the  yariation  of 
c,  required  the  trajectory,  or  curve  vrhich  cuts  it  in  all  positions 
in  a  given  angle  «» '-  &c. 

Let  0,  ft'  he  the  angles  which  the  tangents  of  the  curve  and 

trajectory  at  the  point  of  intersection  make  with  the  axis  of  x. 

Then  a/,  y',  (the  co-ordinates  of  the  trajectory  being  measured 

along  the  same  co-ordinates  as  (x,  y,)  we  have 

A  A       /tit       A\       tan.  ft'  —  tan.  ft 

tan.  «  2=  tan.  (ft'  -  ft)  c= - 

^  ^      1  +  tan.  ft'  tan.  ft 


^••=  df/      dy\ (1) 

daf 
and  F  (x,  y,  c,)  r=  o  . 

which  will  enable  us  to  eliminate  c,  thereby  obtaining  the  equation 
to  the  trajectory. 
If  the  trajectory  be  orthogonal  we  determine  it  from 

dt/      dy  _ 

(2) 


dsfdx  I 

F  (x,  y,  c)  =  0  J 


To  illustrate  the  above  process, 
(1)  Let  y  =  car,  required  the  trajectory  cutting  this  line  at  the 
same  Z  »,  whatever  be  its  situation  round  the  origin  of  co-ordi- 
nates. 

Here  ^  r:s  c 
dx 

and  eliminating  c  from  equations  ( I )  we  get  ^  =  y ,  a/  s:  a;,  at  the 
intersection) 

y  +  a?  tan.  »  =  ^  •  («  «-  y  tan.  ») 
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which  being  homogeneous,  gives 

iantt.l.  (C  .  V  ^  +  y*)  =*  ^"  •"'  — 

which  is  the  equation  to  the  logarithmic  spiral. 
Let  «  zz  90°.    Then 


/.C.Va?'  +  y« -.  tan.-> X 
0  * 


.•.  /.  c.  V^  +  y*  =  0  =  z.  1 


or  V^  +  y  =  ^sC 
which  is  the  equation  to  a  0. 

(2).  Let  the  moving  curve  be  expressed  by 

which  belongs  to  parabolas  and  hyperbolas  of  every  order. 
Then  ^  =  -  ^^^""^  y  ==  -.  ^.  X 

which  being  substituted  in  eq.  (2)  gives 
my*dt/  =  nar'rfj:' 
.'.  »iy'2  =  wx's  +  C. 
In  the  semicubical  parabola,  we  have 
cy«  =  x^ 
.'.  the  required  trajectory  is 
3y'»  =  C  -  2a?'»       . 
the  equation  to  an  ellipse. 

240.        Let  0  =  the  arc  required.    Then  by  the  question 

we  have 

u  =  sin.  0  .  (sin.  d  —  cos.  0)  =  max. 

/.  :^  =  0,  gives 
dB 

sin.  2^  £=  COS.  20 

45^ 


.%  tan.  20  s=  1,  or  20  =r  45^  and  0  == 


2 


241.        Let  ft,  0,  be  the  co-ordinates  of  the  given  point  any 
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where  situated  in  the  plane  of  the  parabola,  whose  equation  referred 
to  the  same  co-ordinates  originating  in  its  vertex  is 

^      ,  y«=|}j? (1) 

Then  the  distance  required  is  easily  shewn  to  he 

(y  —  /?)•  +  (J?  -  »)'  =  max. 
and  fkty  .  (y  —  /5)  +  2dx  (a?  —  »)  =  0 
But  by  eq.  (1)  we  have 

.\    Vp  .  ?Il|  +  (;r  -  «)  =  0 

whence  and  by  means  of  eq.  (1),  we  have 

a?»-  2az'  +  t£i:£  X  +  JLj/Pi^V^-— ^=0. 

4  2  4 

Let  /S  =  0. 

Then  a?«  —  2*q?«  +  /*^*  ".P^  x  =:  0 

4 

/.  0?  =  0,  or  a  ±    P 
wbich  more  than  demonstrates  the  problem.     See  No.  215. 


242.        Since  the  equation  to  the  curve  is 
y  =  {jc»  +  oo;*-!)^  =  0? .  (1  +  —\^ 

=  X  +  w  +  J^  (1  -m)ar^  +  Ax-2  +  &c. 

2wi* 

by  the  Binomial  Theorem. 
Hence  the  straight  line  whose  equation  is 

,     a 

m ,  • 

ttoAl  the  given  curve  continually  approach  as  x  increases,  and 

touch  when  j?  =:  »,  i.  e.,  the  line 

.     a 
y  =  0?+  — 


■v«^j«jttnptole  iloi  ih&iti^e; 


^  t 
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This  is  Sterling's  method  (See  Linea  Tertii^Scc.i  p.  48,)  of  de- 
termining the  asymptote,  which  ought  to  be  adopted  in  all  de« 
mentary  treatises  as  the  most  simple.  Th^  reader  may  yerify  the 
aboTe  result  by  the  common  method* 


243.         LetAB=;ar,  BCs=  v;  thenTBssi^, 
tan.  BCA  =  ±,  and   tan.  TCA  =  tan.  (TCB  -  ACB)  = 

y 

dx  ^   X 

tan.  TCB  --  tan.  ACB        _      ^     '  y      ^„^^  RfiA 

1  +  tan.  TCB  x  tan.  ACB  i  +  ^  x  — 

<%        y  - 

c=  n  —  by  the  qoestion* 
V 

(«+l).- 
Hence^  = IL (1) 

and  putting  JL  =  «,  by  substitution  and  reduction,  we  get 

n       dx  ^  ^     udu 
n+1 '   X  \  +  u* 


*  c  ex 

or  a?*  "♦"  ^  =s 


which  reduces  toy=scai"-*"*—  «* 
the  equation  to  the  curre  required. 

When  n  =  1,  y*  =  Cjc  -  af ,  the  equation  to  a  circle,  .*.  in 
the  O  Z  ACB  t=  Z  ACT,  which  may  easily  be  demonstrated 
geometrically. 


244.        Supposing  the  cylindrical  vessel  open  at  topf  let  a 
be  the  thickness  of  its  bottom  and  site  i  let  Atoems^Hl^fiivni 
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capaeity,  and  5^  +  a  the  radius  of  the  base,  and  x  +  a  the  alti- 
tude of  the  Tessel. 
Then  the  whole  volume  Y  is  expressed  by 

V  =  »  .  (y  +  a)«  .  (X  +  a) (l) 

and  the  hollow  part  tn  by 

m  s  wy*x (2) 

.*.  the  material  is 

V  —  m  =  «•.  (y  +  a)«  {*  +  «)  —  «•  e  ttin* 

••.  (y  +  «)• .  (a?  +  a)  =  min. 
and  putting  its  differential  c=  0,  we  get,  after  reductions, 

by  the  extracting  of  which,  the  Talue  of  y,  and  •*.  of  x  (by  eq.  8) 
determining  the  cylinder  required,  may  be  found. 


245.  Cayaleritts,  in  his  method  of  Indivisibles,  first  shews 
thai  if  a  cylinder,  cone,  and  hemisphere  have  equal  bases,  and 
altitudes,  and  sections  in  each  be  made  by  plants  parallel  to  their 
bases,  cutting  the  axis  of  the  cone  at  a  distance  from  its  vertex 
=  those  from  the  centres  of  the  bases  of  the  hemisphere  and  cy- 
linder, the  section  of  the  cylinder  =  the  sum  of  the  sections  of 
the  hemisphere  and  cone.  Hence,  since  the  method  supposes 
solids  to  consist  of  indivisible  plane  surfaces,  the  cylinder  s:  he- 
misphere +  cone. 

But  cylinder  =:  3  X  cone. 

.*.  Hemisphere  =  —  cylinder 
X  8 

and  the  sphere  =  —  .  cylinder 

3 
r  being  the  radius  of  the  sphere. 


246.        The  equation  to  the  ellipse  referred  to  its  centre 
tieing 


V 
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9  = 


^1— e*cos.»0 

ivhere  b  =:  conjugate  axis,  and  e  the  eccentricity,  we  have 
df  ^  ^  he!*  COS.  0  sin.  0 

^^  (l-e«cos.«a)7' 

But  if  ^  be  the  Z  between  p  and  the  tangent,  we  have 
^  —   P«^^    —  _     1  —  e«  cos.«0 


tJ^i*  f 


cfp  e*  sin.  G  cos.  0 

and  tan.  (Z  between  p  and  nonnal)  =  tan.  (^  db  90^)  =:  —  cot.^ 

es  sin.  d  cos.  0 
en  :_  =s  max. 

1  —  c«  cos.«  d 

sin.  0  cos.  0 


-  =  max. 


1  —  e«  cos.«  0 
and  putting  the  differential  =  0,  we  get 

cos.  0  =  ±         ^         =  ±  - 


V2  — f«  V^*+^* 

a«  —  i« 
2  2a6 


and  .-.  p  =  ±     A'  +  ^',  and  tan.  (f  ±90°)  = 


which  will  determine  the  points  at  which  are  situated  the  maxi- 
mum angles  required. 


247.        Let  A,  B,  C ;  a,  5,  c,  be  the  angles  and  opposite 
sides  of  the  spherical  A ,  and  suppose  A  and  C  constant.     Then, 

since  sin.  c  =     .  .  sin.  a,  dc  =:  tan.  c  .  cot.  ada  (1) 

sm.  A 

sin.£±£ZL* 
and    since   tan.  — tan. —  = 


^  ^  sin.  fL±£±i 


dhz=z{da'\-  dc)  -  ^"'-  ^ 


sin.(a+c) 
which  by  means  of  equation  (1),  becomes 

dh  =;     .1  X  dp, 

sm.  a  cos.  c 
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and  supposing  da  positive  or  a  increasing,  db  is  positive  or  nega- 
tive, according  as  cos.  c  is,  i.  e.,  according  as  c  is  <  or  > 
quadrant.  Q.  E.  D. 


248.  This  problem  is  equivalent  to  the  following  one, 
"  Required  to  prove,  that  if  two  parabolas  of  the  same  parameter, 
revolve  round  their  axes,  which  are  in  the  same  straight  line, 
thereby  generating  two  paraboloids  one  within  the  other,  and  a 
plane  be  drawn  touching  the  interior  paraboloid  in  any  point 
whatever  of  its  surface,  this  plane  will  cut  off  from  the  exterior 
paraboloid  a  constant  volume.^' 

Let  the  cutting  plane  touch  the  interior  paraboloid  in  p.  (Fig.  So\) 
and  suppose  the  plane  of  the  generating  parabolas  QA^  to  be 
brought  into  a  situation  J.  cutting  plane  QF^,  and  intersecting  it 
in  Q^ ;  also  let  Q'g',  FM'  be  the  intersections  of  a  plane  J.  axis 
Aa,  with  those  of  QAg,  QFg.  Then  since  the  planes  Q'Fg', 
QFj  are  ±  QAi/,  FM'  is  ±  Qg,  QV  at  their  point  of  inter- 
section  M'. 

Now  Q!Vq\  QFg  being  the  intersection  of  the  planes  with  the 
surface,  we  have  Q'Fg'  a  circle  from  the  nature  of  the  revolutioni 

and  .-.  FM'«  =  Q'M'  x  M'g'  =  QM'  x  M'y  x^  (by property 

of  the  parabola)  p  and  P  being  the  principal  parameter,  and  that 
corresponding  to  ordinates  parallel  to  Qg. 

Hence  the  section  QFg  is  an  ellipse  whose  —  axes  (a,  b,)  are 

expressed  by 

a  =  -^.6  =  a.      /£ 
8  V   p 

and  .'.  its  area  by 

Bat,  drawing  pF  parallel  to  Aa,  and  putting  Aa  =  f»,  we 
readily  prove  that  Pp  =:  m^  and  (^q  (parallel  to  tangent  at  P)  is 
bisected  in  p.  .*. 
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Again,  supposing  the  segment  (Y)  of  the  paraboloid  to  be  ge* 
Derated  bj  the  motion  of  the  variable  ellipse  parallel  to  itself,  we 
have 

dV'  =  (£.(PN)  X  irw'V'TP" 
s=  cos.|)FN  X  »Vl>P  •  »»'*»' 
/.  V  =  9t  ^p  xF  .  cos.  pPN  .  m'« 

2 

V  being  the  segment  corresponding  to  the  Tariable  value  m'  of  m. 
.-.  V  =  JlVp^P  COS.  pPN  .  wi« (8) 

FN 

Bnt  since  COS.  pPN  = 


m 


andP=£l 


m 


.-.  V  =    ^fnix^p  .  a  X  PN (S) 

8 

and  since,  as  it  is  well  known,  any  segment  (which  may  be  proved 
very  elegantly  by  the  method  of  exhaustions  according  to  Archi- 

medes)  of  a  parabola  =  —  of  its  circumscribing  parallelogram,  we 

have 

a  X  PN  =  a/  pm  y,  m  zi  nfi  tfp 

/.  V  =  SP^ (4) 

2 


which  is  a  constant  quantity. 


249.        Let  the  radii  of  the  successive  circles  be  r,,  r„  r,,.... 

C|,  C«,  Cj, the  areas  of  the  Os,  and  T„  T„  the  areas  of 

their  inscribed  A : 

Then  it  easily  appears  on  drawing  the  figure,  that 
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r«  =  r.  Bin.  80  =  ili 

r,  =  r^  sin.  80  =  li  =  II 


2—1 


4 

T-  =  ±jl±.r,»ss±J±.  SiL, 

T.  s=  ±j/±.  —liL 


Hence  C^  +  C,  +  C,  + «  =2  » .  (r^*  +  r^j*  +  fcc.) 

=  »ri«  (1  +  JL  +  -L  +  JL  +  &c.) 

1  >A^.^     fi 


=    wr.»    X  — i —  =  i^Ili,and 
*  ,        1  8 


1-^ 

2« 


T^  +  T,  +  ....  <»  te  ±J±r,'  (I  +±  +  JL  +  &a) 

4  8*  8* 

4  1  «.    1 


l-JL 

8« 


250.  It  may  easily  be  shewn,  that  any  two  opposite  faces 
of  the  parallelopiped  inscribed  in  a  sphere,  are  parallelograms, 
inscribed  in  equal  and  parallel  circles  of  the  sphere ;  and  it  is  eTi* 
dent,  that  the  greater  these  faces  are  for  the  same  distance  between 
tbem,  the  greater  will  be  the  parallelopiped.  Bnt  the  square  is 
die  greatest  paralldogram  inscriptible  in  a  circle.    Hence  putting 
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y  s:  —  diagonal  of  the  square  face,  and  x  =:  its  distance  from 

x 

the  centre  of  the  sphere,  we  ^ery  readily  have 
V  =  So:  X  2y'  =  4y'a?  c=  wmmt. 

.*•  2xydy  +  y*dx  =  0,  or  -5^  =    —  JL 

cue  Smw 

But  y  =  V*^-**   ,-.  ^  =  -  £. 
2*         y 


andy  :=i  X  ji/  2=i  V*~^' 
whence  x  =     ■     .,, 

which  shews  that  the  faces  are  all  equal,  and  they  have  been 
shewn  to  be  at  right  j^  to  one  another.  Hence  the  parallelopiped 
required  is  a  cube,  whose  side  is 

2x  ss  — -;^,  and 


volume  s 


V3 

8r» 


3a/ 8 


251.  Let  a  be  the  distance  of  the  given  point  from  the 
centre  of  the  ellipse,  whose  'equation  referred  to  the  centre  along 
the  conjugate  axis  is 

then,  by  the  question,  we  have 
(»  +  «)•  +  y"  =  max, 

:.  (a  +  xy  +  — .  (b*  —  a?*)  =  max. 
.'.  2  (»  +  a:)  dx  —  8  —  xdx  =  0 


which  gives  x  = 


a6* 


«•— 6* 


whence  y  may  be  found,  and  the  maximum  required. 
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252.  Let  »  =  circomference  of  a  circle  whose  diameter 
IS  (I)  =  d.14159,  &c.,  which  may  be  found  approximately  many 
ways,  and  suppose  fi®  the  required  arc  of  the  given  circle  =  its 
»adius(r).    Then  by  the  question, 

«nr:  860®  11  r  :  V^ 

29  (3.1416) 

s=  67^ .  17' .  44"  nearly. 

253.  let  a,  5  be  the  axes  of  the  ellipse  a\  V  its  conjugate 
diameters,  and  6  the  Z  between  them.  Then  since,  by  property 
of  the  ellipse, 

a'b'  sin.  d  =  o^ 

•     •_   A ab  , 

..  sin.  8  g=    ^  ^   =  mm. 

A  fl^&'  s=  max. 
•iid6W  +  a'cii'  =  0,  or-^=  -ill. 

But  tf*  +  i'*  =  a*  +  6* 

fltft'         ""  a' 

Hence  y  =  II',  and  sin,  a  =3^  s  -iS*   ,  wUch  determines 

a'^        a*  +  6* 

Ae  angle  required. 


254.        Let  the  given  surface  of  the  cone  be  Q*,  x  the  alti- 
tude and  y  the  radius,  of  the  base.    Then  we  have 

Q?  =  —  slant  side  x  perimeter  of  the  base, 

8 


orQ«=-ry.V«'+y'...-.  (0 
and  vy'  X  —  =  max* 

/.  2^dy.  SL  +  J2l.&=s  0,or^=   -  X 
8  a  da:  2x 


_.\j 
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Also  from  eq.  (1)  we  easily  get 

~  «y'+«* 


dx 


SJt 


Hence  y  s=  -£=1  cu^d  sabstitating  in  (1)  we  hate 


and  ••.  y  =  Q  ^  JL_ 
wUch  determine  the  fonn  of  the  cone  reqiured. 
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STATICS. 

1155.  Since"  the  bodies  (A,B)  more  at  the  same  late,  and 
firom  the  same  extremity  of  the  diameter  of  the  circle,  they  will 
always  be  in  the  same  straight  line  J.  diameter.  Hence,  x,  y 
Idng  the  co-ordinates  meaffu^  fn»m  the  centre  of  the  eiicle  of 
Ihe  reqinred  path,  aAd  y' the  ordinate  of  the  dttde  aAd  a  it^ 
ive  have 

A:B  ::y'  +  y  :y  -y 

.      _A-B     #^A-B    i-v      : 


A+  B 


•Vft*-** 


a 

or  the  required  curve  is  an  eUipsey  whose  semi-axes  are 

^„ ,  A  ^  B 
a  and  •- a. 

A  +  B 


256.        Let  V,  v'  be  the  utoifotm  Telocitief  at  the  equal  bodies. 
Then  since  their  centre  of  gsarity  i«  the  middle  jfCint  between 
them,  if  s,  ^  and  g  be  the  spaces  described  by  each  of  the  bodies, 
and  the  centre  of  gravity  respectively,  we  have 
s»  +  s'*  =  V  +  8»»»        ' 


and  COS.  120^ 


""  2ss'        ) 


2m  being  the  distance  between  the  bodiesr^ 
Hence  eliminating  m,  and  potting  —  JL  for  eos,  180^,  we 
obtain 

O  9 
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But*  :sf  ::  V  :v' 

aiidV«(l  +  ill  -  2.)  =  4gr« 

.-.  JL  =  « andil  =  1 


the  relations  required. 


257.  The  centre  of  gravity  of  the  bodies  at  the  base  of 
the  A  is  the  middle  point  between  them ;  and  supposing  the  sum 
of  them  placed  in  that  point,  the  common  centre  of  gravity  of  tl^e 
three  equal  bodies  will  divide  the  line  drawn  from  it  to  the  vertex 
in  the  ratio  of  1  :  2.  Hence  2a  being  the  base,  smce  the  angle  at 
the  vertex  is  a  right  Z,  it  easily  appears  that  the  centre  of  gravity 

Ua 

required  is  distant  from  the  vertex  by  — 


258.  Let  the  body  A  be  fixedy  and  B  be  moveable.  Then 
(xy  y),  (afy  y)  being  the  co-ordinates  of  the  centre  of  gravity,  and 
the  body  B  measured  from  A  along  the  diameter  (Sr)  it  readily 
appears  that 

y  :y  ::a?:a:' ::  B  :  A  +  B 

Buta?«  :  y«  ::  ar'«  :  y'«  =  2ra/  -  a?'« 

::a/  :  2r  —  a?' 

A  4.  B 

.*.  «« : ««  +  y«  ::  a' :  2r  ::  a? ,  HZ —  :  «r 

'        B 
Hence 

*         A+  B  ' 

or  the  curve  required  is  a  cirde  'whose  radius  is      ^ 


A  +  B 


I 
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259.  '      Let  p  be  the  perpendicular  distance  between  the  two ' 
sides  (a,  b)  x^  y  the  parts  df  it  made  by  the  centre  of  grayity  of  the 
trapezium.  .  . 

Then  diridingthe  trapezium  into  two  A  (Ai  B)  whose  bases  are 
(a,'£),  and  finding  their  centres  of  gravity  which  are  known  to  be 

distant  from  their  bases  by  — p,  we  hare,  supposing  the  material 
of  the  A  and  trapezium  collected  in  their  centres  of  gravity , 

8  3 

y  x(A  +  B)  =  A.?P  +  B.P. 

8  3 

ButA  =  ?f,B=i:^. 

/.  x  =  JL.l±JL,yzzl^.  L±-!f,  which  give  the 
3       a+b     ^         8  a+b 

prt^rtion  required. 

260.  Let  a  be  the  length  of  the  bat^  and  A  its  whole 
mass ;  then  supposing  the  bar  prismatic,  its  mass  oc  length  yC 
density  oc  ;r  x  a:*  oc  or^^  ;  .*•  the  mass  M  of  the  length  s  is  ex* 
pressed  by 


and  the  distance  X  of  the  centre  of  gravity  of  the  length  x  from  its 
origin  is 

X  =  /^^  =  !Ltlx. 

M  n+2 

Let  X  sz  a. 

ThenX  =  !Li:Ia.        Q.  E.  L 
n+2 


261.        Let  fly  i,  —  ^  be  the  distances  of  A,  B,  C,  from  the 


ro*  CJBKTRE   OP   QRAVITY^ 

pitttef  and  x  that  of  their  oommon  centre  of  graTity.    Then 
d?  X  (A  4-  B  +  C)  cs  Aa  +  B6  --  Ce 

A4-B+C 
or  Mug  positiiv  0,  or  negatlrei  according  as  Co  ii  <  es  or  > 

Aa  +  B6. 


262.  Let  QF^,  (Fig.  80,)  be  the  cutting  plane,  and  bring 
the  generating  parabola  into  Bucb  a  positbn  Qjnq  that  its  plane 
shall  be  JL  plane  QFg.  Then  the  section  of  the  cutting  plane 
with  the  surface  of  the  paraboloid  will  be  an  ellipse  whose  semi- 
axes  (a,  V)  are  Qp,  and  >/  p  x  Pp »  p  being  the  middle  point  of 
Qiqy  Pp  parallel  to  the  axis  Am,  and  p  the  latus  rectum  of  the 
parabola.  Hence  putting  the  parameter  of  the  diameter  Pp  =z  P, 
]^N  (±  to  Ctg)  :=  «,  and  /i  PpN  =:  «,  the  area  of  the  ellipse 

iaCP^q  :=iirab  ^va  VpxPpssyyP.Pp     X    */  P  *  Vp 

=  «-  VP  •  P    ><    Pp  =    *  'J^  '  P    X  X. 

sin.  a, 

Now  supposing  the  segment  of  the  paraboloid  QP7  generated 

by  the  ellipse  moving  parallel  to  itself  up  to  P,  we  have  its  volume 

V  expressed  by  

V=    <r  yP  .  p  ,  f^dx 

Sin.  a 

•\  the  distance  X  of  its  centre  of  gravity  from  a  line  JL  PN 
and  passing  through  P  is 

•'.  the  centre  of  gravity  is  in  the  straight  line  drawn  J.  PN  and 
cutting  off  a  third  part  from  PN,  I^  towards  Q^.  But  it  is  also 
in  Pp  (•.•  Pp  bisects  every  diameter  of  the  generating  ellipse).    It 

,  is  /.  in  their  intersection,  or  it  is  in  Pp  distant  from  p  by  —  Pp* 

Hence  the  position  of  the  centre  of  gra^ty  (G)  of  the  segment 
of  the  paraboloid  is  determined  by  bisecting  Q9  in  p,  drawing  pP 

nairalleUo  ih^aaus  Am,  and  taking  pQr  =  -^  Pp. 
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■    •. 


263.       Bjr  tlie  <|iiettkiii»  we  have 
fyadx  _   «^ 
Jydx         % 

and  differeEtiatiiig  again,  &e. 
It— 8      dx  ^      dy 
n— 1  *  IT  "^       y" 


Now  the  distance  of  the  centre  of  gravityof  asolidof  rerolutioA 
fiom  the  vertex  is 

A  the  distance  raqnired  is 

91-1 


rabola;  andD  =  — x  for  the  paraboloid. 


264.        Let  the  edges  AB,  CD,  (%.  SI,)  of  the  nrramlil 

which  do  not  meet  be  bisected  in  P-,  Q.    Then  P,  Q,  being  jobed 

and  bisected  in  6,  G  will  be  the  centre  of  gravit  j  of  the  pyramid. 

For,  joining  A6  and  prodacing  it  to  meet  Bn  drawn  parallel  to 

FQ,  and  intersecting  6Q  in  g^  we  have,  bj  sfanilar  A, 

Q^  :  %  ::  QG.  :  B« ::  PG  :  B« 
:•  AP  :  AB  ::  1  :  2 

A  5f  is  the  centre  of  gravity  of  the  A  BCD;  and  similarij  it 

■Mtj  be  proved  (if  BG  be  joined  and  produced  to  meet  AQ  in  g") 

that  ^  is  the  centre  of  gravity  of  the  A  ACD. 

.  Kfw  est^eiving  the  pyramid  to  consist  of  A  parallel  to  BCD, 

eadi  A  will  balance  alxmt  Ag^  because  it  passes  through  their 
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centres  of  gravity ;  /.  the  centre  of  gravity  of  the  pyramid  is  in 
A^  ;  for  the  like  reason  it  is  also  in  B^' ;  .it  is  /.  in  their  point  of 
intersection  G,  or  it  is  in  the  middle  point  ofthe  line  joining  the 
middle  points  of  any  two  edges  not  meeting,  of  the  pyramid. 


265.        Upon  the  diameter  of  4he  drcleirhich  passes  through 
(S)  let  fall  J.  s'from  A,  B,  C,  &c.,  and  let  their  distances  from  the 
common  centre  df  gravity  (G)  be  denoted  by  a,  &,  c,  &c. 
Then  joining  AS,  AG,  we  have 
SA*  =  AG'  +  R*  +  2Ra 
and  A  X  SA«  =  A .  AG*  +  A  .  R'  +  dR  x  oA, 
Similarly, 

B  X  SB»  =  B  .  BG*  +  B  .R' +^R  X  *  .  B 
G  X  SO  =  C  X  CG«  +  C  .  »•  +  «R  X  c.  C 

&C.  :=:  &c. 
.\  A  X   SA"  +  B  X   SB»  +  C  X  SC«  +  &c.,  =:  A  x  AG« 
+  B  X  BG*  +  C  X  CG«  +  &c. 

+  R«  X.(A  + B +.C +&cO, 
+  2R  X  (A  .  a  +  B  .  6  +  C  .  c  +  &c.) 
But  A  .  a  +  B  .  6  +  C  .  c  +  &c.  n  0. 
.-.  A  X  SA'  +  B  X  SB«  +  &c.  =:  A  X  AG« 
+  B  X  BG«  +  C  X  CG«  +  &c.  + 
R«  X  (A  +  B  +  C  +  &c.) 
which  is  constant  when  R  is. 


266.        The  equation  to  a  spherical  surface,  the  co-ordinates 
originating  at  the  centre,  is 

*•  +  y*  +  2*  =  »"*• 
Hence  the  distance  (Y)  of  the  centre  of  gravity  from  the  plane 
of  (y,^,)  (See  WhewelPs  Mech.  p.  101,)  is 

Y  ^   ffzxdxdy    _  f^  fj.^  ^^pTZyTT^ 

BxAfxdx ^r*-y*-x«  =  JL  (r» -  y«)*  takai  between  the 

3 
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limits  of  j;  =5  0,  and  x  s=  aJ  f*':^f^9jAyhjib^(pi^i\<m^ffzdxdy 
ssi-Tolmne  of  spheres:  "^' 


8  *  6 


But 


• 


8  r  16  * 


(y  "P"*^^ 


Hence,  for  the  whole 

•8 

Now  the  ( —  sphere)  being  symmetrical  with  respect  to  the 

three  co-ordinate .  planes,  it  is  evident  its  centre  of  gravity  most 
be  equally  distant  from  each  of  them. 

Hence  may  be  determined  the  actual  position  of  the  centre  of 
gmrity  of  the  proposed  solid,  which  is  the  intersection  of  the  three 
planes  drawn  parallel  to  the  co-ordinate  planes  of  {xy)^  (yz),  {xz); 

Q 

and  distant  from  them  by  the  same  interval  —  r.      Its    distance 

8 

from  the  centre  of  the  sphere  is 

lj±.r. 

8 

On  this  subject  the  reader  will  find  much  useful  and  degant 
matter  in  the  work  above  cited.  In  page  91,  lines  7,  8,  two  errors 
of  calculation  having  fallen  under  our  observation,  we  notice  them,* 
with  the  view  of  facilitating  the  perusal. 


267.        The  equation  to  a  cycloid  being 

y  =  i/  2rx  —  X*  +  vers."^  x  ■ . 
lie  have  the  distance  of  the  centre  of  gravity  of  its  arc  s  from  the 
uis  of  y  originating  in  the  vertex  expressed  by 


J 
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Y  scZf*  =  djL 

V* 

S /?  .4.1 
__         8  _    « 

and  its  distance  from  the  aids  of  «  by 

«<^— *^  •—  ■  t  -.wi  .III  I   - ,111, 

X  and  Y  determining  the  position  of  the  centre  of  gravitj  (G)  of 
an  arc  (s)  of  the  cycloid  measured  from  the  vertex  whoUj  on  one 
side  of  the  axis  of  x. 

If  in  like  manner  X',  Y',  be  found  determining  the  centre  of 
gravity  (G^)  of  an  arc  (^  on  the  other  side  of  the  axis,  their  eom* 
mon  centre  of  gravity,  or  the  centre  of  gravity  of  the  arc  <  +  / 
may  be  fonnd  by  dividing  the  line  joining  G,  G',  in  the  proportion 
of  ^'  to^.  Hence  it  appears  the  centre  of  gravity  of  any  por« 
tion  of  the  arc  of  a  cycloid  may  be  found. 

Ifs  =  s'y  the  centre  of  gravity  will  be  in  the  axis  distant  from 

Aevertexby  ^ 

s 

268.  This  problem  is  reducible  to  '^  If  straight  lines  PQ 
(Fig.  82,)  be  made  to  cut  off  from  two  sides  AC,  BC,  of  a  A ,  seg« 
ments  PA,  QB,  whose  sum  =:  a  constant  quantity  (m)  and  PQ  be 
divided  in  G  so  that 

PG  :  GQ  ::  BC  :  AC 
then  the  kcus  of  G  is  a  straight  line  paralld  to  the  baae  AB; 
which  admits  the  foUowing  proof; 


CkKTIlfi  OP  GRAVITY*  SKJS 

Lfttfall  I^,  %,  Qjj,  ±  AB,  and  prodnoe  QP,  BA,  toineetiiiR. 
Then  from  similar  A  i  we  get 

Qq  :  Tp  ::  PQ  +  PR  :  PR 
.*.Qf  *^Pp  :  Pp  ;:  FQ  :  PR^nmilarly 
Pl>  :  %  r-  Pp  ::  PR  :  PG 

and  oomponendo 

ilq -^Fp  :  Qg  -^  Fp  ::  FQ,  :  FQ 

•••G(7=^.(Q?-Pp)  +  Pp- 

But  Q^  =:  QB  .  sin.  B,  Pp  =  AP  .  sin.  A 
QB  +  AP  s=  m 
and  PG  :  PQ  ::  sin.  A  :  sin.  A  +  Bin.  B. 
Hence,  by  mibstitnting,  we  get 

Q    ^  VI  sin.  A  .  sin.  B 
sin.  A  +  sin.  B 
a  constant  quantity. 
•*.  the  locus  of  G  is  a  straight  line  parallel  to  AB. 

If  the  question  be  considered  mechanically ;  then  since  P  and  Q 
are  in  stable  equilibrium  in  every  position,  their  centre  of  gravity 
is  the  lowest  point  possible.  Hence  whatever  may  be  the  position 
of  P,  Q,  their  centre  of  gravity  G  is  at  the  same  distance  from  the 
horizontal  base  AB  ;  i.  e.,  the  locus  of  the  centre  of  gravity  is  a 
straight  line  parallel  to  the  horizon. 


269.  The  spherical  sector  may  be  divided  into  a  cone, 
whose  vertex  is  the  centre  of  the  sphere,  and  a  spherical  segment,' 
having  the  same  circular  base. 

Let  a,  a',  be  the  altitudes  of  the  cone  and  spherical  segment,  r 
the  radius  of  the  sphere.  Then  (p.  199.)  the  distance  (9)  of  the 
centre  of  gravity  of  the  cone  from  the  centre  of  its  base  is 

i;  =  -^« (0 

4 

and  the  distance  (g")  of  the  spherieal  segment  from  the  same 

centre  is 

,  ^    i         fy^xdx   ^    ,       a'       8r-8a' 
Q  i^  a  "^  'A        "  •—  o  ■"  —  •   ■         . « 


J 
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But  a'  :=:  T--  a\   :.  by  substitution  and  reduction,  we  have  " 

Hence  the  distance  between  these  centres  of  grayity  is  ' 

g  +  g'  ^  ±  +  HZ1  .  ^^  +  «  -=         ^^ 

4  4  2r-^a         4 .  («r  +  a)* 

Again,  V,  V  denoting  the  Tolumes:  of  the  cone  and  segment, 

wehaye 

V  5=  JLbase  X  alt.  =:  JLa  V*-«SandV'  ^J^^dx 

=  JL .  (r  -  a)«  .  {JbT  +  a). 
3 

A  calling  G,  G'  the  distances  of  their  common  centre  of  granty 
from  g^  g\  we  have 

G:G'::  V':V 

::  (r  -  o)«  .  (2r  +  fl)  :  a  is/f«3a« 


But  G  +  G'  =  5r  +  jr'  = 


8r« 


4.(2r  +  ii.) 


/.G==(!:i:2)M!^  X  5_£!l_-G} 


whence 


G  = 


4{aV»"+a+  (r-o)*(8r+o)} 
/.  the  distance  (D)  of  the  centre  of  gravity  of  the  spherical 

sector  from  the  centre  of  the  sphere,  D  =  _  a  +  G,  is  known. 

4 

Let  a  =  0,  or  the  sector  be  a  hemisphere,  then 


D  =  !l 

8 
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270.        Let  n  be  the  number  of  equal  sides  of  the  prism,  and 
6  the  inclination  required  of  the  plane  to  the  horizon. 

Then  since  (supposing  the  prism  to  be  preTented  from  slipping,  by 
friction  or  any  other  cause,)  it  urill  rdil  or  not,  according  as  the  J. 
to  the  horiion,  drawn  fiom  its  centre  of  gravity,  falls  upon  the  base, 
or  the  base  produced.  Consequently,  the  limit  of  equilibrium  wiU 
^  correspond  to  that  position  of  the  J.  which  passes  through  an  %  at 
the  base,  and  the  centre  of  gravity.  Now  the  centre  of  gravify 
being  equally  distant  from  each  of  the  angles,  it  easily  appears 
that  the  J.  bisects  the  Z  at  the  base.    Hence 

0  =  R  -  JL  Z  &t  the  base, 

2 

R  being  a  right  Z. 
But  since  the  n  angles  of  the  pristn  are  equal,  each  or  them 

=  !2Lzi.R. 


n  n 


271.  Let  the  apparent  weights  be  to,  w'^  and  the  true  one 
X.  Then  a,  b  being  the  corresponding  lengths  of  the  amis  of  the 
steelyard,  we  have 

ax  =:  bw 

.  ,        bww* 

ox  ^z  aw  c=  — u. 


Again  —  (u?  +  w')  >  V  w  W 
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if  w*  +  2wv/  +  w'^  >  4  w;  w'  or 
if  ic*  —  2v)w*  +  w'2  >  0,  or 
if  (w  —  «?')*  >  0,  or 
.  if  ttfytc^be  rniequaly  "which  b^ng  the  case  by  hypoth* 
.  ^  to  +  «/ 

2 


272.  If  dbe  the  Z  foniidd  by  the  Bfriog  at  any  taek^  and 
W  one  of  the  equal  if  eights  appended  to  the  string,  it  is  known 
ibe  presBore  (F)  on  the  taok  is  expressed  by 

P  =  2W  •  cos (1) 

Ndr  since  in  the  problem  the  Z  at  the  rertei:  of  the  isosceles  A 
is  ^  190%  those  at  the  base  mast  each  =  80%  and  .*.  the  angles 
at  the  three  tacks,  riau,  9,  V^  (f*^  are  each  120^,  or  are  equal, 
Conseqaently,  the  eqaat.  (1),  the  pressures  P,  P/  P',  are  equaL 
Also  P  =  2  W  X  cos- 60P  z=  W. 


273.  l^  the  weight  of  the  lever,  (which  may  be  any 
figure  of  which  we  can  find  the  centre  of  gravity)  =:  ttf,  a  its 
length,  and  x  the  distance  of  the  fulcrum  from  the  end,  to  which  w 
is  attached,  its  distance  from  the  centre  of  gravity. 

Then,  supposing  the  weight  of  the  lever  placed  in  its  centre  of 
gravity,  we  have 

w  X  ^  =  to  X  a; 

But «  +  y  =:  distance  of  centie  of  gravity  from  the  end  =  m, 
a  given  quantity. 


m 


.*.  207  =  9R,  and  a;  =   — 
which  determines  the  position  of  the  fulcrum. 


274.        Since  the  sphere  is  supported,  the  forces  which  con- 
spire to  effect  the  equilibrium  must  tend  to  the  same  point.  Hence 


vQunnmiuii  in  gbnibax..  20t 

mjffotiBg  the  weight  (W)  of  the  sphere  placed  in  its  centre  of 
gravity,  L  e.,  in  its  centie,  the  ferce  of  gravity  acting  from  that 
point,  the  other  forces,  viz.,  the  reactions  R,  R',  JL  planes  at  the 
points  of  their  contact  with  the  sphere,  must  also  tend  to  the  centre 
of  the  sphere. 

Hence,  potting  the  inclinations  of  the  planes  to  the  horiaon 
r:  t,  I',  and  forminga  A  whose  sides  are  parallel  to  the  directions 
of  the  forces,  we  easily  get 

R:W::sin.  e':sin.  (O  +  O 
R';W::sin.  ftrsin.  (0+  fi*) 

and  resolving  R,  R'  into  their  vertical  and  horizontal  components 
(V;  H),  (V',  HO,  we  have 

V  =  R  .  cos.  8,  H  =  R  sin,  ft 
T'=-R'cos.y,H'£=R'sin.ft' 
A  V  :  W .  COS.  0  ::  sin.  V  :  sin.  (fl  +  ©0     \ 
V  :  W  .  cos.  tf  ::  sin.  6  :  sin.  (B  +  r)  } 
H  :  W  .  sin.  d  ::  sin.  6" :  «n.  (ft  +  n    1 
—  H' :  W  .  sin.  ft  ::  sin.  ft  :  sin.  (ft  +  ft^     j 
In  the  prohlem,  ft  ::=  60^,  and  V  s  80^. 
*•  V  •  W  ••1*41 

*  VtwVrs':*!"^^  :  "V*;:!  :8,  the  analogies  re- 
quired. 


275.       Let  AW  he  pndnced  to  meet  BC  in  (a),  and  let  a 
fKf  be  placed  ai  (a)  instcfMl  of  the  two  propsat  B,  C.    Then  de« 
noting  the  presswes  on  the  prqpa  at  A,  a,  by  A, «» we  have 
A:ii::Wa:WA 
.•.  A :  A  +  a  ::  Wa  :  Aa 

::  A  BWC :  a  bac 

BmA+assW. 

.%  A :  W  ::  A  BWC  :  A  BAC. 
and  in  the  same  manner  it  may  be  shewn  that 

B  :  W  ::  A  WAC  :  a  ABC 
C  :  W  ::  A  WBA  :  a  ABC 
and  /• 
A  :  B  :  C;;  a  BWC  :  A  AWC  :  A  AWB 
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.    For  the  general  problem,  of  which  this  is  a  partiodftr  etsef  the 
jreAder  is  referrod  to  WkewelVs  Mechanics^  p.  52. 


276.  Since  the  beam  is  at  rest,  the  forces  which  effiact  its 
;reposei  yizi,  the  reactions  of  the  planes  at  the  extremities  of  the 
Jbeam,  actiiig  in  directions  ±  planes,  and  the  weight  of  the  beam 
at  its  centre  of  gravity  acting  ±  horizon,  mnst  tend  to  the  same 
points. 

Hence  0,  V  being  the  inclinations  of  the  planes  to  the  horiaon, 
|a)  the  length  of  the  beam,  m,  m'  the  distances  of  its  centre  of 
gravity  from  the  extremities  leaning  on  the  planes,  of  which  d,  ^ 
are  the  inclinations,  and  f  the  inclination  of  the  beam  to  the  hori« 
zon,  we  easily  get  (p,  p'  being  the  corresponding  perpendiculars,) 
(m  +  my  =  p^.  +  p'«  -  2pp'  .  cos.,(d.+  0'). 
But  from  similar  A  it  appears  that 

^  m  cos,  y      /  ^  m'  COS.  f 
^         8in.e     *^""     sin.d'. 

Hence,  substituting,  &c.,  we  have 

"(»»  +  mO«sin.«esin.«0' 


cos.^  f  =: 


m^  8in.s  V  +  w!^  sin.*  d-  Smvi'sin.  Osin.  V 008.(8+0*) 

which  gives  the  two  positions  required. 

If  the  beam  be  prismatic  and  of  uniform  density,  or  m  =  m\  and 
moreover  if  0  s:  d',  then  cos.'^  =  1,  and  cos.f  =  db  I9  f  s  0, 
4>r  V,  which  shew  that  the  beam  is  then  horizontal. 

The  same  principle  will  also  serve  to  find  the  jposition  of  equi- 
librium of  a  beam  supported  by  two  given  curve  snrfacesr. 


277.  The  forces  which.produce  the  equilibrium,  viz.,  the 
man's  weight  (W),  and  the  reactions  of  the  beam  and  swing  R,  R', 
being  supposed  to  act  from  ih&  man's  centfe  of  gravity  in  the  di- 
rections vertical,  and  along  the  rod  and  string,  if  a  A  bis  foirmed 
by  lines  drawn  parallel  to  those  directions,  itii  sides  MU  represent 
those  forces. 

Now,  making  the  inclination  of  the  beam  or  lever  to 'the  ver- 
tical =:  a^  that  of  the  string  in-  the>  given  position  ^fi\  and  the 
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ghren  lengths  of  the  string  and  rod  c:  a,  6,  we  have  the  inclination 
ifi)  of  the  rod  to  the  rertical,  expressed  by 

6  =  sin-i  (±. 9in.7+e)  -  • (r) 

Hence 

R  :  W  ::  sin.p  :  sin.  (0  - /9) 
W  :  R'  ::  8in.(0  -  0)  :  sin.  e 
and  .'.  R  :  R'  ::  sin.  0  :  sin.  d» 
which,  by  means  of  equation  (I),  gives  the  values  of  R,  R\  &c. 


278.  Let  a,  i,  be  the  lengths  of  the  lever,  and  a  the 
angle  between  them ;  also  let  0  be  the  inclination  of  a  to  the  vertide. 
Then  the  weights  P  and  Q  hanging  from  the  extremities  of  a,  6, 
being  in  eqoilibrimn,  we  easily  get 

P  X  a  sin.  0  =  Q  X  6    tin.  («  -  d) 

:=  Qjb  (sin.  a    008.  0  -^  cos.  m  Sin.  &) 
whence 

eot  «  =:  4-  ^  -sr  •      .^    ■  +  cot. «. 
b        Q,        sin.  a 


I  '  279.         Since  the  tension  of  the  string  is  every  where  the 

same,  the  weight  is  supported  by  two  equal  forces,  and  •*•  the  di* 
reciion  in  which  (he  weight  acts,  (vix,  the  vertical  passing  through 
its  centre  of  gravity,)  bisects  the  Z  between  the  parts  of  the 
string.  HetiCe  a.  being  the  distance  of  the  tacks,  b  the  length  of 
the  string,  « its  inclination  to  the  vertical,  and  6  the  inclination  of 

'         either  part  of  the  string  to  the  vertical,  we  readily  obtain 

!  sin.  0  S3  ._  .  sm.  a  . 

b 

and  drawing  lines  from  the  tacks  making  the  Z  d,  thus  deter- 
nrned,  with  the  vertical,  their  intersection  will  give  the  required 
\         position  of  the  weigh 


280.         Since  the  tension  of  the  string  is  independent  of  its 
vox..  II.  p 
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length,  the  power  P  is  the  very  same  as  would  be  required  to  sup- 
port the  weight  W  kept  ia  equilibrium  by  the  string  being  fixed 
to  a  tack  in  a  manner  such  that  the  parts  of  the  string  may  be 
parallel. 


Hence 


p  =  w 


281.  Let  A  BCD  (Fig.  81.)  be  the  pyramid,  and  G  its 
centre  of  gravity ;  the  forces  acting  upon  G  represented  in  inten- 
sity and  direction  by  GA,  GB,  GC^  GB,  will  counteract  each 
other,  or  keep  a  body  at  G  at  rest. 

For  producing  AG  to  meet  the  plane  BCD  in  g^  and  resolving 
the  forces  GB,  GC,  GD,  intoG^,aB ;  G^,  gC ;  G^,  grD,  they  are 
equivalent  to 

sG^r  +  ^B  +  ^C  +  gf>. 

But  g  being  the  centre  of  gravity  of  the  A  BCD,  it  is  easily 
shewn  that  ^B  •!-  ^C  +  ^D  ==  0  ,  and  we  know  that  GA  = 
SG^.     Hence  the  forces  counteract   each  other,  &c. 


282,  Let  t0  be  the  weight  of  any  part  s  (=yV  ^^  +  «^y*) 
of  the  string  measured  from  its  lowest  point  by  the  vertical  and 
horiaontai  co-ordinates  (x,  y\  D  the  density  at  the  point  (x,  jr), 
and  a  the  tetision  of  the  string  at  the  lowest  point. 

Then,  the  equilibrium  being  produced  by  the  tensions  in  the  di- 
rections of  tangents  at  the  extremities  of  «,  and-  ks  weight  acting 
vertically,  we  have 

a   :  w  \i  dy   \  dx. 
dw 


Now  D  = 


ds 


Butcftc;  =  ,  supposing  Jy  constant. 

dy 


/.  D== 
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ad^x  ad'X 


r2 


i^hich  gives  (he  law  of  density  necessary  to  produce  a  catenary  of 
any  required  form. 

In  the  problem,  it  being  required  to  form  a  cycloid,  we  hate 

y  =  jj  2rx  —  ««  +  vers.~^j:. 

and 


X 

d^x  rdx 


^y  ^xi^r-x)^ 


and  ^  «       Ar 
dx         \/- 


/.  Dos 


(2r  -  x)i 


and  w  oc  .  /_^     .     ft.  E.  I. 


283.  The  resistance  of  each  particle  of  the  vertical  sec- 
tion AF  to  finacture  of  separation  from  thos^  in  fontfttl  with  it. 
Mill  be  in  a  direction  ±  AF.  H«oce,  snpposing  AFB  a  kvor 
whose  arms;  are  AF,  FC6,  an4  fulcrum  F,  and  P  a  veigbt  just 
sufficient  to  counteract  the  sum  of  the  resistances  of  the  particles 
AF/and  putting  AB  =  x,  FA  =  y,  tbe  distance  of  any  one  of 
those  particles  from  F  =  y\  and  the  resistance  of  ^ach  =  m, 
(which  varies  with  the  nature  of  the  material  of  which  the  beam 
is  composed)  we  have 

T  X  X  =1  sum  of  all  the  m  x  y* 

=  (sum  of  the  m)  x  dist.  of  the  centre  of  gravity 

ofAFfromF  =  iiwx  X  =  f!^. 

^        z  8 

P  8 
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m 

or  the  curve  required  is  a  common  parabola,  whose  latus  rectum 

.     «P 
IS . 

m 


284.  Let  (j/,  y')j  (or,  y)  be  the  vertical  and  horizontal  co- 
ordinates of  a  yertical  section  of  the  extrados  and  intrados,  ori- 
ginating in  their  vertices.  Then  supposing  the  particles  of  matter 
lying  between  the  extrados  and  intrados  in  the  vertical  to  be  con- 
densed into  the  intrados,  the  density  of  the  matter  in  it  oc  (j^  —  x), 
and  the  parts  of  the  bridge  are  still  in  equilibrium. 

Now  let  the  parts  of  the  arch  thus  formed  be  connected  by  links, 
or  otherwise,  and  let  it  be  supposed  to  be  inverted ;  then,  in  this 
position,  the  forces  acting  upon  each  point  being  the  same  in  in- 
tensity,  but  opposite  in  direction,  the  arch  will  not  change  its 
form. 

Hence  (by  prob.  182,  p.  153) 

0^  —  a;  oc  density  at  the  point  (a;,  y) 


oc 


dy's/TV^ 


whence,  having  given  the  form  of  the  intrados,  that  of  the  ex- 
trados may  be  found,  and  vice  versd. 

In  the  problem  the  intrados  being  a  cycloid,  we  have  (No.  88,) 

a:^  —  X  oc  D  oc  . 

(2r  -  x)f 

Let  y  =:  0,  or  X  =  r, 

and  suppose  x'  —  x  in  this  case  =:  m. 

1  1 


Thenm  :  x'  —  x  :: 


•  •   X    ^™    X  — " 


(8r  —  x)t 


(«r  --  x)i 
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But  y'  =  y  =:  ^gr^c  — ar«  +  vepsr'a?    ) 
whence  the  relation  between  xf  and  y'  required. 


285.  Let «  be  the  angle  required.  Then  P  and  SP  being 
the  weights  of  the  arms,  we  have,  placing  them  in  the  middle 
points, 

P  X  a  =  —  2P  X  80 .  COS.  0, 
8a  being  the  length  of  the  shorter  arm. 

/.  cos.  fi  =    —  .— 

4 

which  gives  the  angle  required. 


286.      The  density  at  any  point  (x,  y)  oc 


But,  by  the  question 
y  :=zpx^ 

•    —  =       ^ 
"  dy         3px^ 

d^x  2  dx  S 


dy^  8px^       dy  9p^x^ 

.    Tfc  I  I 

. .  D  tt  oc 


V  9p«x* 


and  the  weight  x  —  oc  — 

dy         x^ 


287.  Let  m  be  the  cohesion  of  each  of  the  particles  P,  F 
the  weight  just  sufficient  to  produce  fracture,  or  to  separate  the 
particles  in  contact  with  the  perpendicular  section  in  the  two 
giTen  positions.    Then  supposing  a,  2b  the  vertical  and  horizontal 
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dimensions  of  the  fractafe,  (which  by  the  question  we  suppose  a 
parabola  whose  latus  recturii  p  is  gi\ren)  and  /  its  distance  from 
the  end  of  the  beam,  we  have 

area  of  fracture  X  ^  oA  £S  JL  .  il,  and  distance  of  ilftcen- 

tre  of  grarity  from  the  vertex  :=:  -^  a  =i  ^  .  -^ . 

5  &       p 

Bened  (p.  SI  l) 

irXi  =  mx  — »•  —  X  —  .  —  s        ^  .  —  ana 

S         p  5     -    p  5  p* 

3         p  5  p  15         p« 

/.  P  :  F  ::  3  :  2, 
the  relative  strength  required. 


383 .  Lei,  generally,  d  b^  the  inclination  of  the  plane,  and  p 
that  of  the  pbweir,  to  the  horizon.  Then  since  the  weight  W  ii 
supported  by  the  power  P,  and  the  reaction  of  the  plane,  we  have 
by  the  A  of  forces. 

P  :  W  ::  sin.  0  :  cos.  (fi  -  (p) 
In  the  problem,  0  =  80°,  and  ip  =:  0. 

.-.  P  :  W  ::  sin.  so®  :  cos.  so** 


*  • 


289.  Let  AC  (Fig^  83,)  be  the  rectangle,  ADF  the  A  cut 
oiFof  such  a  magnitude  that  the  trapezium  FDCB  may  rest  with 
FB  horizontal  when  suspended  by  F.  Now  supposing  the  trape- 
zium divided  into  the  rectangle  FC  and  A  DF/*,  let  their  matter  be 
collected  into  their  centres  of  gravity  </,  g\  Then,  the  equilibrium 
being  the  same  wli^ther  the  matter  act  by  its  weight  as  distri- 
buted along  the  surface  of  the  trapezium,  or  in  portions  proportional 
to  the  rectangle  and  A ,  at  the  points  ^,  y\  supposed  connected 
with  the  fulcrum  t  by  the  inflexible  lines  Vg^  Vg\  we  have  (putting 
AB  =  a,  AB  2=  6,  and  AF  =  x) 
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6 .  (a  —  «)  X  flr«  = *4?  X  ff'nl 

But  gn  s=  —  [a  -^  x) 

an  ss^^mf^:  —  x 

.\  2. .  (a  -  a?)«  =  J.  .  x« 

/,  xzs  ^/£.  X  (a  —  0?) 

which  gives  the  position  of  the  line  required. 


290.'       Let  r^,  r^ r,  be  the  radii  of  the  several  axles, 

Rj,  Rg,  R^, R.,  those  of  the  corresponding  wheels  ;  let  also 

^^Pi^Pi P«-i9  P  he  the  weights  applied  to  the  axles  sus- 
tained by  the  several  powers  p^,  p^ P  applied  to  the  corre- 


sponding wheels.    Then, 
Pi  :  W  ::  r^ 
Pa  :  Pi  ::  r^ 
Ps  :  P2  ::  ''s 


P  :  Pn-ilir, 


n  case  of  an  equilibrium,  we  have 
R 


R 


R. 


.'.  P  :  W  ::  r^  r,  r,  ....r»  :  R^  R 


2 


the  rdation  between  the  power  and  weight  generally. 

Now  bj  the  problem^ 

Ri  =  «ri, 

R,  z^i  2«  r, 

4^c.  =:  Ice. 

-R.  =  82  r. 

and  P  :  W  ::  1  :  j> 
.'.1  :  p  ::  I 


gl+2+J-h"..« 


« 


•  •     2      SS  p 
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n+1   _     Lp 


•  • 


n  • 


/.  n«  +  n  =s  « 


S  /.2 


/.8 

and  n  may  be  found  by  the  solution  of  a  quadratic,  and  by  refer 
ence  to  the  tables. 


291.  '     When  the  bar  is  in  equilibrium,  its  centre  of  grarity 
and  point  of  suspension  are  in  the  same  vertical  line. 

Hence  d  the  inclination  of  the  line  joining  the  point  of  suspen- 
sion and  centre  of  gravity  to  the  bar,  is  the  inclination  also  of  the 
bar  to  the  vertical ;  which  determines  its  position. 


292.  The  strength  {$)  of  the  beam  at  any  point  is 

measured  by  the  area  of  its  lateral  section  x  distance  of  its  centre 
gravity  iVom  its  under  surface,.  Hence,  :r  and  p  being  the 
vertical  and  norizontal  sides  of  the  rectangular  section  of  the 
beam  required,  and  r  the  radius  of  the  base  of  the  cylinder,  we 
have         ' 

s  cc  X  X  y  X  —  =  max. 

2 

.'.  x*y  =  max. 

But  f!  =  r«   —  y2. 

-  y  •  (''^  -  !f^)  =  '^^y  -  y^  =  max. 
.'.  r«  —  Sy«  =  0 

or  y  =  — ^33,  and  x  =z  2     /  ^  .  r. 

293.  When  the  paraboloid  is  at  jest,  the  straight  line 
joining  its  centre  of  gravity  and  point  of  contact  with  the  plane 
on  which  it  rests,  is  vertical. 

Hence  the  equation  to  the  generating  parabola  being 

a  the  length  of  the  axis,  and  d  the  inclination  of  the  axis  to  the 
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Tertical,  g  the  distance  of  the  oentre  of  grantj  from  the  Tertex 

we  hare, 

subnormal 


CQt.t  ss 


=  ^A7# 


/L  .   ^4^?^  ^  «  (4o  -  3p) 

By  the  qnestion  9  =:  60® 

whence 

p  :  a  ::  8  :  15. 

294.  Let  the  weight  (W)  of  the  lever  be  supposed  to  be 
ooUected  in  its  middle  point,  its  length  =  a,  and  the  distance  of  the 
Mcrum  from  the  end  to  which  A  is  attached  r:  x.  Then,  A  be- 
log  the  greater  weight,  we  have 

A  X  X  r=  W  .    (  A  -  or)  +  B  .  ta  -  x) 
_    a         W  +  8B 

••  ""- T  •  WTa+b 

the  distance  required. 


295.  The  beam  being  in  equilibrium,  the  directions  of 
the  forces,  viz.,  the  reactions  of  its  extremes  acting  J.  planes,  and 
the  weight  of  the  beam  at  its  centre  of  gravity  acting  vertically, 
must  conspire  to  the  same  point. 

Hence,  supposing  0,  0'  the  inclinations  of  the  planes  to  the  hori- 
lon,  ^  that  of  the  beam  of  the  vertical,  and  a,  a'  its  parts  as  divided 
by  the  oentre  of  gravity,  we  readily  obtain 
a    ^    sin.  0        sin,  (jp  —  Q") 
7  ""    sin.  ft'     *   sin.  (^  +  0) 
—  cot,  y—  cot,  f 
cot  0  +  cot.f 
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a  +  a' 

whence  it  is  yery  easy  to  determine  the  aetval  position  of  tquili- 
brinm  of  the  beam. 


296.        Let  Q  s=  the  weight  of  each  jmlley,  and  suppose 
Pj,P2 p;  the  several  powers  requisite  to  sustain  each  pulley^ 

thenpi  =  Q  .  2.,|)2  =  (i  .  _,  &c  =  &c. 

2» 

Now  the  weight  of  the  pulleys  not  being  considered,  we  have 

F  :  W  ::  1  :  8* 

and  n  s  -1-  {/.  (W.  -  Q)  -  /.  (P  _  Q)}. 


297.  Whatever  may  be  the  number  of  tacks,  it  is  evident, 
that  in  the  case  of  an  equilibrium  the  sum  of  the  forces  estimated 
in  directions  parallel  to  any  given  direction  must  =  O  ;  for  other- 
wise motion  would  ensue.  Hence,  in  the  problem,  the  vertical 
tendency  of  the  weights,  which  is  measured  by  their  sum,  must  be 
counteracted  by  the  sum  of  the  vertical  reactions  (in  the  opposite 
direction)  of  the  tadcs.  /.  sum  of  the  weights  =  —  (sum  of  re- 
actions) s=  sum  of  the  vertical  pressures.  For  another  proof,  see 
IVheweWs  Mech.  p.  48. 


298.        If  the  straight  line  joining  the  centre  of  gravity  of 
the  A  and  one  of  its  angles  be  produced  through  the  middle  point 
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of  the  opposite  side  until  it  is  doubled,  the  whole  line  will  be  the 
diagonal  of  the  parallelogram  whose  sides  are  the  other  two  lines 
joining  the  centre  of  grarity,  and  the  remaining  angles.  Hence 
the  truth  of  the  proposition  is  manifest. 


299.        Let  w,  m* ;  ^,  g\  be  the  weights^  and  distances  of  the 
coitres  of  gravity,  from  the  fulcrum  of  the  greater  and  less  arms 
of  the  steelyard,  respectively.    Also  let  the  weights  W,  W,  W, 
ttc.,  attached  to  the  extremity  of  the  less  arm  (whose  length  sup- 
pose =  m),  be  balanced  by  P,  F,  F',  5cc.,  placed  on  the  greater 
ttfm  at  the  distances  d,  d',  d*^  &c.,  from  the  fulcrum.    Then 
Wm  +  wg'  =  Pd  +  tt;^ 
W'w  +  v)g'  =  Pff  +  w^ 
&c.  =  &c. 

W-  W 


Hence  d'  —  d  = 


m 


&c.  s=  &c. 
which  intervals  will  evidently  be  constant,  provided  the  weights 
W,  W,  5cc.,  have  a  common  difference,  or  are  in  arithmetical 
progression. 

Again,  let  d'  -  d  =  d*  -  cT  =  &c.  =  m. 
Then  P  as  W  --  W  =  W  -  W  5=  &c.         Q.E.  D. 


300.  tf  a  be  the  tension  of  the  catenary  at  its  lowest 
point  (which  being  measured  along  the  tangent  is  then  wholly 
horizontal)  x,  y  the  vertical  and  horizontal  co-ordinates  originat- 
ing in  that  point,  and  s  the  length  of  the  corresponding  arc ;  then 
it  18  known  that 

s»  =  2oa:  +  «» (l) 

Hence,  putting  length  of  the  chain  =  Sn,  and  the  distance  be- 
t^Kisen  the  tacks,  which  are  supposed  in  the  same  horizontal  line 
s  t^,  we  have, 
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a 
and  when  s  ^  n^y  :^  m^  /• 


which,  being  transcendental,  will  give  the  value  of  a  in  terms  of 
the  known  quantities  m,  n,  e,  by  approximation  only.  In  practice, 
it  will  be  sufficient  to  take  from  observation  the  greatest  value  («) 
of  Xy  which  will  give  by  means  of  (eq.  1.) 


a  = 


2n 


301.        The  solid  thus  generated  will  evidently  consist  of  a 
cone  and  hemisphere,  whose  equal  circular  bases  coincide. 

Let  r  be  the  radius  of  the  sphere,  ^,  g'  the  distances  of  the  cen- 
tres of  gravity  of  the  cone  and  hemisphere  from  the  centre  of  the^ 

common  base.    Then,  since  g  :=,    —  alt.  =    v  ^   r,  gi'  =  _  r, 

448 

the  volume  of  the  cone  =:  —  v  J  3  .  r^,  and  that  of  the — sphere 

S  2  '^ 

=   —  wr^y  we  have,  (G,  G'  being  the  distances  of  the  centre  of 

gravity  of  the  whole  solid  from  those  of  the  cone  —  sphere,) 
G'  :  G  ::  cone  :  —  sphere  ::  i/ 3  :  2  ::  g  :  g' 

:.  G'  +  G  :  G  ::  g'  +  g  :  g'. 

But  g  +  g*  zz  G  +  G'j  .'.  G  =:  g\  or  the  centre  of  gravity  of 
the  whole  solid  coincides  with  the  centre  of  the  sphere  or  base. 

Now  the  condition  of  equilibrium  of  any  solid  on  a  plane  is  that 
the  vertical  line  passing  through  the  centre  of  gravity  shall  fall 
within  the  part  of  contact.    But  since  the  line  thus  drawn  in  the 
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present  case  is  JL  tangent  plane,  and  •*•  J.  horizon,  it  is  yertioal. 
Hence  the  solid  >i'ill  balance  in  all  points  of  the  spherical  surface 
upon  the  horiasontal  plane. 

302.  Let  a  be  the  given  length  of  the  string  to  which  the 
body  (P)  is  attached,  b  the'  distance  between  the  point  of  suspen- 
sion, and  that  from  which  the  rod  acts.  Then  the  equilibrimn 
being  produced  by  the  tension  (T)  of  the  string,  the  reaction  of 
the  plane,  and  the  weight  of  the  body,  we  readily  get  by  means  of 
the  A  offerees 

T  :  P  ::  cos.  d  :  sin.  (ip  +  0],  d  and  f  being  the  inclina- 
tions of  the  rod  and  string  to  the  horizon. 

Also  alb::  sin.  d  :  sin.  (p  +  0) 

.-.  T  =  Ji  P .  cot.  fl  oc  cot.  d.        a  E.  D. 
b 


303*  Let  a  be  the  length  of  the  axis  of  the  paraboloid,  p 
its  parameter ;  then  by  (No.  293,  p.  S17,)  it  appears  that  besides 
the  vertical  position  of  the  axis,  there  are  two  others  in  each  ver* 
tioal  plane  (within  the  limits  we  are  about  to  define),  determinable 
by  the  equation 

tan.  0  =       A  '  (4a-3rt (i) 

^         sp 

where  0  is  the  inclination  of  the  axis  to  the  vertical  passing 
through  the  centre  of  gravity,  and  point  of  contact  of  the  parabo- 
loid with  the  plane. 

Now,  when  4a  —  3p  ==  0,  or  a  :=:  -^,  0  =  0,  and  it  is  indifferent 

4 

what  point  of  the  surface  we  place  in  contact  with  the  horizontal 
plane,  as  the  solid  will  find  but  one  position  of  equilibrium; 

whereas,  if  a  be  >  -£,  it  will  require  the  axis  to  be  placed  verti- 

<^ly  with  great  precision,  in  order  that  it  may  remain  there, 
otherwise  (the  position  being  then  unstable  from  the  altitude  of 
^hecentjieof  gravity)  it  will  quit  that  position^  and  oseillale  in 
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some  Tertical  plane,  until  it  finally  settle  in  one  of  the  positions 
defined  by  eq«  I. 


304.  Let  d  denote  the  inclination  of  the  rod  to  the  hori- 
son,  and  P  the  power  necessary  to  sustain  the  load  W.  Then 
considering  the  n)d  an  inclined  plane,  the  load  is  supported  by  the 
reaction  of  that  plane,  and  the  power.  Hence,  by  means  of  the 
A  of  forces,  we  hare 

P  :  W  ::  sin.  e  :  1 
/.  P  =  W  X  sin.  0. 


305.        Let  a  be  the  length  of  the  beam,  and  h  the  distance 

of  its  centre  of  gravity  from  that  extremity  vhich  rests  against 

the  wall,  f  its  inclination  to  the  wall.    Then,  supposing  an  im- 

moTeable  vertical  obstacle  to  prevent  the  other  end  from  sliding, 

the  equilibrium  will  be  maintained  by  two  horizontal  forces  (the 

reactions  at  the  extremities,)  and  two  vertical,  viz.,  that  of  the 

weight  of  the  beam  acting  at  its  centre  of  gravity,  and  the  vertical 

reaction  of  the  horizontal  plane ;  which  forces  may  be  called 

F,  -F;  G, -G. 

Now  the  beam  being  considered  a  lever  whose  fulcrum  is  the 

obstacle,  the  weight  G  will  be  sustained  upon  it  by  the  power  F« 

Hence/,  g,  being  drawn  from  the  fulcrum  JL  their  directions,  we 

have 

fxfzzGxg 

orF=  iL.G  =  f!zi.tan.  (p 
/  a 

which  will  give  the  pressure  required.     See  also  Cresswelts  Trunin 
lotions  of  FenturoUf  p.  53. 


306.  Let  BA  (Fig.  S4,)  be  the  position  of  the  beam  when 
sustained  by  the  reaction  of  the  string  CB,  and  thai  of  the  vertical 
waU  CA«  at  A ;  required  lo  determine  this  position,  and  also  the 
limits  <rf  the  length  of  BA«  so  that  the  equilibrium  may  be  possible. 
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The  equilibrium  being  maintained  by  three  forces,  the  reactions 
of  tbe  string  and  plane  acting  at  the  points  B,,A,  in  directions 
along  BC  and  J.  CA,  and  the  weight  of  the  beam  acting  vertically 
at  its  centre  of  gravity  Gy  those  directions  must  converge  to  the 
nme  point  (g). 
%  Hence,  putting  AG  =  a,  BG  =:  6,  CB  =  /,  and  AC  =  x,  we 

al         /•  +  x«  -  (a  +  &)• 


X  =  C^  .  cos.  C  = 


a+6 


2lx 


Hence  *  =  ii£  +  :^+*)!). 

vhich  determines  the  position  required,  the  positive  value  of  x  only 
being  taken. 

The  inferior  limit  of  /  is  evidently  a  +  b. 

If  the  beam  take  the  position  BA',  and  its  extremity  A'  be  pre- 
Tented  from  falling,  (a  circumstance  which  ought  to  have  been 
stated  in  the  enunciation  of  the  problem),  equilibrium,  within  the 
same  limits  of  /,  wiU  still  be  maintained* 


224 


DYNAMICS. 


COLLISION   OF  BODIES. 


OBQOOOOOeOOOOOOOQOM 


307,  The  plane  of  the  ellipse  being  supposed  haria>utalt 
since  the  directions  of  incidence  and  reflection  at  the  cnnre  will 
mak^  equal  A  with  the  tangents,  it  is  easily  shewn  that  the  body 
being  projected  from  an  extremity  of  either  axis  along  the  line 
joining  the  adjacent  extremities  of  both  axes,  will  go  on  for  ever 
(friction,  &c.,  are  not  considered)  describing  the  a  formed  by 
joining  the  four  extremities  of  the  axes. 


308.        The  incident  velocity  of  the  ball  will  be  diminished 
by  reflection  in  the  proportion  of  1  to  n.    Hence  since 

where  %  is  the  space  due  to  the  velocity  v,  and  g  the  measure  of 
the  force  of  gravity,  or  3$  j^  feet,  the  successive  altitudes  to  which 
the  ball  will  ascend  after  the  reflections  of  the  plane,  will  be  ex- 
pressed by 

n-s,  »*s,  n**,  &c., 
and  the  whole  space  described  will  therefore  be 
S  =  s  +  %n^z  (1  +  n«  +  n*  +  &c.  oo) 

1  -  n"  1  -  n* 


309.  Let  a,  6  ;  «,  jS,  be  the  velocities  of  A,  B,  before  and 
after  impact,  respectively,  and  r  their  relative  velocity  before 
impact. 


r 
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Then  since  A  loses  in  velocity  ,^^.  ,  and  B  gains  -^^, 

A  "i*  B  A  +  B 

Qf^oodj  p.  190,)  we  have 

sBr  sAi* 

a  s!  a  "^  .  and  6  cr  ft  4*  _ 

A+B'        ^  ■  A+IB 

•M9  is  >  « if  ft  .  (A  +  B)  +  2Ar  be  >  a  .  (A  +  B)^2Br 

or  if  ft  —  o  +  2r  be  >  0. 
But  when  the  bodies  move  in  the  same  direction  and  A  oter- 
takes B,a  —  ft  =:  r.     /.  ft  -a  +  2r  (  =  r)  is  >  0, and  /.  /?is 

>«.      q.e!d. 


310.        Generally,  if  there  be  a  row  of  bodies  A,  Ar,.  AF.«.. 

Af^^ ,  at  rest,  and  a^,  a, a«,  be  their  velocities  after  siioces- 

sins  isipacty  the  force  of  elastidly  being  to  that  of  compression  as 
m  :  1,  we  have 

'    a^   :  a.  ::  (1  +  r)-i   *  (1  +  mT^ 
For  (Wood,  p.  126) 
f^  :  a,  ::  A  +  Ar  :  (i  +  «)  x  A  ::  i  +  r  :  \  +  m 
a^  :  a,  ::  Ar  +  Ar«  :  (1  +  w) rA  ::  1  +  r  :   1  +  SI 
&c.  &c. 

sriifl^.  :  o^::  Ar"»  +  Ar-»  :  (l+i»)r-^A  ::  i+r:l+m 

.•.  «i  :  «•  ::  (i  +  0"-'  :  (i  +  «»)"-' 


Now  in  the  problem  n  :=:  6,  r  =  2  and  m  s:  — 

.^i^  :  a^  ::  s*  :  5^  ::  6561  ;  625. 

8 


311.        Let  a,  ft;  ««  i?)be  the  velocities  before  and  after 
impact  </  the  bodies  A,  B ;  also  let  the  degree  of  elasticity  of  these 
iNdies  be  denoted  by  m^  perfect  elasticity  being  unit,  then 
Atf  +  Bft>  >  A»«  +  B6\ 

For »  =  o  -  1+»>B.  g-ft 

A  +  B 


0  =  6+  !+»» .A.  o— ft 

A+B 

Toil  U.  <l 
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Hence 

Aa+Bb=iAm+BB 
and  ^  -  «  =  m  .  (a  —  6) 
/..A.  (a  -  «)wB.(«  -6) 

and  a  +  »  =  0  +  6+  1— « •  («  —  6) 
,  /.  A.(a«  -  »»)  =  B  (e«  -  ft«)  +  (l-m)  B  .  (a-») 

or  Ao»  +  B6«  c=  A«»  +  B/5*+  1-m  •  B  (a  -  ft) 
Consequently,  whether  A  and  B  move  in  the  same  or  ofpovite 
directions  (for «  is  Z  1  and  &  is  Z  a  in  the  fonner,  and  •«  6  if 
positiTe  in  the  latter  case,) 

Afl*  +  B4«  is  >  B .  (a«  +  jS*) 


813.       Retaining  the  samt  notation^  by  Ike  pfteediDff 
r,  we  have 

Aa  +  BhsiAm+B0 
and  |3 ,-  »  s=  fit  •  (a  —  6) 
and  by  the  qnestion 

Atf  +  m^siAA^+BF 
which  easily  become 

A-(a-«)  e5B(j8-5) (1) 

j3  -  »  =  9»  .  (a  —  6) .(a) 

and  a«  +  a«  +  #•=:*•  +^6tf  +  ff»  •..•  (S) 
Hence  eliminating  »,  0,  after  proper  reduction,  we  get 

^.  +  h.TTB+a.B  +  2A   .^^  Aa+Bft+g+t 
(1  -.2B)(a-6)  (l-«B).(a-ft) 

from  which  the  required  degree  of  elasticity  may  readily  be 
found. 


313.  Let  PR  (Fig.  85,)  represent  the  plane  of  the  bflUard 
table ;  then  A  being  the  ball  first  struck,  draw  A«  X  PS  and 
make  ab  =z  oA;  draw  also  be  parallel  to  SP,  meeting  QP  pro- 
duced in  r,  and  make  re  ^  rb;  join  cB  cutting  PQ  in  n,  and  nft, 
cutting  PS  in  m,  and  join  Am,  then  AtwiB  is  the  path  required. 
For  it  is  easily  seen  that  Z  Ama  c:  Zftma  =  Z  Pmn  or  the 
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Z  of  inddenoe  at  m  ss  the  Z  of  leflectioii,  uA  HkawiM  tk«t 
the  Z  fnm  ss  Z  Pno  es  Z  QxR 


314.       The  Telocity  of  A  being  denoted  hj  («),  that  faised 
hj  B  ig  (Wood,  f.  117,) 

A+  B 
But  B  =  4A 

•  V  r=  -^ 
5 


315.  If  nt,  n,  be  the  original  velocities  of  the  hard  bodies, 
A,  B,  then  a  being  added  to  each  of  their  velocities,  let  them 
imjADge,  and  we  have  the  common  velocity  after  impact  teprwaad 
by(»Vo<f,  p.  116,) 

V  =  A.(m-f  fl)  +  B  (»  -fg) 

A  +  B 

*=*+-ATr 

according  as  the  second  term  is  positive  or  negative. 


316.        Let  a,  & ;  a,  /3,  be  the  velocities  before  and  after  lm« 
pad;  then  (fFoo(f,p.  ISO,] 

«  =  a  —  — ^  ^    ' -^  ss  la  —  .^— ^ 

A  +  B  19 

2A.(a  +  5)^y         g  X  11  X  19 
A  +  B  19 

=:  S9. 


317.       The  ang^e  of  reflection  being  the  same  from  the 
cnnre  as  from  the  tangent  at  the  same  point  of  incidence,  the  Z  of 


888  DYNAMICS. 

ingideooe  ss  Z  of  i^flecUonr  and  the  inclinationa  of  radu  vedtom 
from  both  foci  to  the  same  point  being  equal,  the  truth  of  the  pro- 
position is  manifest. 

318.  The  same  eflbcts  being  produced  whether  the  falling 
body  be  perfectly  hard,  or  the  plane,  we  hare,  by  prob.  908,  the 
cipace  required  expressed  by 

\  2  J  04 

319.  Let  apb;  «,  0,  be  the  velocities  of  A  and  B  before 
and  after  impact,  y  that  gained  by  B  and  x  that  lost  by  A  during 
the  impact.    Then 

A  (Aa*  +  Bb*)  -  (A«»  +  Bj5»  =  2(Aax-Bfty)-(Ax«+B/). 
But  Aox  —  Bhy  =5  Ax .  (a — 6)  =  Ax .  (x  +  y)  =  Ax*  +  Axy 
s=  Ax*  +  By*.     (Wood,  p.  117.) 

A  Aa*  +  B6»  -  (A«*  +  BB")  =  Ax*  +  B/.        Q.  E.D. 

320.  Generally,  let  (a,  6,),  («,  y,)  be  the  velocities  before 
and  after  impact  of  the  spherical  bodies  A,  B,  whose  degree  of 
ehuticity  is  m:  also  let  («,  /?),  (0,  ^),  denote  the  inclinations  of 
the  directions  in  which  they  move  before  and  after  impact  to  the 
tangent  plane  at  their  point  of  concourse ;  then  having  given  a,  6, 
»,  p  and  m,  it  is  required  to  determine  x,  y,  0  and  f. 

Decomposing  (a,  V)  into  their  equivalents  (a',  V)  JL  to  tangent* 
plane,  and  (a^,  6^)  parallel  to  it,  we  have 

a'  ss  a  sin.  a^V  tszh  sin»  &   'i  >  v 

a^ss  a  cos.  «,  6^=  6cos.  /3   3 
and  supposing  the  bodies  A,  B,  moving  X  plane  iu  opposite  di- 
rections with  velocities  (a ,  i'),  their  velocities  (a",  h")  after  impact 
in  the  direction  of  A's  motion  will  be  (see  Wood,  p.p.  180  and  183.) 

a"  =  a'  -  r+^.B.(a^-fy) 

,A  +  B 


5"  c=  6'  +  l+^.A.(aHO 

A  +  B 


gin.  » 
cobB  , 
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But  it  alfto  appears  that 

a"  s  aj  .  tan.  0  s  a  cos.  •  •  tan.  0   > 

6"  s  6i  tan.  f  =3  aoo8.0.tan.f   S 
Hence,  and  by  eq.  (1),  we  get 

tarn  «  rr  ^r/!!?.tan.  m-T+^-B    x  ±  X  i25ll 
A+il  A+tf  «  COS.* 

«adtan.f  s  B+^+aA .  tan. /5  +  1+^  .  A   .  iL  .   J5 

A  +  B  A+B         ^        cc 

which  giye  the  yalues  of  d  and  f. 

Again, «  =2  — L-  =5  a . -. 

OO8.0  COS.  8 

b*  •        COS.  fi 

y  =  — L-=  6. Z^ 

COS.f  COS.  9 

which  are  also  known. 
In  the  problem 

As  1,  Br=  2;  a=5  1,6  =  2;  Hiss  JL,«=80®and|5=90^ 

2 

4 

.'.  tan.  0  5=  —  — =r,  tan.  ^  =  00  =  tan.  90^ 

V8 


d  2 


v^ 


y  s=  2  .  iL  £=  2. 
^  0 


321.  Let  ABCDE  (Fig.  86,)  be  the  billiard  table,  abode 
die  path  required.  Then  since  the  angles  of  incidence  and  refiec* 
tion  at  a,  6,  c,  d,  e,  are  equal,  let  them  be  denoted  by  a,  /?,  7,  J;  i, 
leipectiTely,  and  suppose  the  sides  AB,  BC,  CD,  DE,  £A,  =3 

a,  6,  c,  (i,  e ;  also  put  aB  s=  u,  &C  c=  v,  cD  =  or,  dE  =r  y,  eAriss. 
Now  it  is  evident  that 

e  +  y+C  =  r  «  +  /3  +  ^+f  =  2»-B-.E 

y  +  ^+D=»)  /.   /S  +  y  +  ^Vt  =  2*-C  — E 

>  +  i  +  B  =  w  fl+y  +  t  +  »=2w-C-A 

i+«  +  A=rwj  y  +  >  +  ;  +  «s:2»-D-A 
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Abo.  4-5  +  y +* +.  =  ^  ->±l±£±^±i5 

2  2 


_  d#  _ 

««•  — 

^  a  "" 

«' 

Rtnog 

«s=  C  +  E  •*- V 

/9=rD  +  A^r 

y  SS  B  -f  £  --'  v 

• 

^=C  +  A-*- 

i  =  B  +D*  ir 

ivbich  are  therefore  known. 

,  Again, 

, 

5  —  w  ^    sin.  » 

u            sin.  0 

• 

c  — .t?  ^    sin.  /S 

V            sin.  y 

d— y  .^    sin.  y 

X            sin.  ^  . 

€  — z  ^    sin.  ^ 

3^            sin.  •    . 

a — u  ^    sin.  i 

z  sm.  » 

from  which  eliminating  v,  or,  y,  z,  we  get 

a  sin.  »  —  c  sin.  i  +  d  sin.  ^  —  c  sin.  y  +  ft'sin.  B 

*= -— ; ^ 

2  SID.  a 

1 

or  9s  .....^; — 77- f^  K  {a  sin.  (C  +  E)  —  e9ia«(B+D) 

8  .  sni.  (C  +  B) 

+  ci .  rin.  (C+A)  -  c .  sin.  (B  +  E)+  6 .  sin.  (D  +  A)}  which 
gives  the  actual  position  of  the  point  a. 

*  _ 

From  a,  thus  determined,  draw  a6,  making  with  AB  the  Z  «, 
and  meeting  BC  in  6,  which  is  the  first  point  of  reflection.  In 
like  manner  the  points  c,  d^  e,  may  be  found,  and  therefore  the 
perpetual  pt^tk  required 

The  same  process  will  apply  to  fiiid  the  perpetual  poA  on  a 
tabh  of  any  odd  number  (8n  +  I)  of  sides  whaterer' 
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In  the  case  of  an  even  number  (2n)  of  sides,  it  will  conduct  to 
this  result, 

A  +  C  +  E  +  G  +  ....  =  B  +  D  +  F  +  ....  =  «-l  .  » 
which  shews  that  when  the  problem  is  possible  (in  this  case)  the 
polygon  most  be  inscriptibU  in  a  drele.    We  leave  the  fbrther 
discossion  to  the  student. 


322.        Let  A,  Ar,  Ar^ «...  Ar^^  be  the  balls  in  geometric 

progressTony  a^,  a^ o^j  the  distances  from  one  to  the  oAer  in 

the  same  order,  and  v  be  the  Telocity  glv€«i  to  A«  Than  sinoft 
(Woodj  p.  117,)  the  seyenJ'Telocities  oommunicated  by  A  to  Ar» 
Ar  to  Ar*,  Jcc.,  are 

Ap        _     V  At        ^      t;     _        t^        f^ 

A+Ar         1+r'   Ar+Ai*         l  +  t        (l+r)** 

*.-    V  V  V  » 

l  +  r     (1+r)*'  (l+r)3  (1  +  r)"-* 

and  in  uniform  motions 

S  =  TX  V,  orT  =  1, 

the  infemds  Ui^  a.  •— .  a^j^  will  be  described  in  the  oonefpondinf 
times 

i.,a„l±r.a..(i±±.a„ iH-t  .  «^,  and  the 

whole  time  required  to  put  Ar^*  in  motion,  will  therefore  be 
#-   1  -    j_  1+''^    J.  (1+0*-  j_       (l+r)-* 

V  V  V  V 

lei  a,  s:  Of  =:  Os  s=  ...•  c^i 
Then 

<  =  ?1  X  {1  +  (1  +  r)  +  (1  +  ry  +  ....  (I  +  r)—} 


the  time  required. 
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323.  Since  DB  s=  2AB,  the  time  along  ED  s  time  down 
AB;  Gonyseqaently,  the  whole  time  =  2  time  down  AB  zz  tiine 
down  (4  •  AB). 

Hence,  if  AB  be  produced  to  B'  until  AB'  £=  .4AB,  and  upon 
AB'  be  described  a  semicircle  intersecting  BD  in  J^j  and  Aiy  be 
joined,  AD'  will  be  the  plane  required. 

For  the  time  down  AD'  c:  time  down  AB'.     (Waod^-p,  158). 


324.  Let  a  be  the  length  of  the  plane,  and  6  its  indina- 
tion  to  the  horizon,  and  let  it  be  required  to  find  the  time  down 
any  portions  of  it  (m,  n,)  measured  from  the  higher  and  lower  ends 
respectively. 

'.  The  space  (s)  fallen  through  from  rest  in  the  time  (t)  being 
s  ss  gJilLi  e  .  (WoodoT  WheweU) 

if  ^,y,  denote  the  temvs  required,  we  .have 


=  y-S 


g  sin.  d 
y  zz  time  down  a  *-  time  down  (a  —  m) 

^   g  sm.  0  9  sm.  0 

^  ^  sin.  0 

Let  m  =:  n  =:  ^ 

2 

Then  a;  :  y  ::  1   ;    V*"-  1- 


'*^: 
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325.        Letitbe  required  to  find  tbe  chord  of  aciiole,  whoee 
diameter  is  (a),  through  which  the  bodj  blling  may  acquire  a  Te- 
locity s  — '  •  that  acquired  through  the  duunoter. 
n 

Let «  be  the  chord  required. 

Then  since  the  times  down  the  chorda  oe  at  their  lengtbSf  we 
ha^e 

X  «  iL,  the  chord  required, 
n 


326.  From  the  given  point  P  draw  ±  horiwn,  a  line 
of  SDch  a  length  that  the  time  through  it  may:=5  time  down  the 
plaiie»  and  iqpon  this  line  describe  a  semicircle  cutting  the  given 
plane  in  tiie  point  F ;  then  P,  F  being  joined,  PF  will  be  theline 
required. 

For  tiie  time  down  the  chord  PF  =:  time  down  the  diameter 
=:  time  down  the  given  plane. 


327.     '  Let  a;  be  the  plane  required.    The  moving  force  = 
8B  -  B  =:  B, 

.*.  the  accelerating  force  ^  =  __.  (Tfood,  p.  155) 

dB 

2  6 

bj  the  question 

.*.  t  sz  ..X-.  seconds. 

Besoe  the  space  required  is 

0? •=  J-  <^  =5  6  feet 
2 


3^8.       At  the  end  of  the  time  (0  tiie  heights  to  which  the 
bodies  A,  a  will  have  risen,  are 

9  2 
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/•  the  distance  betvveen  them  is 

and  the  distance  (D)  of  the  centre  otgwatj  from  A  is 

A  +  a 
.%  its  height  (A)  it 

A  +  ii         a 

Hence  dA  =  0>  giyes 

^_2.    AV  +at; 
^  g  '     A  +  a 

md  A  A  s  — >.  •  I  ■■■>  li     .1 .1  • 

2g     \    A  +  a    / 


329.       Let  j:  be  part  required,  then  by  the  expression 

s  s:  ^  .  /« •  sin,  6 
2 

where  s  is  the  distance,  descended  from  rest  by  the  force  of  gra- 
nty  (g)  in  the  time  <,  along  a  plane  inclined  to  the  horizon  by  the 
Z  t»  we  have 

jC=:iL  .  i»sin.  C  (Fig.  Cam.Prob.) 

and  AD  =  iL  <9  «  sin.  D 
2 

sin.C     ATi-AD« 

AC 


330.  Let  AB  (Fig.  87)  be  the  yertieal  diameter  of  the  0 , 
and  let  Mp  drawn  parallel  to  AB  meet  the  tangent  in  My  and  the 
curve  in  P,  p ;  also  let  the  chords  PQ,  pq^  drawn  J.  AB  intersect 
it  N,  n ;  then  the  time  down  MP  +  time  along  PQ  with  the  Te- 
locity aeqmied  sr  time  down  Mp  +  time  along  ji^. 
For,  putting  AB  :=  2e(,  and  PM  as  x  we  easily  get 

2s=iL.^,nMs3  2a— orsr  l^.lf^ 
«       ^  2 


J 
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__9        _       £ 

Bat  time  along  PQ  ss  E^ 

V 

and  time  along  pa-  s^  ?1  ss  —-Z. 

V  V 

Hence,  the  whole  time  through  MPQ  U 
and  that  through  Wpq  is 
which  being  identicalf  are  equal. 


331.       Let  {$)  he  the  space  required ;  then  the  whole  time 
of  descent  (/)  is  expressed  hy 

9 

Now  since  S  ss  iL « T"  generally  &a  spaee  deaerib^d  ia  fhe 
4ih  second  is 

•ai  tiMrt  daseiibdl  in  tb«  last  seooad  bat  4,  is 

H^aee,  by  the  equation, 

7  :  2*—  9  ::  1  :  « 
.••  *  =  15 

aiid«s=  iL.^asiL  X  225 

2  ^ 

s  8618  feet  9  inches  neariy. 
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332.        Let  t  be  the  time  required.    Then  by  the  ezprenioa 
for  the  cireumstances  of  motion  on  inclined  phuies, 

ip<*  sin.  0 

8 

we  hare  by  the  qnettion 

<  ssSOfeet,  6  s  80^  jf  c=  ^of  the  force  of  gruTityts  iLx 

4  4 

(38  JL  feet)  s=  84  2.  feet  nearly 

.•.  /•  s=  52Jif  =  4  .  9740988 

1 


8 
•*.  f  s=  8 .  83  seconds  nearly. 

333.  Let  Aa,  Bb  (Fig.  88)  be  the  perpendiculars  to  the 
horizon  5T.  Then,  joining  AB  let  it  be  produced  to  meet  6a  in  Ty 
and  take  TP  a  mean  proportional  between  TA,  TB,  and  describe 
the  circle  APB  passing  through  A,  P,  B,  and  join  AP,  PB,  P  b 
the  point  required* 

For  since 
TP*  =  TA  X  TB 
the  circle  touches  the  horizon  in  P. 

Hence  time  down  BP  c=  time  AP. 
'  The  point  B  will  fall  within  or  without  ab  according  as  the  arc 

PABi8>or<JL  0. 

8 

m 

I 

334.  Let  AB.  s=  a,  AC  ss  b;  and  the  distance  jfUlen  by 
the  latter  body  before  it  is  oYertaken  c=  x ;  then 

6  —  a  +  a: 
is  the  distance  fSsdlen  by  the  former  in  the  same  time  t  wi&  the 
Telocity  (v)  acquired  at  B.    Hence 

6  —  a  +  X  s:  tv  +  — .<• 

8 
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^    9 

4a 


335.       If  0  be  the  indinatimi  of  the  planei  the  moTingforce 
with  which  P  descends  is 
P  -  Q  Bin.  9 
/•  the  accelerating  force  (f )  is 
_  P-ftsin.O 
^  P  +  Q 

Now  Y:=zgft=:g  .  ^""^""'^  X  *  the  velocity  of  P  acquired 

JT  +  VI 

in  the  time  tj  the  inclination  of  the  plane  being  any  whateyer. 
In  the  problem,  d  =  30^. 

^  »(P  +  Q) 


336.  Let  t  be  the  time  in  which  the  bodies  meet,  a  the 
distance  between  the  points  of  projection,  and  from  the  upper  of 
these  let  X  be  the  distance  of  the  point  of  concourse ;  then 


2 

a  —  ass  it/  -^  JLl^ 

2 

v+v' 
and*  =  J^  +  JL.^' 


v+v'         2     (v+v> 

Let  j:  s  iL.    Thenby  reduction 
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v'^'^t^ssga=i{j/gayz=:  the  apitre  of  the 
acquired  down  — >  since  f  =  — . 


337.        Let  •  be  the  inclination  of  the  given  plane  to  the 
horiaoni  0  of  that  sought ;  then  the  moying  force  is 
P  •  sin.  «  —  W  sin.  0 
and  /•  the  aeeelerattng  force  (f )  is 
P  sin.  a  —  W  sin.  6 


P  +  W 

Now  <•  a  -i  tt  JL  X  ,5-, '        ■    .  =  min. 

^        Bin.  0        P  sin. «  -^  W  sin.  9 

A  P  sin.  «  sin.  0  —  W  sin.'  0  =  max.  and  patting  the  differ^ 

ential  =  0,  we  get 


sin.  0  = 


P  sin.  • 


giving  the  inclination  required. 


338.        Here  the  moving  force  is  evidently  1  oz.  and  /•  the 
accelerating  force  is  f  s  —  bj  avwriufme  weight 

33 

Henoe ssi^.fCzz  ^.f 

2  66 

ands  =  -iL  =  ££!:! 

2gf  2g 

But  8  by  the  question  =  18  feet. 


339.   '    Hen  the  aocdamiaf  (broe  i*  «  =:  SL  3  JL 

•       L         e 
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«r20=iL    X    ^  =  i2L 
12  S 


340.       Let  a  be  their  distance  at  first,  X  that  after  theliqMie 
of  the  time  t ;  then  since  the  spaces  described  in  that  time  are 

ft;  +  iL  .  r,  and  <v«  —  iL .  i» 

2  8 

we  hare  • 

o  —  a?  =  ^  .  (v  +  t>') (1) 

Now  when  the  bodies  meet  x  =  0,  and  A  #  ;?  — ^,.    He&oe 
iffor  ^  in  equation  (1)  we  pot  •~^,  theit  reiults,  after  fedoctim 

the  distance  required. 

341.       The  moTing  force  being 

H         P 
P  —  W  .  _  =  —  by  the  question,  we  have 

^  -    '    P        ,    1 
6  X2P  12 

and  s  =  iL  X  ^t* 
2         '^ 

o!*l2  s=  iL  X  —  <*  .•.  rites 
2        12  * 

t  =  12  y  J. 

342/      Here  the  mo^g  force  is  1  ex.  and^  by  the  question, 
im  Yusi^  therefore^ 
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1  1 


f  = 


82+82+1  65 


_    9  ^--.    v« 


2  25f^ 

180  2g      ^ 

8  =  -£»  and  V  =  ^. 

26  18 


343.         Here  ^  =  J.  =  JL . 

L         6 

.\  s  s  iL  f  <■  :=  -ILL  gives,  by  the  question, 

2  ^^^ 

op<  ss  4  ^i£,  and  t;  s=  2  V"^^* 

5^ 


344.        Let  a?  be  the  weight  required.    Then  since  P  s=  CI, 
the  moving  foree  =  »,  and  f  = 


21*  + a: 
Hence  v  =  ^f  f,  will  give,  by  the  question, 

16P 

and  /•  s  sz  

the  weight  required. 

Again,  «  =  1. .  <><«  =  iL  x  —  X  88 
2  2  g 

zz  144  feet. 


345.       Let  X  denote  the  required  weight.    Then  the  moving 

foree  is  P  -  « 

.  P  — « 

and  f  s=  4: — =.. 

^       P  +  or 


THE   GRAVITATION   OF   BODIES.  241 


Hence  t  =: 

^     _   a*    ^    P 

2gf         2g         P 

—  X 

and  X  = 

2g8^a*         P 

346.        Let  F,  P  be  the  accelerating 

forces, 

then 

bj 

the 

queBtion, 

«5  _  w^ 

_  F      1    _   F 

4 

36          V* 

^   ¥'  r   ^   F' 

6 

.    F  _ 

12S 
144 

Hence,  if  Q  and  Q'  be  the  qnantities  of  matter,  the  ratio  of  the 
moving  forces  is 

«>_FxQ_    185    ^Q 
T  -  Piny  "    U4    ^  0" 

whkh  ipyes 

Q   _  «5 

the  ratio  required. 


H  1 

347.         Here  f  =  ^and  .M£= —  ^f^"  gifes,  by  the 


qoestiony 


348.        Let  m  be  the  degree  of  elastidtj,  and  x  the  altitude 
required ;  also  let  a  be  the  giyen  yelocit j  of  projection* 

Then  the  velocity  with  which  the  body  reaches  the  plane  is 

V  («"  +  %*)» 

and  that  with  which  it  quits  the  plane  is 

TOL.  II.  R 
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But  by  the  question  x  is  the  space  due  to  this  Telocity,  imd  the 
time  is  giren,  •*. 

2g         2g 

and  xr^-i^  '  f 
2 

a-  9^ 


a*  +  89' 

__     1 

349.  Let  a  be  the  radius  of  the  drcle,  (x\  y') ;  (j?,  y)  the 
corresponding  co-ordinates  of  the  circle  and  locits  measured  from 
the  horizon  along  the  vertical  diameter ;  then  in  any  time  t,  con- 
sidering the  chord  V  ^'*  +  y'*  an  inclined  plane  whose  height  is 

x\  the  form 

^     ^      H 

8  L 

giyes  v*"  +  y'  -   V«*  +  y*  =  ^ 


also  4->  =  -Tr 
a:         y 

and  y**  =:  804?'  —  x** 

whence  eliminating  x\  y',  &c.y  we  have 

y-  =   ilZ^.  .  *  -  X- 

or  the  locus  is  a  circle  whose  radius  is  — Il£. . 

4 


350.  Let  a,  5,  be  the  altitudes  fallen  by  A,  B,  and  x  the 
space  described  along  the  horizon  (which  they  will  describe  tnu- 
AtmUy  mih  the  velocities  aoquiredf  since  the  plane  of  reflection  pro- 
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jecto  then  along  the  horizon).     Then,  the  Yelocities  acquired  being 

i/%gal  and  tj  2gb 
if  the  whole  time  of  motion  be  denoted  bj  ^  we  have 


V     a  9q»»  ^     a 


b    + 


9  s/Sga  9  ^2gb 

/.  X  =  2  s^ab. 
Now,  if  a  circle  pass  through  the  points  of  departure  and  touch 
the  horizontal  line,  the  distance,  as  is  well  known,  of  the  point  of 
contact  from  the  concourse  of  the  tangent  and  line  passing  throi^h 

those  points  ^  mJ  ab,    .  * .  if  a  circle,  S&c.  &c.        Q.  E.  D. 

351.  l^t  ty  f',  be  the  times  down  the  chords  correspond- 
ing to  ordinates  y,  y\  and  abscissse  x,  x.  Then  considering  the 
chords,  planes  inclined  to  the  horizon  by  the  A  45^  and  15°,  we 

a      H 
hate,  by  the  form  s  =  M, _.  r 

X  X 

But  a;  =  y  tan.  45°  =  y 


and  X  =  y  tan.  75°  =  _i!_  =  y    ^/^Al 
^  tan.l5°        ^    V   g_  .- 


2— V3 


2y  :  y'.  ^^ ,—      =  4y' 

2+  V« 


y    :2y 


—  J«.(2a-J?)  :  2 \/^'.(2a  — x) 

a  a 


^ar.(2a— 0?)  :  2>/x.(2o— a') 
a  being  the  semi-axis. 


*d52.        Let  a;  be  the  power  required.    Then  the  moving 

force  is 

«  —  Q  sin.  80°  =3  0?  —  Jz 

2 

11  B  2 


! 
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andf 

2*2 

2 
x+Q 

.'.  8  =: 

9i 
2 

f^  gives 

X ^ 

40   = 

9i 

2 

X 

25 

2      x+Q, 


%  X  »•«•  \ft  • 


5^  +  82 
\0g-Z2 


353.  Let  the  distance  of  the  bodies  A,  B,  at  first  s  a, 
and  that  of  the  required  point  C  from  A  c=  a; ;  then  »,  0,  being  the 
velocities  with  which  the  bodies  impingei 


»  =  V  ^Sfx ; 


e^^^2gx, 

by  Collision  of  Bodies. 

Hence  B's  velocity  of  projection  is 

V  =  V{/S'+%(a-a:)} 

Now  ^  being  the  time  elapsed  before  the  first  impact  of  the 
bodies,  we  have 

2 


and  a  —  «  =  <"V  —  x 

A^-B- 

which  b^ing  reduced,  &c.,  gives 

aB 

X  = 


2(A  +  B) 
Hence  fi  is  also  known. 
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•••  a  =    ^/E.  •  V^  X    V^  (A  V^+  B^a-A;) 

and  by  rednctioii  and  the  solution  of  the  resulting  quadratic  equa- 
tion, we  get 

the  distance  required. 

364.        Let  a  denote  the  sum  of  the  Tclodties ;  then  i;  being 
that  of  A,  we  have 

At;*  +  B  •  (a  -  v)*  =  min. 

/.  SAvdv  —  8B  .  (a  —  w)  dv  =  0 

and  Av  =  B  .  (a  «—  v) 

or  A  :  B  ::  2.  :  JL.-         Q.  E.  D. 

V       a— V 

355.         Let  a  =  the  length  of  the  plane ;  then,  since 
X  =:  iL  sin.  0  .  f*9  we  have 

a  :=L  i~.  sin.  d  e 
n  n 


•••*=x/^'''=y: 


.?i_. 


^  sin.  d  ff^  sin.  0 

••.£':*- 1'  ::-L.  :  i  -  -1=  ::  i   :  V»^ 

the  relation  required. 


356.  Let  <,  t"  be  the  times  required.    Then,  by  the 

question, 

400  =5  1- .  «' 

500  =r  iL .  fl»<"  =  iL  sin.  30^  (^ 


340 
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•••<*;  I*  ;:  4oo  i  looo 

» 


3574  Ltl  Z  be  ih^  wbole  length  of  the  plane,  a  that  part 
of  it  through  which  the  body  falls  before  it  itnpidges  on  the  hori- 
zontal plane,  and  d  the  inclination  required ;  then 

a  sz  iL  sin.  0  .  <"  cs    ■    ^     , 
*  2g  Sin.  0 

giyes 

V  =  V  Sa^r  sin.  0 
the  velocity  with  which  the  body  moves  equally  along  the  horizon; 
also  time  of  descending  the  height  ( I  sin.  &)  with  this  uniform 

velocity  £=  timp  tWaurli  L  hv  «Ti&  nniMf iiln . 


velocity  =:  time  through  /,  by  the  question, 

or      ^""'^       =    JCEI.^ 
V  Sa^t  sin.  d  5f  sin.  d 


.'.  sin.  0  =  2  \/— 

which  gives  the  inclination  d. 

Since  sin.  d  cannot  be  >  1 


a  cannot  exceed • 

4 


358.  Let  a  be  the  length  of  the  vertical  line,  A,  B  the 
bodies,  and  x  the'  space  described  by  the  lower  body  before  im- 
pact ;  then  t  being  the  interval  elapsed  before  ii»paei 

X  =:  to  ^  1^.  f 


2 


a-'  X  :=:  tv  +  ^  t^ 

2 


and  V  =:  ^  2ga 
Hence  eliminating  t  and  v,  we  get 

4?=:  —  a..« (1). 

16  ^ 
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Again,  the  yelodties  «,  /?,  with  which  the  bodies  impinge,  are 

e  =  sj2ga—2gx  =  >/i^  •  V  («  -  *)• 
/.  V  =  ^  their  common  velocity 


=  ,V?i  •(—""—)  substituting  for  «. 
Also  if  T  be  the  required  interval, 

16  8 

2   V    8  8 

A  i.T-  +  ±V«./-^T=^a 
8  8  V    8  16 

V     8  4  V    \  16  16  / 


X    (1  +  8^8) 


■■• '  =    y  T 


4 

X    ^  +  *'^^ 


^  2V2 


359.  Let  I  be  the  length  of  the  inclined  plane,  and  0  the 
required  elevation ;  then  its  height  =  I .  sin.  0,  and  the  velocity 
acquired  down  I .  sin:  0  is 

t;  =:  ij2g  .1 .  sin.  d,  and  time  down  it  is 
t  =      /±  .  V '  sin.  0. 

Now  Z  =  ft;  +  iL  .  sin.  d  .  e 

8 

/.  2  ==  8  Z  sin.  d  +  /  sin.'  0,  which  gives 

sin.  6  =  —  1  +  V  8 '  whence  d  is  known. 
II 
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360.        Here  x  ss  ta  -^  nU^ 

and  .'.  4m  ,  (  JL.  —  x)  =  a«  —  4,amt  +  Am^  t^ 
\  4m 


36^.        Let  ^  be  the  time  required  ;  then  v  being  the  velocity 
of  projection,  and  s  the  space  described,  we  have 

5  =  ^V  -    iL  <« 
2 

or  s  =:  tv  +  JL  t* 

2 

according  as  the  body  is  projected  upwards  or  downwards.   Hence, 
in  the  former  case 


t  =    v±^v^  -2gs (1) 

9 
and  in  the  latter 


t  =  —  v±  A/h^-\-  2gs ^2) 

9 
Equation  ^1)  denotes  that  the  problem  is  impossible  wheh  v  is  < 

v^  2gs,  or  <  then  that  acquired  by  falling  vertically  through  s ;  also 

when  possible,  that  t  =  v  -  ^v^  -  2gs  ig  the  time  in  ascending 

9 
through  the  space  —  (till  all   the  velocity  of  projection  is  de- 

stroyed),  and  afterwards  iir  descending  through  IL  —  ^. 

Equation  (2)  shews  that  the  problem  is  always  possible  in  the 
case  of  downward  projection ;  but  since  the  time  is  aecessarily 
positive,  the  only  solution  in  this  case  is 

9 
In  the  problem,  the  projection  is  upwards,  s  sz  6S  feet,  t;  =  64 

feet  in  a  second,  and  we  therefore  have 
t  =  64:f^642—  I26g^ 
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362.  The  force  betng  oonstaBt,  the  spaotf  descried  oc 
square  of  the  time.  Hence  the  spaces  described  in  the  m,  m  —  I, 
first  seconds  are  as  m%  (m  —  1)%  and  .%  that  described  in  the  m^ 
second  is  as  m*  —  (m  —  ly^  or  2m  ^  1. 

.*.  the  spaces  described  in  the  m^  and x^ seconds  areas  9m  -*  1, 
8jd—  l,or 

Sir  —  1  :  a : :  So:  —  I  :  a the  space  required. 


363.  The  space  described  with  the  Yelocitj  of  projection 
continued  uniform  in  four  seconds,  would  be  80  feet ;  and  that  due 
to  tl|e  retarding  force  of  gravity  as  modified  by  the  inclined  plane, 

fc  iL  .  sin.  0  .  f»  =  -L  sin.  SO  x  4*  =  4^, 
2  2 

2  2 

.'.  80  —  4^  ==  80  ->  128  —  =  ~  48  —    feet    nearly,  or  the 
48  —  feet. 


364.        Let  a  be  the  distance  between  A,  B,  and  x,  y,  the 
oo-ofdinates  of  the  point  P,  x  being  measured  from  A  along  the 

line  AB.    Then  considering  AP  =a  Vy*+*%  BP  =  V  y"+(a— x)" 
two  inclined  planes,  the  times  down  them  from  rest  will  be 

^  gy  ^  gy 

/.  by  the  question 

or  jjy^+x*  +Vy*  +  («  -  *)•=  c  V^ 
which  being  rationalized  becomes 

^-  <^*  +  (4c*»  -  4ac«  +  2ctf*)  y  -  4a V  +  4a»x  -  a"=*0 

the  equation  to  the  locus  of  P. 

•• 
n 
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365.        Since  on  the  inclined  plane 

8  =z  ^  .  sin.  0  .  <• 
d 

and  here  ^  r=  403  feet,  0  =  30^,  we  readilj  obtain 

40 


t  = 


^fg 


366.        Let  /  be  the  common  length  of  the  planes,  if  f  the 
times,  and  v,  v  the  Telocities  required ;  then  the  velocity  acquired 

down  Tcrtical  line  (I)  being  =  ij  2gl,  with  which  the  bodies  are 
projected,  we  have 

/  =  /  ijTgr+  iL  .  sin.  45<>  x  <* 

and  /  =  I'  /2^  —  iL  .  sin.  30°  x  <'* 
Hence  (See  361,  vol.  II.) 

.-.  t  :  t'  ::  v^i+-i=;  _  i    :   ^T-  i. 

Again,  V,  V  being  the  velocities  acquired  and  lost  by  the  de- 
scent  and  ascent  in  the  times  ^,  ^,  we  have 

V  =  5f<  sin.  45®  ==  V^^  (  V    1  +  —7=  -  0 

V  =  gt'  sin.  SO®  =  j/gl  (  V^.  if  1) 

whenever  the  velocities  at  the  end  of  the  motion  are  respectively 

t;  =  V*  +  g^r/ .  sin.  45® 

V  =  V*  -  2^/  .  Bin.  30° 
and  substituting  these,  also  may  be  compared. 
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d67.  Let  the  origin  of  the  eo^ordinate^r  {±,  yi  2,)  be  ilften 
in  tbe  intenection  of  tbe  giren  line  with  the  t>Iatie  df  t^  haAnrnj 
lUid  the  pkkne  of  {x^  «,)  be  the  terfical  in  irkidf  Ihm  line  is 
{foslted ;  that  of  (jc^  y^)  being  the  horisM.  A1m>  M  («» b^  e^)  b<i 
the  co-ordinates  of  the  gi?en  pointy  and  »  the  iiielititltjen  ^  thd 
given  line  to  the  horizon. 

Then  drawing  any  line  from  the  given  .point  to  meet  the  given 
line  in  a  point  whose  co-ordinates  are  (x,  y,)  it  may  be  considered 
all  inclined  plane,  whose  length  and  height  are  easily  found  to  be 

L=ii  .^^  +  (a  -  a?)*  +  («  -  *  tan.  d}* 
and  H  =  c  —  X  tan.  a. 

But  T'  =3  =1  X  -i.  SB  fninlmniD. 

•  •  ^         ^    +  c  —  X  tan* »  ^  nun* 

c  —  a:  tan.  » 

and  putting  the  differential  =  0,  we  get,  after  proper  deductions, 

and  the  solution  of  a  quadratic, 

—  itt 

_  _  c  ±  COS. «  J <^-'2(M!  tan.  a  +  (a"+  6*)  tan.* » 

X       *^m  IP.  Hill  '       M  I  \**ii*i^.^»^l^— ^— .— . 

tan.  K 
which  determines  the  position  of  the  line  required. 
Let  6  =z  0,  or  the  line  add  {xrint  be  in  the  saine  vertical.    Then 
c  lb  cos.  a(c  —  a  tan.  a) 
tan.  a 
A  geometrical  determination  may  be  made  by  drawing  a  line 
from  the  given  point  (t^)  parallel  to  the  horizon,  and  meeting  the 
given  line  in  (Q),  and  taking  along  the  given  line  (downwards  or 
upwards,  according  to  the  position  of  P)  QR  =:  QP,  or  by  draw- 
ing a  circle  touching  the  lines  QP,  QR  in  P,  R.     This  is  either 
obtainable  from  the  construction  of  the  above  equation,  or  directly 
from  the  consideration  (which  may  easily  be  proved)  that  the  times 
down  the  chords,  originating  in  the  highest  or  lowest  point  of  a 
drcle  any  how  ijiclined  to  the  horizon,  are  equal. 


368.  The  section  of  the  sphere  made  by  a  plane  passing 
vertkaUy  through  the  lowest  point  of  the  sphere,  and  another 
taken  any  where  on  its  surface,  is  known  to  be  a  circle,  whose 
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diameter  is  tbe  ^rtical  axis  of  the  sphere.  Hence,  since  the  times 
down  the  chords  terminating  in  the  lowest  point  of  a  vertical  cir- 
cle are  equal  to  that  down  its  vertical  diameter,  the  time  down  the 
line  joining  the  abovementioned  points  of  the  sphere  is  equal  to 
the  time  down  its  vertical  axis. 


369.        Let  P  be  the  weight  of  the  body,  I  the  length  of  the 
plane,  0  its  inclination  to  the  horizon.    Then  since  the  pressure  J. 

to  the  plane  =  P  cos.  0,  and  .*•  by  the  question  friction  s=  .......L. 

and  the  moving  force  down  the  plane  (not  redKoning  friction)  is 
P  sin.  0,  the  moving  force  down  it  when  the  retarding  influence  of 
friction  is  considered,  will  be 

P.     A       Pcos.  0 
sm.  B  —   ■ 

n 
H^ce'the  force  which  accelerates  the  body  down  the  plane  is 
expressed  by 

n  sin.  0  —  eos.  0 
n 

and  .*•  since  s  s=  iL  ^  f ,  we  have 


g     nsin.  d  — cos.O 
the  positive  root  of  which  will  give  the  time  requiced. 
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370.  Let  the  bodj  be  projected  in  a  direction  inclined 
to  the  hori2on  at  the  Z  0,  with  the  velocity  v,  and  suppose  (y^  x) 
the  vertical  and  horizontal  co*ordinateSt  originating  in  the  point  of 
projection,  -which  determine  the  ppsition  of  the  body  at  the  end  of 
the  time  t ;  then  since  the  velocity  estimated  vertically  and  hori* 
zontally  is  t;  sin.  0,  v  cos.  0,  we  have 
X  s=  vcos.  0  X  < 

« 

y  =  vsin,0xf  —  -^«* 

2 

Hence  y  ==  :rtan.  0 iJSf — (1) 

*  «»•  COS.*  fl  ^  ^ 

the  equation  to  a  parabola,  whose  greatest  ordinate,  corresponding 
.  abscissa,  and  parameter,  are  respectively    • 

!!!. .  sin.2  0,  —  sin.  «0,  .£H1  .  cos.^  0 («) 

^9  »9  9 

Consequently  the  equation  to  the  trajectory  referred  to  its  ver- 
tex, by  the  horianntal  and  vertical  co-ordinates  (lo,  z)  is 

w*  =  — —  COS.*  0  X  z . .  (3). 

9 

To  resolve  the  problem,  we  have  by  (1)  (referring  the  given  co- 
otdiiiates  a,  6,  of  the  plane,  to  the  point  of  projection) 

-6=ratan.d-_i!2l_ 

««■  COS.*  fi 

which  gives 

v^  =  2£ =  min, 

S  COS.*  d  (6  +  a  tan.  6) 

.'•  co8.<  ft  (6  +  a  tan.  0)  =:  max.  =  u 
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Hence,  putting  _  =  0,  we  hftve 

tan.  26  =  4- 
0 

and  d  «  -« .  tan,*"i  — 
2  b 

wliich  gives  the  direction  required ;  whence  fdso  the  velocity. 


37 1 ,  I^t  tliie  equations  to  the  plme  (considered  a  straight 
line),  and  parabola  desoribiid  (870),  referred  to  the  point  of  pr»- 
jectioQ,  be 

l#  €2  «  ton.  d  —  — £f- — ; 

^  «t;''oos."0 

then,  since  when  the  body  reaches  the  plane  .  y  s:  y',  and  xzzaf^ 

we  have 

ax  +  b  t:i  X  tan.  0  —  £ 

2v»  cos.'  d 

whence 

and  •*.  y  =z  ax  +  by  and  finally 


:r 


or  the  range  required. 

The  greatest  altitude  is  (370) 


t;« 


_  8in.«  6. 


372.       Retaining  the  notation  of  (470)  we  have 
X  ^  V  cos.  fl  X  ^ 

y  =  V  sin.  0  x  <  —  —  <* 

2 


whence,  eliminating  (v) 

y  =  « tan.  6  —  jL  <•. 
^  2 


Hence,  making  the  altitude  of  t|ie  tower  e=  a,  sincQ  by  the 
question 

0  =  45^,  and  t  =  5" 
we  have 

—  a  =  atan.  45  —  iL  x  25 

/•  a  Si  S3  —  feet  nearly, 
24 


373.        The  space  due  to  ft  velocity  of  744  teei  in  a  second  is 
«  a  !J!  as  ilflll  »  644  ;  58  ffeet  nearly. 

6 

Also  the  space  described  ia  two  secoiu)!  bj  ft  body  projected 
upwards  with  that  velocity  is 

2 

=  288  -  25r  =  223  —  feet  neariy. 


374.        At  the  end  of  thft  time  (/)  the  positions  of  the  bodies 
are  determined  by  (370) 

3f  x  a  cos.  t  X  ^1  y  =  a  sin.  0  x  ^  —  -^  C 

2 

«^  Bs  6  cos.O  X  #,  y'  =  ftsin.  a  X  <  ^  iL  i> 

2 

which  ^ve 

tf  s=  « tan.  0  —  — ££ 

2a*  cos 

w'  ==  a;^tan.  0  --    .   ^^. 
^  2ft»  cos. 

Hence,  if  {y'\  of*)  denote  the  co-ordinates  of  the  centre  of  gra« 
vity,  since 

y"  --  y  :  x"  —  a?  ::  y'  —  y  •  x'  ^  x 
we  have 


-f 
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But  sf  a  —  x^  and  (h  being  >  a) 
a 

it  readily  appears  that 

a:"  —  j:   :  of  ~  x  ::  B   :  A  +  B 

and  .'.  X  =  2 X  (A  +  B)  a/' ;  also 

B6  +  Aa 

y  and  y  are  given  by  (eq.  1) 
/•  substituting,  we  finally  obtain 

y  ^  r"  tan.e g(A+B)«       .  ^'.  _  _  (g) 

•^  2(fcB  +  aA)»cos.-0  ^  "^ 

whose  greatest  ordinate,  corresponding  abscissa,  and  paramete 

(found  by  putting  d^'  =3  0,'&c.)  are  respectively 

{IB  +  aA)'  sin.«  0)    (6B  +  oA)^  sin.  86 

%  (A  +  By     '       2y  (A  +  Bf      • 

^  2  (&B  +  flA)*  COS.*  e 

^(A  +  B)«        • 


375.        Let  a  be  the  altitude  of  the  tower.    Then  (370) 

—  o  =  a:  tan.  0  —  — i^ — , 

»«•  COS.*  6 

whence 

^  „  t;*  sin.  86  ±  V  v*  sin.g  26  +  4yat?«  (1  +  cos.  29) 


:.  V  sin.  26  +  a/v^  sin.*  26  +  4$fa  (1  +  cos.  26)  =  max. 
by  the  question ;  which  gives  by  the  rule,  after  proper  reducUonSi 

COS.  26  =:    ^  ^'+  >/^^  ^(^'  +  ^y)  --      gflg 

t?8  +  ff^r  v'+o^r 

determining  the  direction  required. 

Let  the  point  of  projection  be  situated  in  the  horizon ;  then  a=:0 

and  COS.  26  =:  O  =  cos.  90^. 

/.  6  =  45°. 


376.        Making  the  diameter  {2r)  of  the  circle  hori2ontal,  * 
we  have  (370)  and  by  the  question, 
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y  =  X  tan.  45 


g^ 


Sv*  COS.*  45 


»• 


But  when  x  ==  r  (by  question)  y  =  0,  .'. 
which  giYes  ^ 

or  the  velocity  of  projection  is  that  acquired  down  —  r. 

Also  (by  370)  the  greatest  ordinate  corresponding  abscissa,  and 
parameter  of  the  parabola,  are  respectirdy 

—  s:  L.    —  ^  —    and  —^r 
4g  4*  2g  «  '  g 


377.  The  greatest  ordinates  and  corresponding  absdssie 
of  the  parabolas  described  are  (370,)  if  20  and  0  are  the  angles  of 
prqectiens, 

y  =  il!  sin.^  2fi    )         x=:—  sin.  48 

*^        Ud     *? 

y  =  iL  sin.*  0     I         «=:  2L  x  sin.  20 

But  by  the  question  x  =  x,  .*.  cos.  2d  =  — , 

.*.  0  =  80^.    Hence,  the  areas  A,  A',  are 

A  =  ±y  X  X  =  J!!j/£,A'=±y'x  x' =  J!jV£ 
3  8  3  8 


378.        Here  0  =:  60^,  x  =  side  of  an  equilateral  A  ss  a, 
when  y  ae  0.    Consequently  (370) 

0  =  a  tan.  60^  -  ^ 

-^        2V*  COS.*  60° 
TOL.  II.  8 
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=  a  J  8     —  i 

irhich  gives 

the  required  Telocity. 

Also  a  =:  V  cob.  60^  x  ^  =  —  < 

2 


...  <  =  y^iVi 


379.        The  velocity  with  which  the  bodies  quit  the  plane 
is  given  by 

v«  =  V»  -  2^/.  sin.  80** 
=  80*  -  50^. 
Hence  (370)  the  equation  to  the  tragectory  is 


y  s=  X  tan  SOr  -  ^ 


p  _    .     ^g 


2\f  COS.*  30° 

which  18  a  parabola  whose  greatest  ordinate,  corresponding  ab- 
scissa and  parameter  are  (370) 

2!l,J!Vl.andJ!!l. 

3flF       A^g  2g 


380.        Let  r  be  the  radios  of  the  O  ;  then  the  velocity  (v) 
acquired  down  it  is 

V  ss  jj2gr 
and  the  time 

gr 
Now  0  being  the  inclination  of  the  plane  to  the  vertical,  we  have 

_  ,      »      a  COS.  0  -, 

2 

according  as  the  body  is  projected  downwards  or  upwards. 
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.•.  «  s:  2r  ±  r  cos.  6 

=  r  +  r  (1  ±  cog.  6)^ 
Let  the  negative  sign  be  taken,  then 

*  =  r  +  r  vers,  d  Q.  R  D. 

381.  lS  V,  V  be  the  required  velocities  of  projection: 
then,  generally,  s,  s\  being  the  spaces  described  in  the  time  t  along 
the  planes  whose  inclinations  to  the  horizon  are  0,  0',  with  these 
▼elecities  we  have 

s  =  ^  ±  iL  sin.  0  X  f* 
S 

«s=^t>'±  Xsin.e'  X  e 
2 

according  as  the  bodies  are  projected  downwards  or  upwards. 

Hence  we  easily  get 

^'_  8  sin,  e  -  s sin.  B'    _  y  t;  +  ^lF±tsg  sin.  8 

v'  sin.  ^  —  V  sin.  0'  ^  sinTfi 

which,  by  reduction,  gives 

«k  •  /  *'     .    sin.O'  \     ,    /  «'       sin.O'  \    r-rirz : — r 

«v  =  V  X  I  —  +  -—7  )  +   (  —  —  -— r.  )  V  ^  ±255f  sin,  0. 
\  s  sm.  d  /         \  s        sin.  d  / 

From  this  result  it  appears  that  the  ratio  —  may  be  obtained, 


V 


1       9     sin.  0'                       1    •    al             r  ^'          sin.  d' 
when  — , are  given,  only  in  the  case  of —  =  . 

s     sin.  d  9  sin.  d 

Hence,  since  "°'^^^.  =  ^  =  -L^  does  not  equal  V£, 
8in.45^  2  V«  V^" 

and  ^°'       does  s   v  ^  ,  we  condude  that  Mr.  W«odhoii8e 

made  a  corresponding  oversight  in  the  enunciation.    When  —  = 

Sin.  d  , 

.,  we  have 


sin.  0 


s  sin.  ^ 


5  sin.  d 

r         sin.  45^  /T 


.  a 


V         sin.  60^  /o 

ii  s  2 


=    V^  the  ratio  required. 
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382.  Let  the  inclination  of  the  plane,  passing  through  the 
centre  of  the  circle,  and  J.  tangent  at  its  extremity,  be  6 ;  then  s 
being  the  distance  of  the  point  of  projection  from  the  tangent,  v 
the  velocity  of  projection,  v'that  with  which  the  body  is  reflected 
by  the  tangent  plane,  t  the  time  from  the  hand  to  the  tangent,  and 
{ that  from  the  tangent  to  the  hand,  we  easily  obtain 

s  ir  <t;  -  -£.  sin.  0  X  t* 

2 

,  8  =i^v  +  ^  sin.  0  X  t'*  which  give 


^  «  —  V  ^'^  ""  ^9^  '*"• 


A  98 

'   or  =:  


g  sin.  d  v+  V ^"^  ^S^  ^^^  ^ 


._-«'+  V «'•+'%«  sin.  9  or  =  ?i 


g  sin.  B  v+  ^v**+  2g8  sin.  d 

Hence,  


^  •  ^  J-  V  -^  a/v  —  2g8  sin.  0  —  t>'  4-  V  t?'*  +  g^g  sin.  0 

^  sin.  6 
But  V  (  =:  Telocity  with  which  the  body  strikes  the  tangent 

plane)  =  ^ ^~  ^*  sin.  0. 


Hence  t  +  f '  s=  »  (t;  -  Vt;'- g^s  sin.  0 

^  sin.  d 

r=  —  by  the  question. 

Hence  r  —  »  =  ^  .  sin.  6 ; 

2v* 

and  making  r  ^  s  the  radius  vector  (since  it  is  the  man's  distance 

from  the  centre  of  the  circle),  the  polar  equation  to  his  locus,  it 

*  p  =  -£!L  .  sin.  0. 

If  it  were  required  to  determine  the  curve  by  rectangular  co- 
ordi»ate8,  we  have 

f  a=  */af  +  y\  sin.  d  = 


X  being  vertical ;  which  give 

the  equation  to  a  circle  whose  radius  is  -^- 


piioiEO'lrii;£g  Ik  a  vacuum* 


^61 


If  it  were  required  to  determine  the  cunre  by  rectangular  co^ 
ardmaie$t  we liaTe  g  si  r  +  a/ 3^  +  if\ sin,  0  =     -^     '  ,  which 

being  nibstitoted  wonld  give  the  equation. .  . 

In  both  cases  the  equation  will  be  T^ry  complex.    It  would  be 
rather  laborious  than  difficult  to  rationalize  these  results. 


383.  Let  a  be  the  dtitude  through  which  the  body  falls 
to  acquire  the  Telocity  of  projection  v,  and  suppose  that  after  de- 
scribing with  this  Telocity  the  arc  s  of  the  trajectory,  it  is  reflected 
by  a  hard  normal  plane,  at  the  point  whose  Tertical  and  horizon* 
tal  co-ordinates,  originating  in  the  point  of  projection,  are  (y,  x) ; 
then  it  being  again  projected  by  the  interrention  of  this  plane  with 
a  certain  Telocity  v\  that  plane  (by  the  question)  must  be  so  situ- 
ated as  to  reflect  the  body  precisely  to  a  point  whose  co-ordinates 
(--/,  ^  measured  from  the  point  of  reflection  are  a  —  y,  «• 

Now,  by  (370),  we  haTO 

-y=  *tan.O  -  i£—^^I^ 


Sv'  COS.*  0  Sv^ 


—    9^   -.  ^ 


/.  y  =  -^[1.  =5  :!. (I) 

^  2v*         4a  ^  ^ 


the  equation  to  the  first  parabola. 
Again,  since  the  horizontal  Telocity  of  a  projectile  is  raiiform, 
we  hare  (t  being  the  time  of  describing  x  with  the  Telodty  v], 

X  s=  <v,  or  <  =  — ^ 

Hence,  and  by  equation  (1),  since  the  body  is  reflected  with 
half  the  Telocity  of  compact^ 

Also,  since  the  body,  after  reflection,  is  projected  in  the  direc- 
tion of  the  tangent  at  the  point  (x^  y),  we  haTe  the  inclination  (d) 
of  that  direction  to  the  horizon  expressed  by 

(U        8a 


?6iJ  f  EOJHCTII«B»  I»  A  VACUUMb 

Mencey  we  get 

•»-  y'  25  0?'  liw.  (  -p-       y   ■   1,. 


x«        4:» 


2t;'*cos.*6 
ory  —  a  =  l-  —  :E^  whicb  gires  by  means  of  (1), 

a;  a  J^  and  y  =  ±, (8) 

V«  « 

Utn.  0  r^  ,-.s=  ss  tan.  80°, (a) 

*  ^  3  V8 


and  .%  the  equation  to  the  9econd  parajbola 

He»oe«  smce  0  ia  also  the  indination  of  the  uoniial  plaiie  to 
the  vertical,  we  readily  obtaia  its  eqiiatioD»  lefored  to  the  point 

of  projection  by  y",  or",  viz., 

y"  =  !i  ^  ^'   Jl (6) 

o 

determining  the  position  required. 

Again,  ty  ^i,  t^  being  the  limes  of  describing  a  from  rest,  and  a; 
with  the  uniform  horizontal  velocities  u»  v'i  we  have 

V   ^  v  V  sy  V  V    jr 

.%  the  whole  time  of  motion  is 


384.        By  (374)  the  equation  to  the  locus  of  the  cmtre  of 
gravity  is 

y*  8=  «^  tan.  45«  - 2iii' x  «"« 

Sx49co8.*46°xH 

s=  «"  -  X  X  x'\ 


Oe  mpmJdm  to  a  pwiboU  wbow  pttanietef  and  greatest  ttdinate 

are  _^  and  .^  respectiydy. 
9  9 

385.        By  (370)  the  equation  to  tbe  trajectory  is 
y  =s  ar  tan,  SO® 2£! = 

And  that  of  the  plane  referred  also  to  the  point  of  projection,  is 

y'  5=  j/  ija^  a. 
where  a  is  the  distance  of  the  point  of  projectioii  from  the  plane's 
intersection  with  the  vertical. 

Now,  when  the. body  strikes  the  plane,  we  have,  x  =:  v,  y  =  y , 
which  give 

And  since  x  s:  tv  ss  I93t,  we  have 
<•+  jH  X  193  X  «=  ~ 

by  the  resolution  of  which  the  time  required  may  be  found. 


386.        Let  9  be  the  Z  required,  and  a  the  given  velocity ; 
then  (370)  the  greatest  ordinate  and  corresponding  abscissa  being 

y  t=2  —  sin.'2  6,  an4  j  «  —  x  sin.  S9, 

2g  2g 

we  have 

—  yx  c=  area  of  parabola  s  — —  sin.^  9. 
3  ^  3g^ 

Hence,  by  the  question, 
sin.*  6  X  sin.  SO  =  max.  =  u 

which,  by  putting  ^  =  0,  gives 

dx 

cos.  •  =  — ,  or  6  s=  ao** 


' 
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387*        Let  a;  be  the  distance  of  the  point  of  coaecmne  ftom 
the  bottom  of  the  yertical  line ;  then 

whence  t  =  ^  / — ,  and  x  =  -_- 
which  determine  the  point  required. 


388.       By  (370)  we  have  generally 

y  £=  j:  tan.  0  —  — 2f — 

2t;«cos.*0 

But  here  y  is  negatire,  0  =:  o,  and  v^  =  2ya  (a  being  the  alti« 
tude  of  the  tower). 

the  equation  to  the  trajectory. 
Let  y  :=  at  then  j:  ss  9a« 


389.  Generally,  if  A,  B ;  a,  ft^ ;  d,  f  denote  the  weightsof 
the  bodies,  the  velocities  of  projection,  and  durectkniB  re6pectitel> 
then  we  have  for  the  time  (Ot  (ar^  y ;  ^,  y';  ^',  y")  denoting  the 
horizontal  and  vertical  co-ordinates  of  the  trajectories 
by  the  projectiles  and  their  centre  of  gravity, 
x  =:  to  X  cos.  d,  X  =:  <&  X  cos.  ^ 

y  s=  to  X  sin.  4  —  iL.  /»,  y  =  <&  x  sin,  ^  —  iL.  r 

Hence  *'=  A  £?!54....(I) 

a   cos.d 

y  =  «  tan.  0  —  — 2f 

y'  £=  x'  tan.  ^ --? . 

^  '^      26' COS.*  f 


■rBMBCTILBI  IM  1  VkOVXnt, 
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Aim,  liBee  (6  being  >  a) 
f-yty'-yttBrA+B 

aiid*"-*:*'-*::B:A  +  B 

we  hare 

3r''(A  +  B):=yB+yA> (^^ 

a^  (A  +  B)  =s  «'B  +  *aS 
And  eUminaliiig  »,  x',  y^,  y'  from  the  aboTe  fite  equaiionB  (1), 
(8),  (^3),  ive  finally  obtain 

«       oA  sin.  0  +  6B  sin.  f     «  Sr(A  +  By,  3^ .  .v 

^         oA  COS.  §  +  6B  COS.  f  »(aAco8.ft+6Bcos.f)* 

die  equation  to  a  parabola,  whose  greatest  ordinate,  corresponding 
abscissa,  and  parameter,  are  easily  found  to  be 

(aA8in.0  +  &Bsin.»y  .  Adn  fta,  AR.I,,  y) 

«i;(A  +  Br         '"^ 
X  (tf  A  cos.  a  +  iB  COS.  ^)  X  ^.   ,  -^.  and 


2(aA 


COS.  9  +  6B  cos.»y  jespectiTeiy. 
5f(A  +  B)« 


No.  (874)  is  but  a  partiodar  case  of  this. 
In  the  problem,  A  =  S,a  s=  M,  d  s  •O^;  B  s=  3^  &  s  e5,and 
f  a  30^,  whence  it  is  easy  to  find  the  required  quantities. 

390.  Since  the  horisontal  yelocities  of  both  sound  and  the 
frf^edUe  are  constant,  and  describe  (by  supposition)  the  same 
spaee  in  the  same  time,  these  yelocities  must  be  equal  ($  =  tv). 
Hence,  a  being  that  of  sound,  we  have,  by  the  question,  and  by 
'370) 

y  =  0  s  xiBn.  • ^  f ^  ,. 

^  2a*C06.'S 

.'.«=:  0,  or  =  f-  X  sin.  20  the  range  required. 

9 

» 

391.  I  e   a  be  the  height  of  the  tow  .  by  (370) 
we  get 

i-fl  =2  -    tan.  0 -^ — r— 

9  3t;*cos.*0 


3*6  .PBQjicTaBi  III  ▲  rAoyuM. 


8 


and  V  =  . /2f5  the'  velocity  required. 
^    8 


392.        By  (S70)  we  have 

w  =5  X  tan.  0  —  — 2f 

2t;«cos.«9 

where,  by  tbe  question,  y  s:  0,  ^  s:  1  jf,  jt  es  iqo  feet, 
Hence,  substituting,  &c.,  we  get 


—  £=  100  feeti  bright  required. 


393.        Generally,  we  bave 

5  =  *t;  -  ^  5-  ><  *• 
d    L 

since  tbe  space  described  With  the  Telocity  u  continued  unifonn 
would   be  tvt  and  that  through  which  the  body  woaU  deflOend 

down  tbe  plane  X.  — .  <*.     But  by  the  question,  v  ss  80  feet, 

5.  =  JL,  <  =  18". 

L  6 

.  •  •  • 

.*.  8  =  860  —  12^  s  -  26  feet  nearly,  or  the  body  will  be 
lower  down  the  plane  by  20  feet  than  the  point  of  projection. 

Hence  the  velocity  (u)  of  the  body  after  12"  will  by  SO  +  that 
acquired  by  falling  through  26  feet  of  the  plane. 

.-.  tt  =  80  +  ff  X  12  X  —  =  94  JL  feet, 

^  a  8 


394. 

Here 

\ 

us 

gty 

H 

L 

T."- 

80 

• 
•  • 

t  *^ 

800 

_   1800 

=  9" 

63, 

nearly. 
193  199 


I 


39Ss        ^7  (970)  we  iiaTe 

y  =  ar  tan.  9  -      J^^  ^^ 

2v*  COS.*  8 

where,  by  the  question, 
0  r=  45^  V  =  50  feet ; 

.-.  when«  =  0,0?  ;^  ?^  a:  Ji221  feet nearlj. 


996.       By  (aro^  ^sA  the  questipD*  we  bftye 

0=:y=  150tiui.80^--jiif?L-, 

Sv*  cos,'  80^ 

which  gives 
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10  V-^ 


397.        By  (S70)  and  the  question^ 
y=x  tan.  60^ — 


.o  flrx* 


8(100)»  COS.*  CO' 

5000 

Hence,  if  6  be  tlie  distance  of  the  foot  of  the  inclined  plane  ftom 
the  point  of  projection*  (sii^ee  the  equation  to  the  section  of  that 
plaoe  made  by  the  plane  of  motion  is  y'  =  {pd  —  V)  tan.  SO^ 

=  (j/  -  5)  — ^^  ),  by  making  y  ==  y',  a  e:  a/,  we  have 

Xsfl  -  -^  ^   (x^b)  J— 
5000  ^"i 

.••  o:  =  50  VjE 

die  horizontal  range. 

Hence,  the  time  required  is 

p  U  100  COS.  60"^  sJs 

Again,  the  greatest  altitude  abore  the  horiaon  is  (370) 


^M6  VBOnCTILBB  IH  ▲  VAC^^tt. 

to  find  that  aboTe  the  plane. 


398.    By  (889)  the  greatest  altitude  of  the  centre  of  gnrity 
of  A|  B,  projected  with  the  yelocities  a,  6,  is  generallj, 
(aA  sin,  fl  +  tB  sin,  f  )* 

Here  S  s  f  c:  90^ ;  /.  the  greatest  altitude  required  is 

(oA  +  bBy 

2?(A  +  »y 


399.  By  (870)  the  greatest  altitude  is 

y  =  !ll  sin.  «• 

Also 

a;  s  —  sin.  89 

Consequently,  if 

y^  =  ox'  +  i 
tie  the  equation,  referred  to  the  same  origin,  6f  the  section  <^  the 
inclined  plane,  made  by  the  plane  of  motion,  ire  have 

y  -  y'  =  !!l  (sin.  «d  -  a  sin.  2d)  -  » 
«y 

for  the  greatest  altitude  required. 

400.  Making  the  intersection  of  the  horiaon  vith  the 
bank,  the  line  of  abscissie  (x)  (originating  in  the  point  of  projec- 
tion), and  taking  the  ordinates  (y)  in  the  plane  of  the  bank,  it  is 
evident  that  the  motion  parallel  to  (x)  will  be  uniform,  and  that 
parallel  to  (y)  the  same  as  down  the  common  inclined  plane^  Whose 
inclination  («)  is  the  same  as  thai  of  the  bank.  Hence,  (v)  being 
the  velocity  of  projection,  and  0  the  Z  which  its  direction  make^ 
with  the  line  of  intersection,  we  havci 


s  rs  v00B.t  X  t 

y  =:  If  sin.  9  X  <  -?  -^  sin.  «  >C  r^ 

2 

the  eqiiation  to  a  purabohL 

The  gretiiesi  ordiaate,  oorresponding  absciseat  aad  paMuqeter, 
are  easil  J  found  to  be 

^v*      rin.  «0     -,  «^  V      sin.  2(1 
2g      sm.  A  ^  2^       sm.  a 

^  ^   «r«        COS.  «0 

p  —  —       .     ■ '  * 
5f        sm. «      ' 

The  place  wheie  the  body  meets  the,  liorisoii  is  ^etemuned  hy 
patting  y  =:  O9  which  gives 

_v«    shi.  g0 
4;     sin. « ' 


401.        Let  AB  =  BC  (Bg.  89.)  represent  the  equal  times 

of  descent  and  ascent;  Aa,  Cc  the  initial  velocities,  and  Bfr,  BD 

the  ultimate  velocities;  thein  the  spaces  described  (Wood,  p.  189,) 

are  denoted  by 

AB6a,  BCeD.  ^ 

But,  by  the  qoestion,  the  spaces  described  are  equal,  and  oDt 
=  DEc  (being  the  spaces  due  to  gravity).    Hence. 

ABDci  =  BCED ;  and  since 
AB  =  BC,  :.  Aa  ssJSD  s  CB. 
/.  Cc.  —  Aa  =  Ec  =s  velocity'  acquired  by  falUng  vertically  in 
th^  time  AQ. 


402.        Let  a,  i,  be  the  altitudes  fallen  through  by  A,  3,  to 
aoi|ttire  the  velocities  «,  t; ;  then 


If  =  V^a,     v  =  ^2gb 
Haice,  ^  being  th^  horizontal  distance  moved,  we  have 


V    jf    T     ^  ^„ 


2W> :  pnummut&tit  k  VAcmuar^ 


•%  X  =:  2j^  ab 
•*.  the  time  of  6*6  uniform  motion  js^ 


TT  ^      r^T  =    V  T  =^  *e'  time  of  A's  descent. 


403.       Let  0  be  the  inclination  6f  the  line  t6  ihe  horium, 
then  the  time  down  it  is 


B  =  iL  C  sin.  « 

.-.  ^  -     *"     -fly** 

g  sin.  d                 ^ 

hf  the  question.    Hence 

sfe.  0  =  i.  =  flin.  tO^. 

A  0  =  80^. 

404. 

By  S70,  we  have 

V  '^  T  tan.  fto®  --         ^^  . 

«t7'C0S.«60^ 

« 

But  by  the  question, 

a;  £5  800  X  eo«.  SO**  =2  160  ^T 
and  s^  s±  800  X  fiiit  80^  s  150 

wh^ce  t;  =  15  i/  2g. 

Hence  the  greatest  altitude  above  the  plane  is  easily  found,  by 
the  rules  of  max.  and  min.,  to  be  <r5  feet ;  and  the  time  of  flight 

156  iJH  /i" 

=  ^  =10  \/  — . 

V  COS.  60  g 

405.  Let  a,  be  the  inclination  of  the  given  plane  to  ihe 
horizon,  a  the  vertical  distance  between  the  given  point  jand  the 
plane ;  also  idtippoie  the  Co-ordinatei^  (4?,  y)  of  Oxh  rel^uired  locus 


PBOJIOTILBB  IN  A  VACOtHf »  ^^ 

to  itoii^e  in  Afe  intentetioii  df  this  Vertieid  Krith  Uie  pliM,  il' 
being  measured  J.  and  y  parallel  to  the  intersection  of  the  plane 
with  the  horizon ;  then  {J^  i/)  being  the  faoriaontal  and  vertical 
co-ordinates  of  the  path,  described  by  the  body  projected  parallel 
to  the  horizoUy  we  easily  obtain 

y'  =  (l-  xsin.  a  .    , 

0?'^  =  y'  +  «•  COS.  *» 

And  by  870, 


2v^ 

Henoe 

^  __   Sot^         2v"  sin.  «  ^       -*  «v-  t- 
ys  S9  .1   ■■     *»  T  X  '^  9r  con.  '• 

ff  9 

the  equation  to  an  ellipse,  whose  transrerse  and  conjugate  aze8^are 


2w       /:: : — ttt — r-   __j  ^v 


tj  2ag  +  V*  tan.  *»,  and  —  ^  2ag+v^ tan.'«  respectiTely. 


(rco6.»  y 

406.       Let  »  be  the  greatest  range ;  then  (d70) 

iL  =  !!l  sin.  'a 

But  the  nlnge  is  greatest  when  S  rs  45^. 
Hence,  by  the  question, 


•   9        X        ^^  A 


407.       By  (870.) 

«  S=  (V  COS.  ^ 

V  r:  fv  sin.  0  —  -£.  <• 
^  a 

"Whence 

sm.  0  =  r ■ 

fv 

••.  >•  +  flf  <•  X  y  =  4  (^'  -  ^' '')  -  ** 


^ra  P»0;JK)TUJM  IN  4  7A€innf; 

the  equAlion  to  a  dide,  whoie  radius  ii  <v,  and  tbe  oo-oidiB«tes 
of  wliose  eentre  are 

0  and  fv  -  S^ 


408.        Let  f  be  the  parameter  of  the  giyen  paraboh 
eqiiationis 

4P,  and  y  being  the  horizontal  and  vertical  co*ordinates»  origi 
inthoTertez;  then,  supposing  (a,  ft),  (cC^V)  the  oo-ordinates  of 
the  given  pointa  of  projection,  the  A  (a,  «^  of  projection,  or  the 
inclinations  of  the  tangents  to  the  parabola,  at  those  points  are 

(^  =  tan.  6)  determined  by 
^•*ai 

tan.  •  =  !2,  tan. «' =  !i'. 
P  P 

Ueace  (S70) 

J  =  fl  sin.  ••,  6' =  —  sin.  V 
And  .*.  »»  s:igb(l  +  eos.  •«)  ss  Sjffc  (I  +  _£!-.)      • 

t;'«  =  ^gV  (1  +  cos,  V)  =  2^6'  (1  +  -£l-  Y 

Also,  at  the  point  of  concourse, 

a  —  X  =:  f V  COS.  a,  a  +  c  rs  ^v'  cos.  » 

i  -  y  =  /o  sin.  •  -  i^t\  i'  —  y  c=  hi'sin. «'-  -L  <• 

47  8 


•*•  ^  —  V  sin.  «  —  v'  sin. »    — 


^  Vp    —      — 

Andy  =  ^  =  ±(V~+V~)* 
the  co-ordinates  of  the  point  required. 


PROJECTILES. IN  A  VACUUH*  ^3 

409.        Let  m  denote  the  degree  <tf  dastidty ;  theOtOt  f,  Xt 

being  the  ^  of  reflection  made  with  the  radii,  we  haTe,  {Wood, 

p.  131.) 

tim.  0  j=:  j»  tao.  (p 

tan.  fsum  tan*  x 
andO  +  f  +  ;c=  —  (radius of O  s=  1) 

Henee  tan.^A  =        ^^ 


which  gires  the  Z  required. 

410.  Let  •  be  the  indimtion  of  the  plane  AB  to  the 
horiaon,  a,  b  the  horizontal  and  vertical  co-ordinates  of  the  point 
A  referred  to  the  point  B  ;  then,  v  denoting  the  Telocity  at  B,  or 
that  with  whidi  the  body  is  reflected  by  the  vertical  plane  in  a 
direction  inclined  to  the  horizon  by  the  ZO,  the  trajectory  de- 
Kiibed,  referred  by  (x,  y)  to  B,  will  be  (870). 

y  ss  X  tan.  d Sf. 

Si;«cos.«8 

Bat,  by  the  question,  the  body  strikes  the  plane  again  in  A ;  .'• 
-  6  =  a  tan.  D  —  — 22 

2v^  Q0S.«  0 

Alt  ft  =3  atan.  0,  a  =  V «*+  ^*  ><  ^^-  ^* 

^^         V        6  V  Ssin.8d 

411.  Let 

V,  Vi,  v2....ilenotetheyelocitie8ofprojectionafter.ea(Ch rebound. 

0,  §j,  0, the  elevations  of  projection. 

f,  <|,  <f the  times  of  flight. 

TfT^r^ (he  horizontal  ranges. 

i,  ftj,  ik^ the  greatest  altitudes. 

^  Ai,  ag..M.«the  areas  of  the  parabolas. 

▼01..  11.  T 


^4  vmonscrtLtB  iK  k  rkcwit, 

Tbeiiy  slnet  the  f^Mhy  df  .liMtifeiiee  <fft  ft«  IkoffaBbnfal  pfameis 
sd  «lMiftofth0feA«cliotii]niBe^te!lyiifeeediiig,  ^.  ISI.) 


_  COS.  0        .     _    COS.  0 .  ^,     *«    -».  ftr* 
COS.  d,  COS.  0^ 

imd  tan. 0^  ss  n  tan.  6|  tan.  6^,  s  ntan.  0^,  &c.  =  &c. 
A  (370) 

r  =  —  Bin.  29,  r,  =  il2_  sin.  S9,  a«.,  beoone  by  ffiblitii' 

tion,  and  reduction, 
r^  =  nr 

ltd.  s±  Ac. 

Hence  also  <  =s  —-nA  U  »  >■  ^-^ y  fccf.,  b<»6<w 

<;coS.  8  VjCos.O 


1 

>  and  .*.  <  +  <i  -f  ....00  =  wl-< 
I  l-ft 


Horeover, 
A  =  |1  siivM,  Ai  =  4li  ii(i.«  ff„  &<!.,  become 

Aj  es  n«A 
A,  = 
&c 


J  s=  n«A    -J 

«  =  n*A     Lnd  .-.  A+  Ai  +....00  ~      * 

Hence,  ft  =S  --r*,  Oj  =  ^  r^  A„  &c.,  give 


Ac.  =5  fcc. 
Also,  since  the  parameter  p.  -=  Jji..  -=    ^**^    -^  ^  s=  « 

the  parabolas  have  all  the  satte  t)arameter. 
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body  has  been  in  motion  i\  and  u  tlie  Tetotity  diia  to  its  altitiiie 
above  tbe  horizontal  plane  after  such  interval ;  then,  z  being  the 
arc  described,  since 

V  s  0?  tan.  0  -r  — 2fL  (870)- 

and  x^=i  iv  cos.  0 
we  obtain 

^  =  t,co8.(l,^  =  tani 21« 

d<  cfx  v'cos.*  0 

and  /.  v'*  =  »•  +  JLf!-,  —  goo?  tan.  0 

t;*cos.«d        ^ 

=  »*  -  ^s^y 

==  V*  -  u\    a  E.  D. 


413.        By  970,  and  (hd  question  th^  equAfioll  to  th^  trajec- 
lory,  is 

X  2gx^ 

.*.  patting  y  =  0,  the  horizontal  range  is 

^*  V  3^  and  consequently  the  co-ordinatts  of  the  point  where 

the  projectile  strikes  the  sonorous  body  aie, 
__.,  and  !L,  and  its  distance  from  the  point  of  projection  is 

therefore 

2v'     /-= 


V    o„2  Qi/,2  9a 


S^«    '       81^2  ^9 

Now,  let  a  denote  the  velocity  of  sound  as  determined  by  ex- 

periment ;  then  the  time  of  its  moving  uniformly  through  JL  */  7 

T2 
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Also  the  time  in  which  the  projectik  reaiches  the  sonorous  body 
is  that  of  describing  JL^^  with  the  uniform  Telocity  v  cos.  90^,  or 

HencOy  m  being  the  whole  time  given,  we  have 

Sg        Bag 
which  gives 


*^''    — i7? — 

the  vdocity  required. 


414.        By  (870) 

y  =  «tan.O  -  — 2£!_ 

2v*  COS.*  fi 

and  by  the  question^  y  s  80  feet,  x  t=  190  feet. 
ti*  £=  S^  X  80  =  160  5f, 
•\  by  substitution  and  reduction 

i  ss  4  tan.  0  -      ^ 


9C06.*d 


A  tan.  •d  —  iL  tan.  fi  s=  -  i. 

8  8 

•*.  tan.G  =  1  or^ 

8 

.•.  •  s=  45^  or  =5  tan,-»  £. 

8 
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OSCILLATIONS. 


uxwjooeoooKCPOoooa 


415.  Generally,  if  <  be  the  time  of  an  oflcillation,  and 
I  the  length  of  the  pendulum,  we  have  (see  Trandat.  of  Yeniurolh 
p.  108,  or  Wood,  Prop.  74.) 

tssw    /— sslbythe question. 
V^   9 

And  s  Si  ^  V  IS 

8  8 

the  space  described  in  f. 


416.        Let  I  be  the  taigth  of  the  cydoidal  penduhnn ;  then 
the  time  of  an  oscillation  is 

and  the  time  down  the  length  of  the  pendulum 


.%  I  :  i, ::  »  :  V« 


417.        By  715,  and  the  question 

180       ^  '^  9 
:.  I  s    ^  -  the  required  length. 


418.  Since  the  moving  loree  here  isA-BsSr'*^** 

A  —  B         1 

Ihe  acoeleratiiig  force  f  t=z  .  sc  — 

A  +  B         4 
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2  8      . 

by  the  question. 

Heiice<=9?^|-iR:f^i- 
by  the  question. 

•*•  2  s=  —  the  length  required. 

419.  Since  the  arc  of  a  cydoid  ?=  9  K  ecNrre8{»BdiQg 
chord  of  the  generating  circle,  and  the  taiigent  at  any  point  is  pa- 
rallel to  that  chord,  H  easily  appears  that  (Pl^  in  Eimndation) 

Z  V  =  30° 

.*« ,  I  being  the  length  of  the  seni-pydoMl  4PV^  qr  of  ABT'i 
we  have  the  time  down  A'BV  (t)  expressed  by 

I  =  1.  sin.  V  X  f  =  iL  f  ' 

2  4 

Now  t,9  the  time  of —  an  oscillatipn,  is 

75 

"I 

420.  '  The  inclination  of  the  chord  (  :=  rad.  of  O  and  ori- 
ginating in  lowest  point)  is  evidently  80°,  and  the  time  down  it  is  :. 

V    g   sin.ao<>         V    ^ 

Also  the  time  of  oscillation  of  a  pendulum  (r)  is 

■  » 

421.  Let  ;v  be  the  lengdi  of  ^  plane,  I  that  of  the 

J.  cycloid ;  then,  the  elevation  of  the  p|a99  b^iag  SO^  (im  7  if), 
9 


r 


imoiujltioim.  fl^ys 

an  oacillatioa  is  —  .  / -1> 

a  V  g 

Hence,  by  tbe  qnestion, 


422.       The  time  (t)  of  an  osciKa^n  is  v  . /-i^  and  tlia 

I  w, ::  V : ).  Q.  E,  D. 

AbO|  if  2  be  the  length  of  the  oownon  seconds'  pendatunif  we 
haye 

the  spaoe^throiigh  which  a  body  would  fall  in  1"  by  the  force  of 
gwnty. 

* 

423*  Let  Z  be  the  length  of  the  pendiflnm  which  loses  or 
gains  n"  in  24  hours,  and  •*•  vibrates  24  x  60  x  60  :^  n  times  in 
a  day;  f  ip:  a;  that  of  the  common  penddum,  which  vibrates 
24  X  60  X  60  times  a  day.  Then,  since  the  nunjber  of  vibralions 
for  a  given  time  tt  inversely  as  the  square  iroets  of  the  lengths* 

ivehave24  X  60  X  60qF»  2  ^  X  «0  X  Mll/T^T;^} 

:.  I  OP  = ^i X  (nip  4$  X  «0  )(  60) 

^  24*X60«X60«         ^    T-vo        ^       / 

^^         .J.  X  (»  qp  172S00) 


(24 .  60  .  60y 

the  fffiBJuU^y  by  which  the  peo^ulmn  I  fis^if^t  4p  be  shorteqed  or 
loDgtheiifidy  ifli  order  to  b^t  tna?  time. 
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424.         Let  —  be  the  axis  of  the  eydoid,  then  the  vdodly 
of  projection  is 

and  since  (370) 

V  =  a?  tan.  46®  — £-,: =:  a?  —  f- 

^  S^  COS.*  450  / 

the  horizontal  range  is  x  =:  Z.    Henoe  the  time  iof  flight  is 

Vtycos.  46^  '^   ^ 

Again,  the  time  of  an  oscillation  is 

.\  tzt,  ::  )^2:w 
425*        Since,  generally,  the  time  of  an  oscillation  is 

I  =z  g  —  ==  5f.  by -the  question. 

And  r  =  iL 
.-.  r-/=_5!_(6i«- 60>)=a.  C  Ji-V. 

426.  Let  I  be  the  length  of  the  pendulum ;  then  8/  =: 
length  of  the  whole  cycloid,  and,  9ince  the  time  of  an  oscillation  is 

V  9 

and  that  down  2/ is 
we  have 

*  •  *,  J!  IT  Z  •• 

427.  Let  the  body  descend  from  rest  throiigh  the  arc  FA 
(Fig.  90) ;  then  the  greatest  Telocity  will  be  at  the  lowest  point  A  i 
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and,  since  *  oc  =  v%  if  BR  =  —  BA,  the  Telocity  of  a  body  dc- 

acending  from  rest  through  BA  at  R  will  c:  —  Telocity  at  A. 

Hoice,  through  R  drawing  RM  ±  AB,  and  meeting  the  conre  in 
M,  the  point  M  is  determined  in  which  the  Telocity  of  the  body 

descending  down  the  cycloid  ss  —  the  greatest  Telocity. 

j8 


428.        Since  generally,  t>«  =  %«,  —  the  Telocity  due  to  «r 
(r  being  the  radius  of  the  generating  0  of  the  cj'cloid),  is 

Now  the  Telocity  V  of  the  moTing  point  in  the  cycloid  :  Telocity 
of  the  moTing  point  in  the  cirde  ::  dB  i  dZyS  and  z  denoting  the 
cydoidal  and  circular  arcs  respectiTely. 

But  s  =  4r  —  2  chord  of  sv^p.  of  z 

4  cos 

=  4r i 


t  Sin /- — 


^—       dz         T  T  ^         a 

/2(r-cos.z)  ^        /2{2r—x) 

orbeuigthe  abscissa  corresponding  to  *,  measured  from  the  vertex 
along  the  axis  of  the  cycloid. 

Hence  V  =  ^  2g{2r^x)  =  velocity  due  to  2r  -  a?  =  that  of 
a  body  oscillating  in  the  cycloid.    (Venturolh  p.  102.) 


429,        In  the  generating  ©  AB  (Fig.  ^0,)  inflect  AP  =  its 
radius,  and  draw  RTM'  ±  AB  ;  then  since  AM'  =  2AP=:  AB 

=  I:  AF,AF  is  bisected  in  M', 

2      . 
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Now  (Translat  of  Venturoli^  p.  10&)  t}ie  time  through  luiy  arc 
of  the  cjcloid,  whose  abscissa,  measured  from  the  lowest  point 

is  PSy  19 

/  =  .  /—  cour^  — 


""  V  #f 


Let  /.  or  =s  AR  =:  V  —  -  PR«  =  — . 

Theii<  =  , /£  cos-i  (-  ±  ^  =  ^ /I  X  iao« 

V  2jr  ^        2  J         ^  2g 

But  wheo  X  r=  0,  tht  time  {Q  down  FA  is 

430.       Iq  Newton*8  Con$iruetion  (P^  50,  Rji^p^),  we 

have 

CA:  CO::  CO  :  CR 

or  AO  +  CO  :  CO  ::  CO  :  CO  -  OR 

/.  AO  :  CO  ::  OR  :  CO  -  OR. 

But  in  the  common  cycloid,  SOQ  is  a  straight  line,  and  /•  CO 

^     "      A  00;=  00 -OR,  and  AOs:  OR; 

Also  BW  is  parallel  to  RA,  and  BY  =  AO  c  Oft  s:  VW 
/.  PT=2PV  =  PS,fcc.ifcc. 


431 .        Let  R  be  the  radius  of  the  base,  r  that  of  the  wheel ; 
then  (by  Prop.  49,  Princip.  Newt.)  it  easily  appears  that 

AP  *:  r.^-1.1^.  J^ 

=  vers,  i^  to  rad.  iliJzJi 

Alao  by  Pimp.  SH  of  that  work,  we  leara  tint  die  tine  thiaagh 
AP  oc  arc  Ters.  AP  to  rad.  ^  C=  ^  ^^  ~  ''^  )  flc  i5.ocAB. 


^ 


oaciu^TVONft.  ^ 


Henoe   T„  :  T^^  ::  AB  :  AL 

And  .-.  T4F ;  T»t ;:  AP  :  BL 
432.      I9>BM  gMMnVyt 


-yi 


t 

9 
by  the  question  we  have 


t 


,    ••.  the  whole  time  is  T  =  20  «r  ^ /i. 
Hence  «  =  A  T"  =  looo  v*,  the  space  required* 


433.        Let  2  be  the  length  of  either  pendulum ;  then  the 
distance  descended  vertically  from  the  highest  to  the  lowest  points 

of  the  —  O  and  cydoid,  will  be 
2 

Undi. 

and  the  velocities  in  the  curves  (v>'t/)  will  be  those  due  to  such 
distances. 


A  V  :  v' ::  i/  2gl  :  .ylgL  ::  V^  :  i- 

To 

Now  the  chord  (C)  of  the  quadrant  =:  2  V  8  the  arc  (A)  of 
the  cycloid  =  2.  —  ==2, 

.%  C:A  ::  V^'  ^ 
A  v  :  v'  ;:  C  :  A 

434.        The  semi-cydoidal  arc  FA  (Fig.  90)  is  bisected  by 
inflecUng  AP  =:  — ,  &c.  &c.  (429.) 

2 
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Also 
T«'=  y^  COS -1  !fZii     r  FenteroK,  p.  108.) 

=y4"'-(-T)<«"=T) 

AndT,A=     /A.  180^  .-.  Tm.a  e  ^/—  60^ 

And  /.  Tvm'  :  Hwk ::  s :  1. 
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CENTRAL  FORCES. 


435.       GeneiaUy  let  the  force  ce  JL. 
Tbea  if/*  be  the  absoliite  force  tending  to  a  centre,  we  h«Te 

a  being  the  Talne  of  ^  when  t;  =  0. 
Hence 


Hence  for  any  othor  centre  where  the  absolute  force  isf*  and  d 
tlie  distance  at  which  v'  =  0,  we  have 

andt;:t;'::     /77^:     /fll    /?pz£2 

If  the  velocities  be  taken  when  at  the  centresi  or  when  ^  =  0 

t>:t/:;  ^ii-;^ — (i) 

Ma-d.    Then 


436.  The  nature  of  the  reciprocal  spiral  is  such  that  the 
ani^  %  traced  out  by  the  rad^MO^jnectofr  ^,  is  always  reciprocally 
propcolional  to  (.    Hence  then  the  equation  required  is 

a  being  a  constant. 


'^^  CENTRAL  rORCBS. 

This  equation  being  similar  to  that  of  the  kjfperholaf  refened  to 
its  asymptotes,  "which  is 

a:  =  — - 

r 

causes  it  also  to  be  named  the  Hyperbolical  Spiral. 

Once  for  all  we  shall  invcrtigale  A9  expression  for  the  force  in 

any  curve,  first  in  terms  of  its  Polar  Co-ordinates  0,  (0),  and  8e« 

oondly,  in  terms  of  0  and  the  perj^adkndAr  %» tke  tangent  (p). 

-  If  «  be  the  arc  described,  in  the  time  t  and  v  the  velocity  at  the 

end  of  that  tiflMy  and  Pfb»  teedeftttiflg  fbree,  then  W6  htft^ 

dt             dt 
.-.  F=  4^alid««;  =  F« (a) 

Hence,  if  the  force  be  decomposed  into  two  others,  X  and  Y, 
parallel  to  the  axes  of  x  and  y  we  have 

d^te 


X   =r 


dt^ 


Y    = 


-  rf*y 


d^s 


W 


and  vX  —  «Y  2  -;i-  •  d.  t!2f — f^ 
•^  d^  dt 

But  ftiaee 

Xifrtorre 
Y  :  F  r*  y  :  e 

/•  yX  —  xY  =  0,  and  we  havoy  after  integrdting^ 

ydx  —  ajrfy  =  c(ft  . .  .^ . •  •  (c) 

But  y  s=  ^  sin.  d;  x  =  ^  cos.  0,  and 

,  /.  ^«(fd  z^cdt. {d) 

Again  from  equation  {h) 
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Bat  Xiff -t- Y<Qr  es  F4,  ilMe 
X  a  Feos.  •,  Y  as  P.  rid.  t,  aod  P  cf  (X*  +  Y*) 

Hence 

f  =  4-:J._Vj!^ W 

.^loifi  which  expresmn  having  gwen  the  equafiOti  qffhi  6urv€f  we  can 
find  the  force  F. 

We  also  haVe 

iy  wAicA,  having  given  the  force,  we  obtain  the  Ef  nation  to  the 
Trajectory, 
Again,  when  the  equation  is  in  p  and  (,  since  generally 

p:  V(^«  -j)«) ::  e^did^ 
we  tore 

rfg^^  =  i.  -  JL 
If  ^_^^ 

and  snbstitating  in  (e) 

F  =  ^.^ (9) 

Applying  expression  (e)  to  the  reciprocd  spiral,  since 

a 

we  get 

and  .%  F  =  £l. 

437.       Generally,  required  the  space  through  which  a  body 
mMStfattfrcm  reet  towards  a  centre  of  force  either  externally  or  in- 
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temally,  with  respect  to  the  trajectory,  m  order  to  acquire  the  veto* 
city  in  the  trqfectory  at  the  pouU  corresponding  to  the  radius'-vec.ior 
along  which  the  hodgfaUe. 
By  436 

dt   "*  f«dO 


_"'«•+ ■^) 


(a) 


e 


or  =  ^ .....(0 

Henoe  if  r  +  «  be  the  distance  from  the  centre  at  whidi  the 
body  begins  to  fall  in  the  direction  of  the  given  radina^vcdor  r, 
when  the  fall  is  exterior  to  the  trajectory ;  then  since 

vdo  =  —  Fdf 
and  c«  =  «/  -  Yd^ 
and  integrating  between  ^  =  r  +  2  and  =  r  and  equating  the 
▼alue  of  V  hence  derived  with  its  value  obtained  from  (a)  or  (6)  we 
get  jE  in  terms  of  r. 

Ex.  1.  LetFs  ii;  then 

e 

f 


1  1  n— 1        c' 

Henoe  by  equation  (a) .  =  -— -r-  —  X  ---X 

•^   ^  (r  +  z)— *         »*^  2^  r* 

(r*  4.  -^L  ) .....  (c),  —  being  obtained  from  the  equation  to  the 

curve. 

And  by  Eq.  (6) 

•  — (a) 


(r  +  zf         T*-"  2/*      p2 
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Ex.2.    IniheJSUq^. 

_  a.(l  -  ««) 

l-|-eGO8.0 

Henoe  by  487, 


.Mi=:«aiidM=    ^•^-^' 


6*  a     1  —  e« 

and  after  proper  reductions,  we  get 

1    _  2. 

r+2        9a 

the  eitemal  fall  to  acquire  the  tdocitj  m  an  eDipae. 

Ex.  8.        In  the  Parabola. 
—       2a 


1  +  OO8.0 

andps  =  oe 
and  api^jing  either  of  the  expressions  (c)  or  (d)  it  is  foond  that 

Es.4.        Inthe  Hypethola. 


a(l+0COS.O) 

andp«=    *'^ 

««+  « 

Whence  F  is  shewn  to  he  repnlsif  e  and  ascends  through 

;s  =  -  (aa  +  r). 
If  internal  falls  are  required  ih&iJ'Fdf  must  be  integrated 
between  ;  =  r,  and  ^  s  r  —  z. 

and  we  shall  get,  when 

TOL.  II.  V 


v«  =  i.i--J LI 

n-l    J(r-zf-i         .»*-»] 

orrs  — 
p. 

by  ihe  qoestion.    Howe 

or_L_  =  -L.  +  !!(!LZJ2.  ± If) 

firom  whence,  by  means  of  the  equivtion  to  the  (iren  curve,  z  may 
be  found. 


Ex.  L    /ii  ik  #VoKm  « if  fv^lf^id  eo/M  t /<ir  tit 
Porotofa. 

Hence 


1+OO8.0 

^y  tin  fomer 

dd«    ""  (1  +  cos,0)* 

*         dG«  a 

Also  by  480, 

and  by  substitution  in  (e)  we  get 
1     -5  2.  +  iL.  !!i 


r  — «         r         T*      a 


9 


«IMffllAL  tOMia  M^ 


T 

2 

By  the  ezpressions  (e),  (f)  we  have  also 

(1).  For  the  U^pse  referred  to  iisfocui, 
_  Sar    '  _  2ar  ^  H 

4a— r  4a  —  r 

(t).  For  <Ae  ctrcfe  when  theforcQ  CC  -32--1  ^  ^'^^  ft&unUj 


zssr-^r     / 
V  1 


8 


(8).  Required  ihe  tpa/oe  Jblkn  ibnmgh  t^flpyirirv  «  Hfm  Hm 
velocity  in  a  curve^  wkem 

F  OD  J^. 

If  we  pot^jL  =:  y  which  is  the  chord  of  curvatufe,  then  it 

dp 
is  easily  shewn  from  expressions  (tf )  aaA  (f)  that 


according  as  the  body  falls  externally  or  internally. 


438.      It  is  well  known  (see  Vince's  Fluxions^  Simptan'Sj  fcc.9 
that  the  Telocity  of  a  body  at  any  point  of  its  orbit,  is  the  same  as 

woald  be  iKsqaired  tbroii|h  JL  the  chord  of  cvrvatiire  to  that 

4 
point,  with  the  force  constant. 
But  this  diord  is  (see  Fince). 

V  2 


Si92 


CBNTRAL  FOROBS. 


Hence, 

4       dp 
generally ;  and  in  the  cirde 


dp 


ifebeitsradniB. 


A  x/^siiF  x  —  x&P 

4  ^ 

anidt>«  :t?'«  ::  S.  :  X. 


.(«) 


which  gives  the  geneial  relation  required. 
To  apply  this  to  the  conic  sections,  we  have 

for  the  ParabolA,  Ellipse,  and  Hyperhola  ras^ectifely. 


Henee 


dp 


a 


ap 


a      p 


'«^4«» 


V* :  ty*  ::  6«e :  .2£!L-  ::  da  +  $ :  a 

8a  +  f 


439.  Suppose  a  body  moving  in  a  curve  PCI  Fig.  01.;  its  motion 
at  P  is  in  the  direction  of  the  tangent  PR,and  if  PR  described  in 
a  given  time  be  taken  to  represent  the  velocity  «y,  and  be  resolved 
into  Pr,  Rr,  then  Pr  is  the  velocity  with  which  it  is  approaching 
the  centre  S.  Again  QRsiTp  is  dne  to  the  force,  and  we  therefore 
have,  when  there  is  no  angular  velocity,  the  whole  approach  to  the 
centre  =:  FT.  But  with  this  angular  velocity  the  ajqi^roadi  is  only 
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8Q  =:  Up.    Hence  Tp  must  be  the  leoegs  from  the  centre  earned 
by  the  centrifugal  force* 
We  hare  therefore 

RQ:Tp::]^:S^nltim.ielj. 
and  F :  rf::  «SP» :  Sy«.  PV 


..?i.^.„.„(4) 


••••'•I 


p«     dp 

f  being  the  centriftigal  force ;  which  is  the  relation  required. 
To  ippLj  it  to  the  hyperbolic  spiral,  we  haye 

p=-^l— 


—      tt^       --  pf^ 

and  F  =:  f . 


440.        The  Telocity  in  a  dfde  is  that  whiA  is  due  to 

i.  diord  of  curratmre  or  to  —  its  radius. 
4  d 

Hence 

V<  =:  8F  X   -L  =  Fg (a) 

F  beinff  oonsidefied  ooastaat. 
Hence  tbe  periodic  time  is 

-  -^ (*> 
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Vkm  at  the  imtfiM  of  flie  ^arth  F.s  g^s^Jiftei  nt^lj. 

Hence  at  the  distance  of  n  times  the  earth's  nduB  R  fron  its 
centre,  we  bare 


1 

(«Rj* 

and  vs  =  iL  X  nR  =  -2§.*..«.^a^ 

.?  =  f^^{^), (i/) 

Let »  ss  2,  and  change  R  s=  4000  miles  (it  s  8958  miles)  into 
feet,  or  g  into  miles,  and  the  problem  will  be  resolred. 

Su^KMBe  it  were  refoired  to  find  the  velocity  and  periodic  time 
of  the  moon;  then  we  hare  n  =  60  and 


v«  = 


60  8 


32JL  1 

8  X  1760 

V  99 
s  .6856  miles  in  a  second  nearly, 
and  P  =  237285  seconds  neaily. 

s=  27  days,  10  honns,  59  seconds,  nearly.  . 
which  is  snfBciently  near  for  a  rough  calcnlation,.  the  diereal  revo- 
Itttioii  leqniring  27*  7»*  43'  ll".5. 

441.        Generally  let  tbe  tjomet  be  supposed  to  dbange  the 
Telocity  of  the  earth  from  1;  to  mXt;. ' 
Now  let  first  be  investigated  the  nature  of  the  orbit  ^  from  having 
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given  the  vdodtg  of  projedum  Y,  the  perpptdkukr  P  md  radnu 

vector  Rj  at  the  point  of  projection^  mh&a  F  «  -^. 

f 

P    —    ^*  ^     mm     f' 


=5ii   +C 


Bnlwlieii^s  R>P=:  P 

.Whence 

c«R  «  g 

and  nattiiut      ^       s=  a, 


p«  s  ana  m  ^^       ^  s  6' 
^  «^P*-c«R 

we  hare 

p«  =  .J^ <a) 

aoqpe 

aoooiding  as  S|«P<  is  >  or  <  c^R« 

But  thii  is  the  equation  to  a  conia  sectioOi  and  tba  tnJadBfy  is 
an  EDipsei  H  jperbolaf  or  Parabola,  according  as 

2f*P«  —  d«R 
is  positiTe,  nqiatiye,  or  0,  that  is  according  as  8|xP<  ><  or  =  c^R. 

Again  the  Yeladtj  in  the  cunre  is  obtained  ftem  (487) 

—    c      ■ 

and  die  trajectoiy  is  an£lli|ier  HypeilwUor  VmiMlth  aocord- 

isgiB 

«^«  is  >,  <  or  =  P*V«R 
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or  aocordiDg  as 

fl  f«  is  >  ,  <  or  c3  ys  R. 
This  being  premised,  it  is  erident  that  the  orbit  of  the  Earth 
after  impact  with  the  Comet  is  oa  Ellipse^  Hyperbola,  or  Parabola, 
aooordingas 

«f4  is  >  ,  <  or  =  m«  v«  X  R 
eras 
«is  >,<,«  =  «« •.(«) 


R 


Henoe  a  r=  — t 


P«  R  ««  R«  P* 


^^  • 

or  =       I •  •  (flf) 

according  as  the  new  orbit  is  an  Ellipse  or  Hyperbola. 

Also 

c«RP«        _  jn«»«RP3 


fc«  = 


2/*P«  -  c«  R       a  Rt;«  P«  -  w«  v«  P«  R 

m«P 


2-siS 


(A) 


or  = (k) 

ia«— 2  .      ^^ 

according  as  the  new  orbit  is  an  Ellipse  or  Parabola* 

.  Hence  then  equation  (a)  becomes 

»i«P    ..  p 


or=J!!l£-x  L 

««  —  2        '^ 

which  are  the  equations  to  the  new  Ellipse  or  Hyperbola. 
If  m*  s=  2;  then 

p«  =  m«Pp  x-^=.P.p («). 

2    GO 

the  eqaatioa  to  the  Pwrabola* 
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Thus  are  the  new  oAits  determined. 

Again,  since  in  the  Cirde,  and  Ellipse^  the  peredic  times  Y  Y' 
aie  in  the  sesqnipliaale  ratio  of  the  major  axes ;  thefefore 

Y:  Y'  ::R*  :  f  — 5_V 

::  (2-m«)*  :  1 

.  v—  Y  _    365JLday8 

the  kngth  of  the  ye(ur  in  the  new  orbit  when  it  is  an  Elltpse. 
In  the  problem 


m«  = 


3 


I 


/.  Y'  r=  865  —  .  X  2 

6 


Bat  2^  s=i2j^% 

I  2+  1 


2  +  2 


.%  Y'  rr  l*  365  JL  days  nearly 
£5  1022  —  days  nearly. 


442.        In  the  Ellipse  referred  to  its  centre  we  have 

6« 


IVhence 


l-e«cos.^a 


.%  the  absolute  force  is 
•c« 


^  = 


a«6« 


•  • 


■  ••••••  \ij 


3M  CBlfTBAIi  f aiCBft. 

Agaia 


b 


ija^     l«-e«oo8.*0 

See  the  Integral  TabUi  ofHvrsch^  (Baynes  and  Son,  Paternoster- 
Row.)  And  if  the  Integral  be  taken  betveen  8  =  0  (when  <  s  0) 
and  9  s=  V  we  get 

2t=i  -^, 

the  whole  Periodic  Time  required, 
Henoe 

2t  oc  -i—  Q.  E.  D. 


Tha  above  general  expression  for  2i  may  be  somewhat  simpli- 
fied by  piUting 

tf-oo8.0  «,,^^  e+cos-O  _.^„ 

J =  COB*f, SS  cos.  X 

ecos.6*^l  ecos.d+1 

which  gif« 

sin.d 


Sin.^  =  V{1  —  «*) 


in.;«  =  VO-e«). 


e  COS.  0—1 
sin.  0 


e  cos.9  +  1 
HencCi  substituting  in 

cos.  (f  +  x)  =  COS.  ^  •  cos.  ;c  «-  fin.  f  .  ah.  % 
and,  thence  deriving  ^  +  x  '^^  substituting  in  the  above  e^- 
presiion,  it  will  br  less  complex. 
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443.        JLet  SY,  Sy  (fig.  ^2y)  be  p^rpendicuUn  upon  the 
tangents  FV^  Qy,  and  draw  PO,  QO,  at  right  angles  to  the  tan- 
gents at  the  points  of  contact  P,  Q,  and  meeting  in  O, 
Then  Z  YSy  =  d^  =  Z  O  s:  18  4V 
.\dB  :  dfi:  ZQSP  :  «ZV 

QT    .   2QT 
PV 


•  •       '^  — 

• 
• 

r 

— 

« 

::  PV 

:  »f 

BrtPVe 

Spdf 
dp 

.'.  di  :  df 

■    ■  « 

.•(a) 


dp         p 

the  same  as  the  expression  for  the  squares  of  the  Linear  .Vdodties 
in  a  curve  and  circle  at  the  same  distance.    jSee  438. 

In  the  Logarithmic  Spiral 

andctO  :  df  ::  i  :  i,  Q.E.D* 

444.  If  V  be  the  Telocity  of  projection,  R  the  dMoneei 
and  P  the  perpendicular  upon  the  direction  of  ffrojeslion;  then 
(441)  we  have 

p«  = !_ 

2a:f  f 

for  the  equation  to  the  Trajectory, 

where 

uP«R        •,  c«RP« 

VP2^c«R  «^P«— c«R 

andc  =  VP 

whence  the  curve  will  be  an  EUipse^  or  Hyperiola^  or  PoroMot 

according  as  - 

S/Ais  >  <or  =  RV». 

Put  since  t;do  B  F^ 


300  CENTRAL  FORCSS. 

/.  v«  5=  f*  .  f  i L-  J  by  the  question ; 

aiidV«=  J^. 

Henee  the  orbit  will  be  on  Ellipse,  Hyperbola^  or  FutAobs 
lacoordingas 

«fi  is  >  ,  <,  or  =  A. 

It  is  oonseqiieiitly  an  Ellipse,  and  the  equation  beeomesi  since 
_         ^P«R  2R 

2 

?»  =  -;r|^!i (0 

3(±R-,) 

» 

Hence  also,  if  T,  T  denote  the  Periodic  Times  in  this 
Ellipse,  and  in  the  circle  whose  nulius  is  2R  the  given  altitnde, 
then  we  get 

T  :  T ::  o*  :  (aR)* 

::i*^  ::  («R)* 


445.  Let  APy  (Fig.  93,)  be  the  given  cycloid,  AB  its 
base,  and  Y B  its  axis.  Then  the  figure  being  completed  in  New- 
ton's manner,  as  in  the  diagram,  we  have 

RP«  :  QT«  ::  ZP«  :  ZT«  ::  VF«  :  EF« 

::  VB  :  BE 
and  since  chord  of  curvature  PV  s  4PH,  therefore 
.  RP>  s  4PM  .  RQ 
/.  4PM  X  Rd  :  QT«  ::  VB  :  PM 
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.    QR   _     VB 


QT*        4PH« 
A  P  «     * 


PH< 


446.        By  (440  .  ») 

and  by  tlie  qiiestkni 
F  X  P'  r=  9  X  p 


447.  Since  the  veloeity  in  the une  ennre  ce  -L;  let 

P,  P  he  the  perpendiciilan  apon  the  tangent  ocm^eipondtng  te  the 
peatest  and  least  Tdodties ;  then  by  the  question,  we  have 

p  •  7  ••  7  •  "F 


/.  p«  =  PF  =  (a  -  Va«-6«)  .  (a  +  V«*-**) 

•••  P  =  * 
or  the  point  reqniied  is  at  the  eatfemity  of  the  Minor  oaii. 


448.       ShioeF  s  J^fWehate 

—If  4} 

r  bang  the  wlnle  distance  fallen  through. 


^     V  (ff  -  *• 


r 
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But  /Vt^^ _  s  Ters.-!  & 

aeci  Hindi's  Integral  Tables. 

But  when  p  =  r,  ^  c  O 

Henoe,  if  T,  T  denote  the  tinies  down  the  first  last  halves  of  the 
fy  we  ha^e 

find  T  +  r  s='      /^.  ilir. 

.-.  T  :  T+  T::  J1+  1  :  • 

andT  :  T.  ::•  -I  +  1   :  ir  -  i 
::  Q  +  R  :  Q  -  R. 


449.         Since  F  oc  — ,  the  curve  is  a  conic  section  with 

e 

force  in  the  focus ;  and  since  BioieoTert  fay  the  question^  il  turns 
into  itself  again,  it  must  he  either  an  ellipse  or  a  circle.  Whai 
the   angle  of  reflection    or   angle  of  incidence  •  is  45^,  and 

QA(Fig.94,)  =  — -LythentheorbitisacirclewhoseradiusisSQ, 

because  then  SQ  is  at  right  angles  to  the  tangent  T/^  and  the  velodtj 
inacircle  is  that  which  is  acquired  down — its  radius.    In  all  other 

cases  the  orbit  is  an  Ellipse^  of  which  S  is  one  focus. 


Let  QA  =  r,  SQ  s=  R;  th^  the  perpendicnUr  upm  the  tan- 
gent T/,  is 

P  s=  R  .  ain.  (v  -  8a)  =  R .  flin.  9« 

and  by  441  the  equation  to  the  Ellipse  is 

P«  =  5^ (•)- 

whexe 


-*  • 


a^ 


fifjf* 


—  c"R'      *  v'i*  —  «4l 


v«  = 


But  if  y  be  the  Telocit J  aoqdml  down  r,  then 

Vr  R+r/         i-CR  +  rj 

aiidy  =  4->  •••«•  =  V«P« 

•  «  -         ^         »       rR(H+r) 
S^-.V«R        2r(R  +  r)-R» 

«P-V«R        2r  (R  +  r)  -  R« 
whence  the  EUiDse  may  be  oanstrncted. 


Again,  by  448  the  whole  time  of  descent  to  the  centre  is 
y(R+r)     R  +  r^ 

and  by  440,  the  Periodic  Time  in  the  cude,  whose  radius  is  SA,  is 
2irV(R  +  r) 


2 


450.       In  the  Logarithmic  Spiral 


(  SMua' 


A  -3  a  mla  .a^  sz  Aa 
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•  • 


e» 


V  1  +  fa 
Hence  d<  =  **** 


r  b^ng  that  nine  of  (  wbidi  oonesponds  to  <  ss  0. 
Hence  the  vhde  time  to  the  omtre  is 

and  Ihe  Periodic  Time  in  a  dide  whose  radios  is  r  and  ftne  ^ 
■£.i8l»y440 


.-.  T  :  P  ::  ^/1±J 


(fa) 


:  4* 


461.        lAtTzma^  be  the  Periodic  Time.     ThenAisto 
T  ar  area  described  in  <ft  is  to  the  whole  Ellipse,  or  we  haye 

A  :  T  ::  i!£  :  wab 
s 

Again,  it  is  easily  shewn  that 
QR   _     AC 


QP         aBC« 
or 


***£—  —     * 


8eW*        «*• 
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or  F  oc  — . 

This  18  in  sabstance  the  proof  usiiall j  gtren  of  the  Inverse  of 
Kepler's  Third  Law»  see  Thorpe's  Newton,  p.  1 14 ;  but  it  is  merely 
argtunentum  in  circulo.    In  getting  the  equation, 
OR   _     AC 
QT*         2BC« 

it  is  assumed  that  the  focus  of  the  ellipse  is  the  centre  of  force. 
If  this  be  taken  for  granted,  there  is  no  occasion  to  hare  given  the 
hm  of  the  JPeriodic  Times ;  for  since  the  nature  of  the  orbit,  viz., 
an  ellipse  and  centre  of  force  are  given «  the  law  of  force  may  be 
^Miod  at  once  from  either  of  the  formulie  in  4da. 

We  have  repeated  this  vulgar  error  for  the  purpose.of  more 
dearly  exposing  it.  A  legitimate  demonstration  can  hardly  be 
attained  prior  to  the  discovery  of  something  like  an  Inverse  Me* 
thod  of  Definite  Integrals. 


452.  To  investigate  the  Paracentric  Velocity  in  any  cnrve^ 

we  have 

V in  orbit  :  Paracentric  Vel.  ::  ds  :  d^ 

-But  V.  in  orbit  =  — 

P 


:.  Paracentric  Vel.  =    c  Vg*-p* 
In  the  reciprocal  spiral 


n«    r=   1 
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^^       C 

a 
which  is  therefore  constant  Q.  E.  D* 


.   453.        Since  «tt  =  i!i? 

c 

and  when  ellipse  is  referred  to  its  focus 

b^  1 


e  =  — 

c 
.\  dt  = 


a       1  +<:oosd 


tt«C        (1+€C0S6)* 

«!    e-f cost    _ 


.%/  = *! x5    ,    ^     ,cos"i,l± 


c  sin  <l     ) 
1  +  e  COS  0  j 


«cos9 
+  C 


See  Hirsch's  Integral  Tables,  p.  274. 


e  sin  0      1 
1  +ecosO  j 


since  when  t  s=  0,  C  =  0,  and  V  =  a*—  o"  c* ; 
Let  d  s  r.    Then 

c         'VO-c*)  c 

Bute  =6  ^/Jl  =  aV(l-cO.,/^(4S7) 

.-.  T  s  2^  =  £2ij     •  •  •  > (a) 


But  when  the  SSlipse  is  referred  to  its  centre,  we  have  (442) 
/.  T  :  T'  ::  a^  :  i. 


I 
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454.        Bjr  456  we  lia?e 

and  .*.  a  =: — 

^      dl* 

dt  being  constant. 


455.  When  the  lines  drawn  from  the  moon  to  the  sun  and 
the  earth  are  at  right  angles  to  one  another,  it  i«  evident  the  sun 
will  not  disturb  the  moon's  attraction  to  the  earth.  The  exact 
point  in  the  orbit  mky  be  found  by  describing  a  semicircle  upon 
the  line  joining  the  sun  and  earth,  it  being  the  intersectioa  of  this 
semicircle  and  the  moon's  orbit. 
The  moon  will  be  nearly  in  quadratures  when  this  takes  place. 


456.        By  (439) 

F  :  f  ::  2CP«  :  Cy«  x  FV 

:.  when  F  s=  ^ 
2  CP»  =  Cy«  X  PV 
Bat  in  the  Ellipse 

C^r  X  CD  =  AC  .  BC 

andPV  =  i^ 

CP 

as  we  learn  from  many  geometrical  Treatises  on  Conies. 

Henc 

.-.  CP*  =  AC  .  BC 
andCPrr  AC.BC 


and  .-.  CP=:  ±VAC.BC 
which  gives  the  points  required. 


457.        By  (448)  we  have 

X  2 


I 
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458.        Since,  if  d  =  Z  SPy 

p  =  ^  sin  0 

and  when  0  is  a  minimum,  sin  0  is  also ; 

« 
therefore,  then 

d  sin  fi  =  d .  Ji  =  0 

e 

or  ^dp  —  pd^  =:  0 

.   ^*  —    e 
dp         p 

when  0  is  a  minimum 
But  by  443 

Z'.vel.  of^  :   Z'.veLof.p::  ^:± 


dp    p 


/.  Z'.  vel.  of  ^  =  Z'.  ofp 
when  0  is  a  minimum.  Q.  E.  D. 


459.  Let  PAp  (Fig.  95,)  be  the  ellipse  described  with  the 
centre  of  the  earth  S  as  a  centre  of  force ;  this  centre  will  be  the 
focus.  Then  since  SP  is  ±  to  the  tangent  to  the  surface  RPH,  and 

TP  r=  —  right  angle,  we  have 

2 

Z  TPH  =  ZRPQ  =  ZQPS 
and  TQ  touches  the  ellipse; 
.*•  the  other  focus  lies  somewhere  in  PH.     But  it  also  lies  in 
SA  which  bisects  the  arc  Pp,  or  it  is  the  point  of  intersection  of 
SA  and  PH.     H  then  is  the  other  focus. 

Now  since  ZS  =  80°.  we  have 

PH  r=  PS  .  tan.  30°  =  R  •  — L. 

/.  2a=R.(l+-i-.) (m) 

the  axis  major. 
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AlsoSH=:V(R*  +  — ) 


4  4,      ^  J3  J  3 


A  o  r=  R      / — _— ., 


Now  the  Telocity  of  projection  rs     /^ 


and  PV  = 


py 

4 
2CD2  2flS 


AC 


But  a'»  +  6'*  =  a»  +  6* 

and  a'6'  =  ab  sin.  (SO  +  45)*^ 
=  ah  sin.  76® 
whence  we  find  a'  and  substituting,  &c.,  we  get  the  required  velo* 
city  of  projection. 


.  460.  This  is  easily  derired  from  441.  In  that  Problem, 
the  Telocity  in  the  circle  is  supposed  from  v  to  become  mv  by  the 
impulse;  which  impulse  also  takes  place,  so  that  the  ±  upon  its 
direction  =  P.    On  these  conditions  we  find 

R  ,a  »»«P 


fl  =    "    ,  y  = 


2  -  7n*  2  -  m* 

Consequently  since 

i«  =  ^  (1  -  €*) 

a«  being  the  eccentricity,  we  haTe 

w»P  R" 


i^xa-^) 


2  —  m"         (2  —  m*f 
or  TO«  (2  -  nfi)  =  ]^"  (1  -  c^ 
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and  solving  the  Equation 


R' 


m«  =  1  ±  V  (1    -  ^  •  1  -  «*) 


R* 


andm=:  ±^{l  ±  >/(l-^  •  1  -  Ol 

whence 

(w  —  1)  t^ 

wfuch  is  the  velocity  reqHirisdy  when  the  fUrrction  of  the  imptdse  is 
any  whatever. 

When  the  impulse  is  made  in  the  direction  of  the  body's  motion, 
>ve  have 

P=  R 


and  7«  =  ±  V{  1  ±  V(  1  -  R  •  ^  -  «")}• 


461.       This  is  true  for  all  the  planets.    For  generally 

V  oc  — 
P 

and  p  decreases  continually  from  the  mean  to  the  perihelion 
distance. 


* 

462.        Let  a  be  the  given  distance  from  the  {daiie ;  then 
we  have 

d^    -:  F  =  A 
df  y^ 

.    2dy£y  _  2^ 
de  ys 


.     dy^ 

dt^ 


-v.(-L-JL) 

\  y  a  J 


dy  _  sj2yi,  it 

dt        ~  '  V  ■ 


,  dy^  _  ygf*       /«— y 
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Also  let  V  be  tbe  Telocity  of  projection,  #  the  indiiiatioii  of  its 
direction  to  the  horizon ;  then  Y  •  cos.  a  is  the  Telocity  pwallel  to 
the  horizon 

and  dx  ss  y  cos.  a  X  dt 

y'a—y         V^   aVcos.a 
"jT 
or        tfdy         _ 


V(<^ 


—  y*)        Vcos. «      V    a 


Bat  C—^ =-V(ay-y*)+-r-A= 


=  -  ^(ay-yO  +  —  X  TCTS.-!  i. y  +  C 


Let  y  =  a,  then  x  =:  0,  and  C  =  —  —  .w  and  we  get 

_i_     y!ii.x  +±  .  =  ^  Ters.-i  ly  -  V(«y  -  »") 
Vcos.M  V    a  2  S  a 

which  is  the  equation  to  a  gKosi-cyc/otd^  the  diameter  of  whose  ge- 
nerating circle  is  a. 


463.        If  ^  denote  the  angular  Telocity  of  the  radius  rector* 
wehaTC 

"^^   dt"^  755"  ^  c' 


But 


c  =  6  ^—  (See  453,)  5=  V«.  (l-«')f*- 


1  +  c  COS.  9 


/.  if.  =  iLn X  (1  +  «cos. fi)» 

ai.(l  -  c*)i 

=  zJt X  (1  +  2e  COS.  fi)  nearly, 

al .  (1  -  «•)! 
and  the  Tariation  of  ^  is  nearly  as  cos.  6. 


' 


3*^  CENTRAL  FORCES. 

464.        The  equation  to  the  circle  referred  to  a  point  in  the 
circumference  is 

^  s=  2r  sin.  d 
when  0  is  measured  from  the  tangent  at  that  point 

/.  %  =  2r  cos.  d 


and 

d^ 


_     4/-«  1 


e*        i' 


Hence  (436) 

F  =  f!  —  il  T—  —  i£!l  ^ 


/.  c'  = 


8r2 
(A,  being  the  absolute  force. 
Again, 

dt^I± 
c 

=  4r»d«sin.  *0 

/.  t  =  -£iL  (0  -  sin.  d  .  cos.  0)  +  C 
c 

Let  ^  =:  0,  when  0  =  0$   then  C  e=:  0. 
Let  0  =:  «-,  then 

T=  —^  =  Vi2ill»  ,  the  Periodic  time. 

Again,  when  force  is  in  the  centre,  we  have  (440) 

V    F 

.%  By  the  question 


or 
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when  F  =  it-  OP  oc  _  for  different  circles. 
Hence  jK  :  ^a'  ::  8  :   l. 


465.  Since  the  body  i$  as  much  retarded  in  its  whole  as- 
cent as  it  IS  accelerated  in  its  descent,  the  time  of  rcTolution  is  the 
same  as  that  of  a  body  moving  in  a  circle  with  the  uniform  ve* 
locity 

9wl  2wl  2wlm 


and  /.  r  = 


^    9 

Again,  the  time  of  an  oscillation  in  a  very  tmM  circular  arCf 
whose  radios  is  2,  is 


='yi 


.-.  r  :  T  ::  m  :  i. 

See  570. 


466.  Since  the  force  is  repulsive,  the  trajectory  will  be 
oOBves  to  Ae  plane,  and  its  plane  passing  through  the  line  of  pro- 
jection will  be  ±  to  the  given  plane,  there  being  no  reason  why 
it  should  be  inclined  on  one  side  rather  than  another. 

Hence  y,  x  denoting  the  co-ordinates  X  and  parallel  to  the 
plane^  w  being  0  when  y  ss  a  the  given  distance  from  the  plane, 
we  have 

F=  .^  =  JL 
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•      '^y*    —     r^^  rr  C  —   ** 


Again,  if  j?  be  the  given  velocity, 

aydy        __  dx 

p 

Let  y  ^a^  then  a;  =  0  and  0  =  0 
.-.  ««  c=  -^  +  a* 


_      1 


fl«fl» 


(a*  +  a*/3«) 


and  consequently  the  required  Trajectory  is  an  Hyperbola  vAofte 

semiaxes  are 

o"^  and  a 
respectively. 


467.  Let  PQ  (Fig.  96,)  be  the  orbit  of  the  Earth  round  the 
Sun,  S,  and  pq  that  of  the  Moon  round  the  Earth  P ;  then  if  P,  p 
be  their  positions  when  in  conjunction,  and  Ct»  q  tbose  rf  the  next 
instant ;  their  orbit  in  fixed  space,  vu.,  the  Epicycloid^  will  then  be 
convex  or  concave  to  Ae  Sun,  according  as 

QR  —  jr 
is  positive  or  negative. 

But  if  P,  p ;  R,  r  are  the  respective  known  Periods  and  Distanees 
of  the  Earth  and  Moon,  we  have  (Princip.  prop.  lY.) 
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and  the  orbit  is  convex  or  concave  according  as 

is  positive  or  negative. 

But  R  =  93,000,000  miles 
r  =      237,000  miles 
P  =:  365  days 
p  ss  29    dajs 
is  round  numbers 

/.  rP  =  7S213000000 
Rp"  =  31574325000 

consequently  the  orbit  is  concave  at  conjunction. 


468.  Generally y  let  it  be  required  to  find  the  change  of 

farce  or  (quantity  of  matter ^  in  order  that  the  eccentricity  of  the  new 

elliptical  orbit  may  be  the  —  of  the  raditis  of  the  circular  orbit* 

n 

m 

Let  r  be  the  radius  of  the  circular  orbit. 

Then  since  at  the  point  where  the  change  in  the  force  takes 
place,  the  velocity  and  direction  of  motion  are  the  same  as  in  the 
circular  orbit,  and  the  elliptical  orbit  touches  the  circular  in  that 
point,  ive  have 

Fee  JL.  oc      * 


PV  PV 

andP  :  F  ::  —    ;   —i— ,  at  the  vertex 

2r         2b* 

a 

.-.  p  =  i:i .  F  =  iif .  F 

2b^  6" 

But  6*  =  a"  -  (eccent./ 

71+  1 

and  a  :=z  r  -}■  eccentricity  =:  r  .  -Z—  by  the  question, 

.-.  6*  =:  (r  +  _  )     "-  _  —  r'  +  

n  /  n^  n 
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and  substituting,  we  get 

F  =  ^±I.F (a) 

n+2 

In  the  problem  n  =:  2 
.-.  F  r^  1.  F 

4 

or  the  quantity  of  matter  in  the  Earth  must  be  diminished  by  — 

Hence,  also, 

If  the  quaritity  of  matter  be  suddenly  increased  or  diminished 
m  .fold,  required  the  eccentricity  of  the  new  orbU,  and  the  change  in 
the  Periodic  Time. 

If  m  s  — Z_ ;  then  the  eccentricity 

=  —  = r (6) 

n         2m  —  1 

and  a  =  r  +  lH^.  r  ^      ^       .  r (c) 

2m  —  1  2t»  —  1 

Consequently  if  T  be  the  Periodic  Time  in  the  circle,  and  T*  in 
the  new  orbit,  "we  haTe,  since  T  oc     (axis  maj.)ir 

J  .  ^  .  ►     rf      •         mi        ,        ri 

s/v-         (2m  -  l)f     ( iwft  )l 
m 


(2i»— 1$ 


or  r  =  5 T (d 

(2w  -  l)f 


469.        Here, 

« 

F  =  i!L 


.'.  tKfo  =  —  Fdj  =  —  ft  -^ 


«" 
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and  if  A  be  the  ivbole  distance  to  the  centre,  we  have 

a  ^    «'  -  ?' 
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Now  put  a  —  p  =  vers.  0  the  space  fallen  through.    Then 

sin.  6  =  ^  (2a .  c— p  —    a—  p^ * 

= -/(a"  -  ,•)  =  JJ^  .  < 

a 


and  tan.  0  s        ^  ^ ^  =  — r 


2 


/.  ^  :  V  ::  -4-  sin.  0  :  -i^  .  tan.  0 

::  a^  sin.  0  :  ^  tan.  0. 
which  shews  the  enunciation  to  be  inaccurate. 


470.  The  mean  angular  velocity  being  V,  and  those 

round  the  foci  S  and  H  being    denoted  by  S  and  H,  we  have 
easily 

V   •   S  ••  ^  •       ^ 

•        ••    AC.BC    •     SP 

and  S  :  H  ;;  HP  x  SP  ;   AC  x  BC 
/.  V   :  H  ::  HP  x  SP'  :  AC«  x  BC« 
But  when  the  eccentricity  is  veTv  small,  HP  s=  SP  =:  AC  = 
BC  nearly, 

••.  V  =  H  nearly.  Q.  E.  D. 

This  is  named  Seth  Ward's  Hypothesis.    By  means  of  it  he  ap- 
proxunafed  to  the  Solution  of  Kepler's  Problem. 


471.        Let  Q,  g;  D,  (^,  be  the  quantities  of  matter  and 
(iensities  of  the  Earth  and  Moon,  respectively.    Then  supposing 
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them  to  be  j'perfect  spheres  whose  magnitudes  or  volumes  are 
S,  5,  we  have 

Q  ==  SD  and  q  =:  sd 
But  if  R  and  r  be  the  radii  of  these  globes,  we  also  have 

S  =  -1  vR3,  and  5  =2  —  »r» 
3  3 

/.  Q  =  Ji  wR3   X  D,  and  a  r=  -1  wrs  x  d 
S  3 

/.R==  fi^Uandr=  f  AV 

which  are  therefore  known. 

Hence,  if  a  be  the  distance  from  the  centres  of  the  Earth  and 
Moon,  we  have  that  between  their  surfaces,  viz,, 


a  —  R+r. 

Now  it  is  evident  that  the  body  must  be  projected  with  such  a 
velocity  as  shall  just  convey  it  to  the  point  of  equal  attraction  of  the 
Earth  and  Moon,  in  order  to  place  it  in  equilibrium  between  them, 
and  therefore  that  the  least  additional  velocity  will  cause  it  to 
proceed  towards  the  Earth.  But  if  a:  be  the  distance  of  the  body 
at  any  point  of  its  progress  from  the  centre  of  the  Moon,  then 
a  —  iX  is  its  distance  from  the  centre  of  the  Earth,  and  in  order  to 
the  point  of  equal  attraction,  we  have 

q_  _         ft 
x^         (a—xf 

which  gives 

X  =:         ^Vy 

Hence,  the  velocity  requisite  to  carry  the  body  from  the  moon's 
surface  to  this  point  of  equal  attraction,  is  the  same  as  would  be 
acquired  through 

*/ft+^/(7 
by  falling  from  rest  by  the  force 

X*  (a  —  xy 
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and  .-.  «te  s  -  Fdr  =_S*L_.  -  if^ 

(a—xy  X* 

But  T>  =  0,  when*  =      ^^^  .  ,and  .*.  a-«=  ■    ^^ 


va+v?  Vft+V? 


andC  =  — —  (Q  -  q) 
a 


...t^=  J^-.^-±(Q-j) 


c— X  r  a 


Letx  =  r=  C-ii-V 
Tben 


a—  r         f  a 

which  giTes  the  Telocitj  required.  Hence  is  deducible  a  refuta- 
tion  of  that  theory  of  meteoric  stones  which  supposes  them  to  be 
projected  from  volcanoes  in  the  moon. 


472*        Let  £R  he  the  diameter  of  the  primary  planet,  g  the 
force  of  gravity  upon  its  surface,  and  p  and  a  the  periodic  time  and 

distance  of  its  secondary.    Then,  since  generally  (F  a  --.we  have 

(by  458) 

Period  =  2fjir 
^^ 
where  ^  =  M  +  m,  M,  m  being  the  masses  of  the  primary  and 

secondary  respectively. 

But  since  the  attraction  at  the  surface  of  a  sphere  whose  radios 
is  R  is  (see  Vinc^s  Flmdoiis,  144.) 

4R    ^  J       4 

—  X  density.  ^ 

snpposing  density  to  be  imiform ; 

4R 
/.  g  =  X  density. 
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.%  M  =  —  R^  X  density  =  ^R^^r,  which  is  therefore  known. 

3 


Hence 


p  ^      2alv 


and  "Sit  +  m  =2 


4aV 


P* 


4aV       juf 

=  5—  -  S'R  ^ 


P 
the  mass  required. 

473.        Generally  when  the  force  acts  in  parallel  lines 

y  heing  parallel  and  x  ±  to  the  direction  of  the  force.    But  in 
the  EUipse 

a* 

2b^  * 

.%  2ydy  =         .,.  xdx 

a' 
dx        a*      y 


orF=n  X  J- 


««        J/* 


But  in  the  circle  it  vill  be  likewise  found  that 


s 


F  =5    f_ 

Hence  if  the  absolute  force  be  changed  from  u^=  a^  toit'  =  -^« 

a* 

an  ellipse  having  the  same  diameter  2a  as  the  circle^  and  any 
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axis-nunor  whaterer  may  b€f  changed ;  and  geomlly  if  it  be  re- 
quired to  ascertain  the  change  in  the  absolate  force  requisite  to 
make  the  body  describe  an  eUipse  of  given  axes  2a' f  2b\  we  have 

ana  •  •  u  ss  — ..  • 


AlA.        The  velocity  oc  — .    Therefore  since 

P 


f-H 


and  ^  at  the  vertex  and  extremity  of  latus  rectum  is  respectively 


iL  and  !L. 

4  2 


475.  Since  the  body  revolves  in  an  hyperbola  with  the 
force  in  the  centre,  we  know  from  Newton^  Prop,  X.,  or  very 
readily  from 

(436)  since  p*  =    ,     ^'f'     „  that 

F  oc  ^  =  pb^. 
Bat,  by  439, 

*  •  Tf  ••  •  ■■  •  ■ 
p*    rfjp 

andfl  =  .ll..fk. 
p^  c^b^     dp 


476.        voc  ±,  andp«r=:-i!s — 
I  p  2a  -  e 

Henoe,  since  at  the  focus  and  mean  distance 

VOL  II,  Y 

) 
I 


1 


)S2 
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(  tt  a  -«  >^  (a'  -»  i*)  and  a 
ire  Iiare 

::  a  +  V(«"-  6")  :  a  -  V(«'  -  *") 
::  1  +  VO  -  «0  •  1  -  VO  -  O 


477.      The  angular  Telocity  ==  ^ ,  see  463. 

e' 

Now  the  mean  angular  velocity  is  that  by  which  a  body  would 
uniformly  describe  a  circle  in  the  periodic  time  of  the  earth, 
and  /• 


y  _  Sir  _  g^rVf^    ^^^g^    _   ^^£. 

^  2wai  cri 

and  at  the  mean  distance  a,  the  angular  velocity  is 

V  =  ±=6    /JL.JL 

a*  \^  a     a* 

"    hjJ  ft, 

.-.  V:V'  ::  i:  ±::a:6 

a 
/.  V  is  <  y  in  the  proportion  of  6  to  a.        Q.  E.  D. 


478.  Generally,  let  R  be  the  given  distance  or  radius- 
vector,  F  the  corresponding  perpendicular  upon  the  tangent,  then 
since  by  the  question  and  (436) 

and  -4='*e"  +  C. 


But  when  ^  =  R,  |7  =  t^ 


and  /.  C  =  '-  t^  •*-  f4  R 


.*.  —  as  —  p  +  f.  R«  —  ^ 
And  jf  zz  ,     II I  <■  iii.».>M>fr) 

which  18  the  equation  to  a  conic  section,  and  therefore  the  orbit 
has  one  apse  at  least  But  the  prot)lem  must  be  Mitvid  Without 
considering  the  nature  of  the  curfe ;  for  since  at  an  apu? 

P  =  e 
•%  at  an  apse 


p-^(»R•-«' 


and  -  ce*  +  (  ^  +  ,Jl«)  {'  =  «? 
and  .-.  g«  _    (^  +  ^R*).  i!.  =  £ 


J.-   «•    ^  /*R' 


v/|(^-4^y--^} 


8P«  2 

and  ^  will  therefore  have  at  least  two  real  viJueSf  which  indicate 
two  apses. 

If  the  Telodty  of  piqiatioii  be  given 
0  =:  ^  (see  436)« 

and  c  =:  0P, 
and  .*.  equation  (a)  becomes 

p»  = ^^  (6) 

which  may  be  useful  hereafter. 


479.        By  438. 

Vel.  in  parab. :  yel.  in  circle  same  dist.  ::  tJ^W 


i*^M*i 


and  Tel.  in  O  s.  dist.  :  vel.  in  ellipse  il  tj  a  x,  »j2a  — '^ 
•*.  Yd.  in  parab. ;  ?el.  in  ellipse  ::  V  ^  •  V^  ""  e 

T  2 


' 
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But  at  the  periheUon  f  ssa  '^  ae; 


OTHBaWISB. 

P 
andp  in  this  case  is  gi?en. 

Now  in  the  ellipse 

e^h^/L    (See 458.) 

and  it  may  easily  be  shewn  that  in  the  parabola,  whose  latas 
rectum  is  4r, 

when  the  absolute  forces  are  the  same. 
But  r  =  a  —  oe  =5  a  (1  —  *)  j 

480.        Generally  in  a  cirde  we  hare  (440) 

t,=  JS^«  I.; 
T  T 

.♦.  if «»  ce  T* 

orT  «  r^ 
and  F  oc  si.  oc  Jl  oc  r  ^ 

Also  V  a  I-  oc  -^cc  r^. 
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481.  Generally  for  conical  reYolntioiis,  if  the  length  of  the 
string  be  /»  andr  the  radios  of  the  base,  then  the  body  being  acted  4- 
upon  by  three  forces ;  (w)  in  the  direction  of  graTity ;  another  (S) 
in  the  direction  of  the  string  or  its  tension ;  and  the  third  (F) 
ioirardfl  the  centra  of  the  base  of  the  cone,  and  therefore  centri- 
petal, we  hare, 

W:S  ::  ^P—i^ii 

orS=:-_J__W. (a) 

Again,  by  440,  the  time  of  revolation  in  the  dNidar  bam  is 

T=8»y^. ••••(*) 

But  F  :  gravity  ::  r  :  ^(p  —  r»)  ::  1^  :  g 
,,T=  W(P-0 (,) 

From  (c)  it  appears  that  the  times  of  revolution,  for  different 
conical  pendulums  are  always  the  same  for  the  same  altitude 

In  the  Problem 

S  =  SW 

and  /.  T=  ^. 

^9 

which  expresses  the  required  time  in  seconds,  since  M^   is   the 
space  described  in  a  vacuum  by  a  falling  body  during  that  interval. 


4S2.  Generally  let  the  perihelion  distance  of  the  comet 
be  r,  and  the  mean  distance  of  the  earth  be  a.  Then,  since  the 
mean  velocity  of  the  earth  is  that  by  which  a  circle  vrould  be 
uniformly  described .  in  the  time  of  the  earth's  revolution  in  its 
orbit,  or  in  the  time 
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.\  this  velocity  is 
Sir  _    V^ 

Also  the  velocity  in  a  parabola  is  generaDy 

«•  =  i.  =    V^ 

P  P 

and  p  =  v^rj 
.',  at  the  extremity  of  the  latus-rectum,  where  j  =  2r 


(«) 


1 . » 

.'.  v'.v  :•• -T  J— 7 

^^  f 

In  the  Problem 
a  =  VOO,  r  =  64. 

.-.  v:v' ::  8:iooo 
::  1 :   125 

or  o'  —  125.  V. 


483.        This  very  ingenious  theoretn  is  easily  reduced  to  the 
following ;  //  SAC  {Fig.  97.J  be  a  paraboHc  ana,  S  being  the 
focus,  and  A  the  vertex  of  tlie  parabola,  and  perfendkulars  biseding 
AS  and  SC  meet  inU;  tlten  GH  i*  proportional  to  the  area  ASC. 
For  the  figure  being  completed,  we  have 
HG+GR  :  RS+SM  ::  SC  :  CN 

•.  HG  =  —  X  (RS  + -^  VgR. 
•  • "  CN  8    / 

ButGR:GS  ::  CN  :  SN 
andRS:GS  ::  CS:8N 
„„         SC    ^   /  G8.CS    .     CS  >^_  GS.CN 

_    (SC'-CN')GS         C^ 
SNxCN  8CN 

_  SNxGS        CS^ 

Cn         «cn 
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^  2CN 

SNxAN  ^    CN 


2CN  2 

But  by  the  nature  of  the  parabola 

CN»  =  4ASxAN; 
.  p„  _  SNxCN    .     CN 

8AS  2 

_  (8N+4A8)XCN 


8AS 

4AN-8SN 
8AS 


X  CN 


-43  H  (ijyJxCN-JLsN.CN) 

4AS         \  3  2 

^  X  (area  ANC  -  /i  SNC) 


4  AS 

s 


^  -  X  areaASC. 

4AS 

Consequently  by  Kepler's  .Law 
6H  oc  time  of  comet's  describing  AQ. 


484.        Since  generally 

dt  =  ^,  and  u  =:  Ji 
V  p 


—    pcfe 


/.  dt  cz 

c 


:.dt=z  y?^ (a) 

cxV(f*-p') 

Now  in  the  parabola 

r  being  the  shortest  distance, 

:.  dt  =        V^'g<^        =  i^  X    ^^^    ^ 


1 
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A  t  =  ^^  tV(,  -  r)  -  ^^fd(  Vii-r)   ' 
c  c 

C  o 

there  being  no  coneetion,  if  <  is  0  when  p  r=  r. 
But  c  =  V(8r/*)  by  (453). 
•%  the  general  expression  for  the  describing  any  arc  of  a  para- 
bola from  the  perihelion  is 

.=  y±xV(e-Ox(l.+i-r).....^*) 

Let  p  =  Sr.    Then 

'  =  T-  ^7^  ♦•*«'* (*=) 

If  we  use  the  expression. (a)  for  the  eUipse,  whose  equation  is 


p*  = 


b\ 


we  get 

dt  =  ^^ 


c»J  (2ap  —  6*  —  f*) 

and  putting 

f  —  a  =:  tt 
it  becomes 

J.  ^  6(tf  +  uydu 
c^{a*^ — tt  ) 

ae  being  the  eccentricity. 
Hence 

6a    p       du  jL    ^    r       ^^ 

=  ?^.  sin.-iJ!L  -  L^{aV  -  «•)  +  C. 
c  ae  c 

Let  *  =  0,  when  «  =r  —  ae,  or  when  ^si  a  -^  ae 
thenCs-  *l8in.-iC-l)=_*l.(-[l'|  c=  *i.  i 

c  c8/ca 

« 

.-.(=:  *i  X  (sin -lit  +  .!)__*  V(«»V-iO 


L_ 
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But 


C  2=  fc  a/ — »  •"*  •«  :=  g  —  a 


tlie  general  espression  for  the  tine. 

*        a 

and  we  get /or  ^Ae  ttiiM  ftetai^en  ^&€  vertex  of  the  eU^i>ie  and  the 
extrtmity  of  Us  UUiu  reetumy 

T  =  jl.  (Bin -I)-  e)  +^  )-  v^--  «?  V(l-0 

=  J^Lf—  -  sin"*  c  -  c  >/(!  -  0} W 

Again,  let^  =  a,  then  the  time  from  the  perihelion  to  the  ex.- 
tiemity  of  the  minor-axis  is 

T  =     «*    .JL^/±.ae 

77   «    v.. 


.      * 


(f -.)......(.) 


Hence,  and  from  expression  (jf)  it  follows  that  if  e  or  the  reUio 
of  the  eccentricity  to  the  wo^or  cucis  is  given^  then  the  Times  from 
the  vertex  either  to  the  extremity  qf  the  latus^rectumj  or  to  that  of 
the  axis^nor^  are  in  the  sesqniplicate  ratio  of  the  mcffor^axes,  and 
the  sitbduplicate  ratio  qfthe  absolute  forces. 

Again,  let 

f  s:z  a  +  ae 

T 
then,  —  heing  the  semi-pertod 

.1=      ««* 

or  T  =    ««-<^    m 

the  wMe  Periodic  Time  in  an  Ellipse. 


Again,  in  expression  (d) 
let  e  =:  0.    Ilien 

and  4T  =:    ^<^   ; (^) 

I 

the  Periodic  Time  in  adrde  when  the  force  oc  -.  this  also  follows 
from  (/). 

Again  JId  ih$  #xpres6ioQ  (<0»  if  4r  ha  tiie  UHm^ttttim^  me 
have 


«=;? 


l-C* 


andT  =  JVIjJI  X    ^  -  ^  ^/(l  -  O  -  sin -1  e^ 

Now  when  the  Ellipse  becomes  a  ParaboUt  e  r=  1.  Conse- 
quently the  time  from  the  vertex  to  the  extremities  of  the  latns 
rectum  in  the  Parabola  is 

_  2j2.rf  2  2 

Vf*       "^      (1-1)1 

a  Vanishing  Fraction ', 
to  find  whose  value,  let 


Q  =  (1  -  c«)^ 


1  *•: :.    .        'tf2 


Then  iL  =        yi"^^ yi-e' 

Sc(l-.c«)  5c 

Hence  the  Fraction  =  — ,  when  e  =:  I,  and  we  have 

1$ 
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'  which  is  the  same  as  (c). 

This  last  case  affords  a  striking  example  of  the  utility  of  the 
Theory  of  Y anishing  Fractions. 


485.       The  angular  velocity  oc  —  (4ea) 

•%  if  V  and  v'  denote  the  yelocities  of  the  #ar(h  at  its  mean  dis- 
tance a  and  perihelion  distance  a  '^  ae^  ae  being  the  ecoen- 
tiidty,  we  haye 

w  :  »' ::  i, :  -_i — ^  ::  i  -  e  :  i.  Q.  E.  D. 

a«    a2(l— e) 


486.  The  centripetal  force  acting  upon  a  point  placed 
within  a  sphere  oc  ^,  see  Newton's  Prop.  LXXIII.  Consequently, 
if  ^  he  the  force  at  the  surface  of  the  sphere,  and  R  its  radius,  we 
hare 

F  :  flf  ::  e  :  R 

and  vdv  =  —  Fd^  =  —  -?.  fdf. 

rv 

••.«'  = -^ .  (c  -  «•) 

Let  ^  =  R,  then  v  =  0,  and 

v^   =:^(R«-.^») (a) 

Let  p  =  0.    Then 

V«=flfR (6) 

But  the  velocity  (V)  in  a  circle  at  the  Earth's  surface  is  that  which 

R 

would  be  acquired  down  —  with  the  force  considered  constant. 


I 
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:.  V'«  =  «<;  X  ^  =  jR 
.♦.  V  ss  V. 


487.       GenenOly,  let  F  s  !!fl. 

Then 

^3            p3rfp 

A  !^  =  J^  +  C 

But  since  the  force  in  the  circle  is  .^-.   the    initial   velocitj, 


i  -  v/JT^R  =  i  ^ 


.'.  c  =  V  /» 


and  "''  = 

".  +  0 

p* 

Let ;  =:  R. 

.    Thenp  :=  R 

and  C  =.» 

R« 

.     1    . 

•  •      -•   •     • 

n         n— 1 

f*        R* 

• 

-  nR*-n-lf* 
RV 

and  p  =:   » 

Re 

x/(nR«  -  (n  -  1)  ^») 

the  equation  to  the  new  Trajectory. 

Also  since 

P  :  F  ::  ^0  :  d^ 
from  similar  triangles  in  the  elemental  figure,  we  haje 


(a) 


^VC^R*-  »-i-e') 
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see  Hindi's  Integral  Tables,  p.  18S. 

Lei  0  =1  0,  when  ^  =:  R»  and  we  hare 

*  R+  R  V»  '  J  +  ^/n 

.%»=-L../.Ji±4!!.  V(i»R'-Jrrr.e«)>RVi>l (J) 

the  polar  equation  of  the  spiral. 
Let  ^  =;  0.    Then 

B  =3  .  log.  0  =  00. 

or  the  wmher  ofrevoluHons  will  be  infinite  before  the  bodyfaUs  into 
the  oeniref  thai  is^  it  never  reaches  t/>  although  it  amtinuaify  ap* 
proQches  the  centre. 

R 

Again,  let  ^  =  — ;  then  the  body  will  have  approached  half 

way  to  the  centre.    In  this  case  by  (a) 

R  R 


2V(n-n-l»       V(»«+0 
4    "^ 
Hence,  the  Telocity  at  that  point  is 

V=r±=r  Vf*  X    >/^»+  ^ 
P  R 

And  the  velocity  in  a  circle  at  the  distance  —  is 

.'.  V  :  V  ::  V(3»+  1) :  « (c) 

In  the  problem  n  =:  2.    Therefore 

V  :  V  ::  V7  :  «. 


488.       If  the  force  be  the  same  in  the  circle  and  parabola, 
we  hare 


1 
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V  ss  JLxs    "Pi^  a       /Si 

•• " : "'  •:  y^ '  yi 

for  any  distances  with  the  same  force. 

In  the  problem 

^  =:  r,  and  R  =:  2r 


489.        Let  <  be  the  time  required,  and  make  V^JL.  Heft 
vdv  =  —  -tLL 

e 

and  V*  =  »/^  X  (Ztf  —  J^ )  =  2ft .  /  -  J^ 

e 

a  being  the  distance  from  the  centre  when  the  body  b^ins  ita 
descent. 

Let  ^  s=  a  —  a 
a.  being  the  given  space.    Then 


V*  =  2/A  X  I. 


a 


a  —  at 


which  giyes  the  velocity  acquired  down  the  given  q^acf. 

Again, 

...   ^f  «>    1         rf(f 


df  =  :!£  =  _ . 


v         2(4,    la  ^  i^ 


Let  Z  iL  =  i«. 

e 

Then   ±  =  c« 
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and  ^  =  oe"^ 
and  d^zn  '^  a  *  r^<fc 
-  a  ^du 


for  the  Integration  of  which  ne4  Lacroit'a  Differenikd  and  /n- 
/«5rra2  CoIcuIm,  4to  edit;  or  Whewell's  Dffiuxmicsj  p.  U. 


490.        The  tension  is  =  the  centripetal  force  necessary  to 
retain  the  atone  in  the  ciroU,  ar  it  Is 

F  =  ^^^ 
r  being  the  length  of  the  string. 

AlspP  :  Weight ::  ^  :  g  ::  ^  :  i 

by  the  question. 

Hence  T  =  «•  ^  /— • 

V    g 

Bat  r  =  S  yards  =  6  feet, 
and  o  =  82  —  feet, 

and  .*.  by  substituting  andperforming  the  arithmetical  operations 
we  shall  get  the  time  required. 


491.  Generally  let  it  he  required  to  jind  the  velocity 

acquired  through  (n  +  1)  X  R  ^o  the  earth's  centre ;  R  being  its 
rajius. 


For  any  distance  ^  we  have 

1  .  1 

? 


A  F 


?* 


/.  1^*=  -Fdi=:-yR'x4 
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«-^  =  ^R.x(J.-p_i^) (.) 

Let  (  =  nR,  and  we  hare 

\  n         n+1  /         n.(,n+  1) 
and  V  =r     /    ^^  ^ (b) 

the  Telocity  acquiring  in  descending  to  the  surface  of  the  earth. 

Again,  since  within  the  Earth's  surface  F  oc  ; t  we  have 

andt,«=  ^  X  (R«  ^  eO. («0 

Let  e  =  0.    Then 

and  V  R  =:  /gR (6') 

the  velocity  acquired  from  the  surface  to  the  centre. 

Hence 


V  +  V'=  Vi;Rx(l+-=L='\ W 

»/n,n+l/  ^, 

is  the  velocity  required. 

In  the  Problem 
n=  1. 

.-.  V  + VcsV^X  0  +  V«) 


492.        Let  a  and  6  be  the  major  and  minor  axes  of  the 

given  ellipse.    Then  the  greatest  dist.  s  a  +  ^a*— 6'  =  a{\+e) 
is  known. 

Again,  the  Feriodic  Time  in  the  Ellipse  is  (484) 
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rji  _     2»a^ 


and  in  the  circle  for  the  same  force  it  is  (oonsidering  it  the  limit 
ofanellipse) 

:.  T  :  T  ::  1  :  (i  +  «)*• 


493.      By  (448)  if  v  and  v'  denote  the]angalar  yelodties  of  t 
vbA  Pi  we  have 

dp        p 

p        df 

9 

Biilt;  =  ^  =  6  ^A  •  A(^«  and45S) 
5«  V    a      $* 


""     ^/  a      Dec? 


Bat  fl<  =         ^      in  the  ellipse. 
2a  —  e 


2       /T   V  P' 


b^r^ 


=2  — V«4*   X  . ^- r- 

Vox.  II.  2 


^S  GSNTRAL  FORCM. 

Hence  v'  is  least  when 

is  greatest,  or  when 
d  {tap  -  p«)       ^ 

that  is  when 

V 

or  ^Ae  an^ruZar  velocity  ofp  in  the  ettipi$,  Hig  forte  bring  in  the  focus, 
is  least  at  the  extremity  of  the  minor'axis. 


494.        By  487  when  from  ii  the  force  suddenly  becomes 


-^    y  we  hare 


V  (aR*  -  «-l  -p«) 


and  0  =  JL  .  /.  n  +  V«  .  V.(i»Rg-n^lp^--R^»i> 

Hence  when  ^  =  oo 

fi--L-x/    i±i^a     ^     /1+Vn 

and  the  number  of  revolutions  is 
In  the  problem,  n  =:  J. 

2 

=  ;i5-'-W.)+^.I.(.+V.) 


I 


I 
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Hence,  if  a  few  terms  of  this  eonrergiog  aeries  be  summed, 
and  the  sum  be  called  S,  we  get 

N=s  _2_xZ.2  +  -i^x  S 

which  may  be  arithmetically  computed  to  any  degree  of  accuracy, 
by  means  of  Logarithmic  Tables.  The  whole  number  in  the  re- 
sult will  answer  the  problem. 


495.       Let  a,  6  be  the  semiaxes  of  the  Ellipse ;  then  since 
(by  486) 


F=  ii 


—  -^ 


andt;*  =  2^  X  Jl \ X  =  ?5i(f-p5 

a  +  V  «*-&*,  which  is  the  distance  from  the  farther  apside, 
being  put  =  r. 
Again, 

^  =  ^  =    ./-  •   '  .^      < 

see  Hirsch'g  Integral  f<d>les,  pp.  141  and  140. 
Let  f  ss  r;  then 

<  =s  0,  and  c  =s  —  .  Tert.-*«  =  ^ 

2  8 

Let  ^  =  0.    Then  the  time  to  the  focus  from  the  farther 

apse  is 

i 


T  —       *" 


Z)8 


I 
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Also  by  484,  the  Periodic  Time  in  the  Ellipse  is 

/.  T  :  r  ::  r*  :  4V«a*. 


496.        The  time  from  Perihelion  to  mean  distance  ia 
(by  484 .  0 


where 


-7—  ><   I  —  —  0 


a 
and  the  whole  Periodic  time  is  (484) 


T  = 


Vf* 


•*.  )the  time  from  mean  distance  to  mean  distance  through 
aphelion  is 


2a^ 


i  / 

a/ I*  V  8  ' 


X(»-^  +  e) 


9a^ 


V^ 


X 


(i  +  0. 


Now  if  r  be  the  radius  requiredi  since  the  Periodic  Time  in  the 
circle  is 

^ • 

therefore  by  the  question ^  we  have 
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=  «*x 


(t^^I) 


the  radius  required. 

497.  >       Let  the  given  altitude  be 'a.    Then,  since 

we  hare 

vdv  —  —  /bipdp 
and  t?«  =  ^  (a«  —  ^«). 

let  (  =  0 ;  and  the  velocity  acquired  through  a,  or  the  velodtj 
of  the  system  is 

Again,  if  a  —  p  =  j;  be  the  space  described  ±  direction  of  the 
motion  of  the  system,  whilst  the  body  acquires  the  velocity  v,  we 
have 

di  =  —  Si  ete 


But  since  the  motion  of  the  system  is  uniform,  if  dfjf  denote  the 
distance  moved  through  in  the  time  di^  we  have 
<fy  =  V  X  dta^fA  X  dt 

and  ±  =    r. ^ r=  vers -^  ±  +  C. 

But  when  a;  =:  0,  y  =  0,  and  /•  C  =:  0. 
.   Hence 

y  5=  fl .  verse.""^  -^ 

a 

oro:  =  a  —  a  COS' -^  . .«».  •   ..f   •- (">) 
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the  equation  to  the  curve  traced  in  the  plane  passing  through  the 
two  directions  of  motion.  Hence  the  curve  is  a  sinuoid^  -which 
maj  easily  be  constructed  by  the  formula 


tan.  (jf)  ^  zM.  ^ 


a 


dx  jj(2ax  —  x) 

and  the  equation  (m) ; 
f  being  the  inclination  of  the  tangent  at  any  point  to  the  line  of 
abscissae. 


498.        Let  a  -*  p  be  the  altitude  fallen  through  in  the  time 
t,  a  being  the  finite  distance  from  the  centre  at  which  the  body 
begins  its  descent ;  then,  by  the  question 
t  cc  (a  —  p)»  =  M  .  (a  -  ff 

:.  (/^  =  nM  .  (a  -p)-i .  d^  =  i 


•  • 


V  =: 


t; 
1 


nM  .  (a  —  ^)*-A 
Henee 


dv  = 


^df 


and  vdv  =       _,   *.  T      x.— .    ^  ""  ^^i 
aF  =     . ^    . cc 


the  law  required. 


499.        If  F  fwd  f  denote  the  centripetal  and  centrifugal 
forces  respectively,  we  have,  by  439^, 

F  :  0  ••  ^*    '    i 

dp       J* 

But  F  =   f!^  (436) 
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c« 


•••  ?  =  -V («) 

But  if  V  and  P  be  tke  initiftl  vekck j,  and  perpendicular  upon 
the  tangent,  at  any  given  point,  we  bare 

_  V 

and  .\  f  =  mjg — ^ (a) 

Hence  for  di£ferent  parts  of  tbe  game  trajactoiy,  we  bare 
?  a  JL (6) 

for  different  trajectories,  ha?iag  at  tbe  taiift  ent  potel  af  tbam  the 
same  rdocity  V 

**■??• ^•'> 

for  diiferent  trajectories  baring  for  same  one  point  of  tbem  tbe 
same  J.  upon  tbe  tangent  P 

♦  <5C  JL (J) 

and  for  different  trajectories,  baring  neitber  a  common  velocity 
nor  a  common  J.  upon  tbe  tangent 


^  a-;-: • («) 


^ 


500.        Tbe  velocity  in  general  is 
^^    c 

Hence  since  at  tbe  extremity  of  the  latoa  rectum  (-"-^^  j  of 
the  ellipse 

a 


*     t 
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where  «*  ss  ^  ""    ,  we  baye 

^^^     V(l+e«) (^j 

a         1  —  c* 

Again,  in  (be  circle,  p  =  ^,  andif  ^  s=  a  ^  a£  ss  the  perihdion 
difltanoey  the  Telocity  in  the  circle  is 


V  ss  -L  s  - 

f         a.(l— tf) 

Bat  if  ft  be  the  absdate  force  ire  have  generally  in  thedlipw 
whose  a3U6  are  SA,  and  SB  (see  4S8,) 

and  A  for  the  above  ellipse 

V^    a 
and  for  the  circle  (considering  it  the  limit  of  an  ellipse) 
ff  =  ^a.  (1  -«)f** 
Hence 

=  V(l±4 m 

New  let  e  become  Indefinite,  and  let  L  be  the  Limit;  tben 
patting 

—  ssL  +  l 

I  being  the  Indefinite  part  of  the  ratio,  we  bare 

1  +  « 

or  L«  +  2li  +  Z«  +  €(L  +  0*  =  I  +  e* 
and  equating  Definite  Quantities,  (see  fVrighfs  CommeiUary  oa 
the  Prineqtia  ^  Newton^  sect,  i,) 
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L<  s=  1,  or  L  =s  1 

y 

for  the  limit  of  —  whether  the  ecoentricity  become  Indefinitely 

great  or  Indefinitely  small. 

501.        By  (495,)  the  time  down  any  space  r  «-  ^  is 

Hence  if  ^  s=  0»  then  the  time  through  r  is 

The  periodic  time  in  a  circle  whose  radius  is  r  and  Foe  -^ ,  is 

also 

2«r* 


€« 


T  = 


Vf 


2sj2 

::  1  :  4,a/2. 

Othebwise 
By  prop.  XXXTi.  and  it.  of  the  Prtncifpia, 

T  :  ^  (time  in  0  rad.  =  ®^  )  ::  1  :  2 

and/  :  r  ::  T-L^     :  r*  ::  i  :  2^* 
A  T  :  r  ::  1   :  Vsasbefore. 


502.        Ifthe  force  be  iL 
we  haye  (464) 
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But  by  the  question 

A  ^  =  (d)«  gf 

29 


andTc; 


the  time  required. 


dV/ff 


i 


503.       The  equation  Id  the  opposite  H  jporbbU  li 


P*  = 


6*. 


^  —  8a 

a  and  (  being  the  semiaxe8,p  and  ^  the  X  upon  the  tangent  and 
radiva  Teeter  from  the  focus. 

2j>dp  _       h^ h^^ 


•  •     ■ 

df 

t  • 

-  Sa 

(?■ 

-«#)« 

ss  — 

**< 

» 

s    - 

Sa 

7?  • 

P* 

.'.  F 

= 

c*dp  _ 

=  — 

8ac« 

1 
? 

oc  —  and  is  repulsive. 


P 

504.  If  the  distance  of  the  centre  of  the  O  from  the  cen- 
tre of  co-ordinates  be  a,  and  the  radius  of  the  O  be  r,  then  we 
easily  know  thai 

-I-  «  —   r^  -a^  +  ^"^ 

^  2r 

Hence 

^  =  -L 

df  r 

andF=:£!^=  ±J^21IULJ_ 

according  as  the  centre  of  force  falls  within  or  without  the  tan^ 
gent. 


filNTltAL  FOBOIS.  3^^ 

505.        Since  vdv  =s  —  Tdg,  and  F  =:  ii  we  have 

a  being  the  distanoe  at  which  the  body  begins  to  falL    If  a  ai  ^i 

then —  =:  0,  and  we  have 
a 

Now  if  the  force  be  cou tant  for  Ike  space  ^,  we  haye 


•  • 


V   ZZ   V, 


506.       Since  the  force  is  in  the  focus  we  haye 

and  the  Telocity  down  any  portion  ir  of  the  radiufli  voctor  ^  begin- 
ning  from  the  carve  is 

V  =  V^  ^        /    ^      -   ^    see  505. 

p-x  f 

Bat  the  Telocity  in  the  carve  is 

^^   c 


Hence 


J?  =  —  X   £,, 


pa  (1  ^  £  X  X  y 

2/*  p2  / 


Butp«  =       ^'^     ,  and  c«  =  6«  .  Jl,  (453,) 
2fl  —  p  a 

.*.  after  sub&titation  and  the  requisite  reductions  we  get 

,-fi8ilU) („) 
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Hence  when  x  s  maxmum  or  ndnimumy  we  have 

d^        4a  —  ^        4a  —  {  (**^c)* 

OP  2(a  -  g)  .  (4a  -  ^)  +  p  .  (8a-  0  =  0 

whence  we  get 

^«  —  8a§  =:  —  8o« 
and  soMng  the  equation 

^  =  4a  ±  a2^t  =:  Sa  (2±V2) 
which  being  snbstituted  in  (a)  will  give  either  maximum  or  mim^ 
mum  values  of  or.    To  ascertain  whether  they  are  maximuuL  or 
minimum,  we  have 

dx  _  g»  -  ggg  +  8fl« 
■^  "       (4«-e)^ 

•     ^^^    =:     ^g  — ^^     J,    2(gg  —  Sag  +  8q') 
rfg«  (*a-g)^  (*a-f)' 

r-   —       16a^ 
(4a  -  ^y 

Hence  at  the  points  indicated  bj 

p  =  2fl  .  (2  +  V  2) 

we  hare 

rfx 16a» 

;     aV2 

and  •*. 

p  s=  2a  (2+ V«) 
gives  the  maximum  value  of  x 

andg  r=  2a  .  (2  —  ij2) 
gives  the  mtnimtttn,  (see  Simpson's  FluxianSf  Appendix  to  the  New 
Edition,  or  Lacroix.) 

These  values  of  4?  are 

4a  -  5  4a— 8a.(8±V*) 
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507.        Let  F  =  pt^*,  m  and  ^i  being  at  present  nnkaown  bat 
determinate.    Then 

«•  +  1 


and 


But 


(«!H^i-  --H-i)-*  =-  a-^  1  -  /3)""*,J^  being  put  =  U, 


=  -  +        ^"^'         +  .J g  +  &c.  +  C. 

Let  t  =  0,  when  ^  =  a  and  we  have  C 

=  -  a  (1  +  — -1 +  &c.) 

^         8  .  (m  +  2) 

.-.  -  ^  ./-^^^  X  ^  =e  + ,  ^"^,  ^,     +  &e. 

V    wi+  1  2.(m+2)a-+* 

-  a(l+ !1 .  +  «».) (a) 

Let  now  p  =  0.    Then  the  time  to  the  centre  is 
T  =  {  1  +     ,    ^      ,  +  &c.}.  Vi2^t-i  +  a^ 

and  consequently  for  different  altitudes  (a), 


1— « 


T  a  a"T 

Bat  by  the  question 
Toe  a« 


I 
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.  1 

—  m  ^ 

2 

f 

and  m  =  1 

—  2». 

HfnceifToc 

a%  yte  hkf 

Foe 

,^-^. 

• 

Ex.  If  j 

2 

• 

Then 

Ftt 

1 
5* 

Q.  E.  D. 


^hich  w^knaw  to  U  tbocase  from  otli^r  and  more  direct  principles. 


5.08.       let  a  and  i  be  tlie  semi-axes  of  the  ellipse;  tlien 
the  Telocity  at  the  extremity  of  the  minor  axis  is 


t        b     /JL  /jL 

P        — 


14,  being  the  absolute  force. 
Again,  since 


i' 


.\  t;*  =  %   (i  -  C) 

Bat  since  when  p  s=  a,  v  ss     /JL 
a  \  a 


and  C  ss  iL 

a 


Hence  dt  =  ^=:     /fL .         C^ 

^^    2ft.  2  a 


I 

\ 
\ 

\ 
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See  Hirsch's  Tables,  p.  141. 
Let  p  =  a,  then  <  =:  0,  and 

C  =  -1.  vers.-i  2  =  2!: 

Let  ^  =  0 ;  then 
p  2.         af  v 


2^2  X  Vf* 
the  whole  time  of  descent  to  the  focusu  .  . 

Again,  by  484,  the  time  of  the  body^s  moYing  from  the  nearer 
apside  to  the  extremity  of  the  axis  minor  is 

T'  =  ^  X    f -1  -  e). 


*  ■ 


2Vd        2 


— '  e 


::  1 :  V^  -  V«  x  — . 


509.       Let  R  be  the  distance  from  the  centre  of  force  at 
which  the  body  is  projected ;  then  since 

vdv  =:  —  Tdp  =  —  iL  c?p 

e" 

n— 1     \5»-i  a**"*  > 

Let  a  =  00)  and  ^  =  R,  then 

V*  —      f*       _i_ 
»-l    R— 1 

Bat  since  the  velocity  in  any  curve  is  that  which  would  be  ac- 
quired by  the  bodys's  descent  along  -i.  chord  of  curvature  (FY) 

4 

with  the  force  continued  constant,  we  have 

V»=:2F.  ZL  =  -ii-.PV  =  JL..      * 


4  2R-  n-1     R*"^ 

by  the  question.    Hetice 
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orPV:R  ::  2:»^  1. 


510.       If  the  centre  of  force  be  any  where  about  a  ciftle, 
ire  learn  from  (504)  that 

F=± ^^^e 

r  being  the  radius  of  the  circle,  and  a  the  distance  of  the  centre  of 
force  from  that  of  the  circle. 

Now  when  the  force  is  in  the  circumference  a::^  ff  and  p  is 
positiye 


.',  0  = 


-  v*» 


Again  tbe  equation  to  the  circle  is 

2r  2r 

in  this  case.    Hence 


i' 


:.  dt 

V 

8rc 

Hence 

t-     ^     X  (C  +  ^3). 

Let^  = 

0,  when  ^ 

=  0; 

then  t  z 

2.3rc 

v^3p3 

Let(  = 

Sr;  then 

2t 

_    16^3 

.  r^  cc  r« 

3V** 


Q.  E.  D; 


s> 
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511.         Let  the  eartii's  radius  beR,  and  iL   the  space 

fallen  through  in  a  second  at  its  surface ;  also  let  p  be  the  pe- 
riodic time  of  the  Moon.  Then  if  ^  be  the  distance  of  the  inoon 
from  the  earth,  and  F  the  force  of  the  earth's  attraction  upon  the 
moon,  we  have 

orF=:  ^ 

i 

Now  by  (440),  we  get 


^  =  ^Vi==~77=>^^* 


RVi^ 


.    ,  _    R'or     f 


4«r' 


and  f  =   ^^^3^'^^  «* 

4i»f 

the  distance  required  in  feet,  g  being  equal  to  83  —  feet,  and  p 
expressed  in  seconds. 


612.        Generally  the  time  in  the  parabola  is  (see  484). 
*=y±X    (,-r)i(^  +  l.r) 

r  being  =  SA  and  ^=  SP ; 
and  the  time  of  falling  from  rest  through  any  space  ^  —  ;r  when 

P= JL  is  (495). 

^=  y^  ^  {(«*-^*  +  X(,-vers.-x^)} 

•ikI  vhen  x  —  O 
f  =  -il —  «* 

TOL.  II.  2  A 


::  ~«*:V(err).(j+sr) 

the  anfdogy  regnire^. 

ft 

^18.       let  X  be  the  angle  between  the  tangent  or  direetion 
of  the  body's  motion  and  ^ ;  then 
p  =9  ^.  sin.  ^. 

and  -£  s=  sin.  i^  +  ^  cos.  i^.  Jl 

BxA^w'^  ::i:JL(4S8). 

dp    P 

V  and  v'  being  the  Telod^^f  in  a  cunret  and  a  cirele  ai  tl|e  tame 
distance.    Hence 


V* :  v'^  ::  sin.  ^  :  sin.  i)/ :  sin.  if^  +  ^  cos.  4^. 


d^. 


or  v" :  »'"  —  v*  ::  sin.  1^  :  p cos.  ^  -i 

/,dj.  =  ^"-^.  lg!Li.dg (a) 

Henccp  since  }p  cannot  exceecf*  90^ y  i/A^  he  considered  gi^itive^ 
d^  is  positive f  or  negative,  or  ^  is  increasing  or  decreasing ,  according 
asy*  is  "^  or  <  th^n  v.  Jfd^  be  negative  or^be  df  creasing ^  then 
dip  15  positive  or  negative,  that  is,ylfis  increasing,  or  decrecuing,  ac^ 
cording  asr  is  ^  or  <y^, 

These  residts  indicate  a  defect  in  the  enunciation  of  the  proUem. 


41.4.        Let  R  be  the  earth'n  radius. 
Th^a  since  the  velocity  of  a  body  revolmg  at  the  sorface  is 

V  =    /7R"  =      /JL 
V  -gr        V  R 

Mre  have  for  the  new  trajectory 


Bot  the  body  being  projected  at  an  Z  of  45^  degrees  with  the 
horiaon  or  90^  -  45**  ±:  45^  with  E,  we  have 

4  =  ^ -in 

or  R  =  the  kUus  rectum  of  the  Ellipse. 
Again,  since  the  equation  to  an  ellipse  is  gef  erallj 

^  ia-f 

wehaTe 

««  -    *'  R 
^  2a  -.  R 

^  Rg    =    5^1 

2  2 


2ii- 

/.  2a  —  R  =  a 

.••  a=R  .  .  • (2) 

R» 


2 

and6  =  -5L  .........  (S) 

V2  ^' 

Hence  then  the  equatioii  to  the  trajector^f  is 
v^  zs  — IS. •  (4) 

2R-^ 
and  it  may  therefore  be  described. 
Again,  the  equation  to  an  ellipse  between  f  ai^d  6  is 

^  = ; r- 

a  +  ae  cos.  9 

ae  being  =  y'a*  —  6«,and  0  measured  from  the  shortest  distai|$|. 
•*•  in  this  case  we  hare 
-  R« 

2  (R  +  JSl.  cos,  fi) 

V^  2  A2 


1 


356  CENTRAL  FORCES* 


^  (0 


2  +  aJ2.  COS.  0 

Hence,  to  find  the  angnlardifttance  between  the  bodj's  depsr- 
ture  from  and  to  the  earth's  surface,  we  have 

co8.0=:J5L:;Jt 

and  .-.  »  =?cos.-i  (  ±  ,^LlJL\ 6. 

Letp  =  R;  then 
6  =:  C08.-1  (  :fL  ,J—\  =  185^  or  46^ 

Hence  the  distance  required  is 

ia5^  -  46°  =  90^ 
The  same  result  may  more  easily  be  obtained  geometrically 
from  considering  Fig.  95,  and  Problem  (450). 

515.  The  least  tension  will  evidently  be  at  the  highest, 
and  the  greatest  tension  at  the  lowest  point  of  the  circle.  It  is 
also  plain  that  the  centrifugal  force  in  the  circle  must  be  just 
equal  at  the  highest  point  to  counteract  the  gravitation,  and  it 
will  therefore  be  equal  to  g.  Hence,  at  the  highest  point  if  n 
be  the  number  of  particles  in  the  revolving  body,  the  tension 
will  be 

t  :=:  ng^zwj  the  weight (l) 

Again,  since  in  a  circle  the  centrifugal  force  =:  centripetal,  and 
velocity  generally  in  any  curve.  =::  that  acquired  down  \  chord  of 
curvature,  therefore  the  velocity  in  the  circle  when  the  force  is^  is 


R 


vs=:ij2.g.  — — -  =     ^  gR 

R  being  the  length  of  the  string. 
In  the  descent,  moreover,  from  the  highest  to  the  lowest  point, 

the  velocity  acquired  will  be  V  %•  (2R)  =  2^gR.    Hence  the 
velocity  of  the  body  at  the  lowest  point  is 
v'  =  S  ^gK 
Now,  generally  the  centrifugal  force  arising  from  the  angular 


i 
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Tdocity  Qc  (angular  Telocity)  2  x  -i-  «  (linear  Telocitr)  «  in 

dist.  **' 

tbe  same  circle.    Hence  if  f  be  the  centrifugal  foMe  at  the  loweit 
point,  we  hare 

and  the  Tension  =  fi^  =:  9.  n^  =  9W,  and  not  6  W  at  the  enun« 
dation  has  it. 


616,        IP  the  reciprocal  spiral  we  hare 
a 

T 


a 


a 

and    ^fV^^JL 

Hence  d  -2—  -^  o 

and  by  436  we  have 

F=f!-o  =  £l 

.'.  C  =  ^  flu 

Uoice 

Pat  if  ti  be  the  area  of  any  i 

ipiral,  we  haire 

9               % 

- 

;.  in  this  case 

du-    "J^.  dt. 
2 

and  »  =5  il  /. 

2 

since  u  is  the  area  describe  in  the  time  t. 

Hence  when  t  is  given  u  cc  ft  the  absolute /^e;  and  when 
also  the  absolute  force  is  given 

tt  is  constant  for  all  reciproc^  sph^s.  Q.  E.  D. 


856  c*NT*iAL  roncBs. 

517.  The  angular  Telocity  about  the  first  focus  is  (409) 

c 

and  the  angular  Tel.  about  the  ether  foens  :   ~  ::  ^  :  to  «*-  f. 

Hence  the  angular  Telocity  about  the  second  focus  is 

{(8a  -  f) 

Now,  the  mean  angular  Telocity  V  is  that  by  which  860^ 
would  be  uniformly  described  in  the  periodic  time  in  the  ellipse,  or 

_  * 

Hence  when  V  ss  T,  we  haTe 
6  _  1 

and  f.(ta  ^  f)szab 

.\  j«  —  2af  ss  —  tfft 


.'.  f  =  a  ±  V  a«  —  a6 

which,  by  means  of  the  equation  of  the  ellipse  determines  two 
of  the  required  points. 

The  other  two  are  inuilfidi&tay  opp66l(e  to  th^. 


If  0  denote  the  giTcn  angular  Tiblddty,  irb  bltfa 

ass^xi? 


But  v(f»  =  -  -C  * 


eiSNTttAL  trbRClB.  *^ 


******  \/^  X  {V(*r^P«)+  Y  (•-  ^"'-"i)} 

tee  HS-idi?*  faBtet,  p.  lii. 

the  equation  to  the  curve  described; 
Now  the  area  being  u  we  baye 

2        "Hi 
*  V  ^  V  ("« -  i»)    . 

-  ifl  Ters.-*  !l  +  C.    See  Him*,  p.  141. 
16  a  ' 

Let  #  s  a.    Then  uszo  and  0  A  .a^  «ri 
*  16 

+  ifi.  f,_Ters.-»f<V 

16        \  a/ 

Let  fsso.    Then  the  whole  ar^  if 

16  2    V    «/• 

Bat  since  the  whole  tiriie  of  deseiai  is 

and  Sir  =  T  K  g  s  JLZ^  5c 

a* 

s 

and  we  finally  get  for  the  whole  area  described 
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519.        Since  v  =  — ,  the  greatest  and  least  Telocities  are 

P 
at  the  nearer  and  farther  vertices*  or  when  p  =  a  —  o^,  or  ss 

a  +  ae.    Hence,  if  x  be  the  JL  upon  the  tangent  when  the  Telo* 

city  is  an  harmonic  mean  between  the  greatest  and  least  Telod* 

ties,  we  have 


a(l— «)      X         a(l+e) 

in  harmonic  progression.    Hence 

a{\  —  e),  jr,  and  a{\  H-  e) 
are  in  arithmetic  progression,  and  we  have 
0?  —  a(l  —  e)  =  a(\  +  e)  —  ar 
.\  X  zza  ' 

Hence  a^  s=  _i —  gives 


which  gives  the  point  required. 

520.        The  velocity  down  (^  -  a),  F  =  Jl ,  is, 


V 


-  yi-  y-fc"^ 


<• 


Also,  if  the  force  be  considered  constant  the  velocity  acquired 
down  (  —  a  is  

But  chord,  td :  sin.  ^0  ::  2R  —  versine  d  :  sR 
.\  V  :v' ::  chord,  ft :  sin.  0 
0  being  the  arc  whose  versine  is  a  —  p  and  diameter  a. 


521.        Let  the  area  of  the  paper  tp  be  doubled  down  be 
constantly  equal  to  a*  ;  then  since  the  comer  of-^the  A  is  a  right 
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Z,  if  the  locns  required  be  referred  to  the  comer  by  the  ndius 
Tector  (  and  angle  0  originating  with  either  edge  of  the  piqper}  it 
may  easily  be  proredthat 

o«  —  jL  .  hypothenose 
2  '  i 

=  X  X  -S- .  (tan.  0  +  COS.  0) 

4  S 


^   ^«      /sin.  0    ,    cos.O\ 
^  T'  NCOS,  d        sin.  0/ 


_.   j«    sin.«0  +  cos.  gP   ^  £^^       1  ^ 
"g"      sin.  0.  COS.  d  4      sin. " 

;.  {•  =5  4a«.  sin.  29 
the  equation  to  the  LemnUcaia. 
Again  (436) 

g^  ^  _  4agcos.gO 
•        df<     ^  lgtf*cos.  »g0 

16a«  1 


e     e 


622.        If  the  force  =  ftp,  then  wrft>  s=s  -  ^ 

and  »«  =  ft.  (a«  -  e^) 

a^^  being  the  space  fallen  through. 
But  if  the  force  be  considered  constant,  we  have 

/.  V  :  »' ::  -•(af^) :   V"2s 
«  ::  sine  6  ;  chord.  0 


r 


m 


ci^ftkL  ^diicis. 


Miisti  tiiihtkrt  vhtfse radius U  ti, a&i Teniae a'—f,isik eiri^ 
thow8  iia  drawing  ilib  figiii«. 


523.  let  the  force  Im 


T  —  Jt 


Tlien vdots  ^Tdf±- ±^ 

«* 

and««  ^  ^n.(  1.  ^  k^ 
8  '^  V  {•         (t»  / 

and  if  a  be  infinite 
Hence  if  at  the  apse  «  =  R,  t&e  reldcity  of  prelection  is 


•••'=v/|yi- 


Now  by  43S 


(ft  =  -_ f£<       .,      ; 


'^/(^-|) 


=  ,^^ i 


Hence  0  s  ^R  .  ters.-*  4-  +  C, 
Let  0  s=:  0,  ^hen^  a  R;  then 

9 


ceit;titAL  pottdfiA. 


SIS 


«     .   » 


..  +  —  ss  vers."*  J- 

VR         8  R 

the  equation  to  the  orbit. 


524.  Since  the  body  is  projected  (irom  an  aspe,  the  velocity 
parallel  to  the  plane  will  always  be  that  of  projection,  which  we 
call  0;  then  it*  y  represent  the  X  to  theplane,  and  x  the  corre* 
spondiDg  abscissa  along  it,  we  have 


also  txlv 

• 

/.  «■  s: 

y 

a-i- 

■y-i 

•-» 

•-» 

iriiieh  can  be  integrated  in  all  easel  tvhferein 

8  8  1 

— — — —  or  — — —  J-  ~ 
n  n  2 

that  when  ^±1  or  JL 
is  a  whole  number,  by  assuming  in  the  first  case 

imd  in  the  other  case 

a***  —  y*"^  s:  u*y*  *. 
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To  apply  this  equation  to  the  case  specified  in  the  problem,  we 
have  n  sz  0,  and  .*• 

Bnt  a?  s=  0,  when  y  si  a\  /.  C  =  0 ;  and 

and  ar«  =  _  .  (a  -  y) (&) 

/Ae  equation  to  the  common  parabolaj    whose   lotus  ^rectum  is 
-^,  ordinate  x  and  abscissa  measured  along  the  axis  from  the 

vertex  a  '^  y. 


625.        The  force  being  constant,  we  have 

vdv  =  —  Fd^ 
and  V*  =  2F  (a  -  ^) 


••'=Vt'^^^""^^ 


and  when  a  —  ^  :r  — 


r  being  the  radius  of  the  circle,  we  have 

Again,  in  the  circle,  the  periodic  time  is  (440) 

V    F 
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..  1  .  o      ciroumfereDce 


diameter 
::  rad. :  circumference. 

526.  If  QR  be  the  deflection  from  the  tangent  at  P  pa- 
rallel to  the  ordinate  PM,  and  QT  be  i.  to  PM;  then  by  Nna- 
UnCt  Prindp.  prop.  YI.  cor.  I.  we  have 

SP  X  QT         QT« 
lince  S  is  infinitely  distant,  and  therefore  SP  ii  constant. 

Now  if  PC  be  the  normal  meeting  the  axis  in  C ;  then  from 
similar  A  PMC,  PZT,  ZRQ,  we  have 
PR  J  .  Qx«  ::  PC* ;  PM«. 
Bat  by  the  natm«  of  the  parabola 

Q»  X  (OR  +  «QN)  ==  j^!^, 

andMCsil 

8 

L  bemg  the  UUus  rectum ;  also 

PC.  =  PM.  +  II  =  lEMMJi 

4  4 

Hence 

OR   _       1  L«  x(L»  +  4PM«> 

QT«         4PM«         (L«  +  4PM«)  (QR  +  «QN) 

=  _Jt!__   x-L. 
4(QR+  2QN)        PM* 

and  the  Umit  of  QR  +  2QN  is  2PM. 
Ilierefore 

OR   _  L*        1      .    .u   r    •. 
01?  =  T-   par  ^-^  ^he  limit ; 

and  F  oc  ^  a      ^ 


QT«        PM' 


527.        If  the  ordinate  DF  (see  Fig.  to  Prop.  XXXIX.  of 
Prindp.)  be  always  taken  proportional  to  the  force,  or  proper- 


tional  to  -r=r-9  aqd  AB  be  that  value  of  it  at  tbe  distanee  CA,  at 

which  the  body  commenQes  its  descent;  then,  by  Newton,  the 
square  of  the  Telocity  acquired  thrpugh  AJP  is  proportional  to  tiie 
area  ABFD,  or  in  symbols. 

t;«  =s  A  X  ABFD 

But  by  the  question^  if  CE  1^  nut  ^  x,  a^  CA  ^  a ;  4l9  ?  ^ 
and  DF  =:  y ;  then 

&  •  «  ••  -L  •  ^ 

-^''^•' («» 

the  equation  of  the  curve  BF. 

And  if  we  recognise  a  curve  froJO  this  j99u$t]4>Qi  iflifii^  f^eiif 
known,  the  velocity  is  ^pown.  But  if  not,  w^  qi^st  fii^d  the  area 
by  some  method,  either  exactly  or  approximately.  The  general 
method  is  that  of  first  finding  the  fluxion  or  increp^nt  of  the  area, 
and  then  inversely  seeking  the  integral  or  sum  of  the  increments. 
The  fluxion  of  an  area  is  ydx,  y  b^iy;  the  ordinate  of  the  cwtf^ 
and  dx  the  fluxion  of  f  h$  abscissa ;  hence 

V*  =  A  X  y  ycLc 

a^  J      x^ 
taken  beti^een  x  =  a,  when  v  =  o,  and  x  :=  x. 

But  r=£^  =  L.  (±^±\ 

J      x^  2      \x«         a«/ 

A.6         a*  — ar« 
2.o5  x^ 

which  gives  the  velocity  acquired  down  a  —  a*,  whep  ^  is  deter- 
mined. 

Now,  if  at  any  given  distance  as  the  radius  R,  for  instance,  of 
the  attracting  body,  it  be  observed  that  in  one  second  the  descent 

from  rest  towards  its  centre  is  —  feet,  then  supposing  the  force 
coiii|tiu[|t  during  that  time,  and  s  l,  we  have  (v*  =  iFs) 


gUNTKAf.  roipgf.  3fr7 

2 
Hence  when  j;  =  R,  we  have 

?a«  R? 

which  gtyes  A,  and  therefore  the  velocity  it  JuUjf  deiertfikied  s^ 

/«•'.  .     . 

Again,  if  the  ordinate  DL  (Fig.  Newton)  be  always  taken  reci- 
procally proportional  to  ^  (ABFD)  or  \gt  the  Tfl^fity*  then  the 
Telocity  down  AD  will  be  proportional  to  the  area  of  ADLV,  the 
tdne  of  Df.  at  A  when  ABFD  is  o  being  inCnite,  and  AT,  there- 
fore  an  asymptote  to  the  curve  VL. 

Now  at  the  given  distance  or  value  of  or,  viz.  «,  we  have 
wi  _  A4    <t*-«^ 

Hence  taking  the  ordinMe  fi  of  the  time  cmre  at  the  distance  • 

from  the  oentre  =  JL  we  have 

V 

15=  «*• 


V  Ad.  V  (a'  -  «•) 
And  if  DL  =  y',  we  get 


a«a? 


the  equation  to  the  time  curve, 
llie  srea  of  this  cunre  or  the  time  is 

between  «  =  a  and  :r  ==  a:.     But 

i 

V  A6 
gives  the  time  in  seconds. 


1 
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528.       When  the  centripetal  force  s:  the  centrifugal  force, 
we  have  (439) 

p^        dp 

And  ih€  paracentric  velocity  i$  a  maximum  or  minimum  whsn 
(iee45S) 

—  —  -^  majL  or  nun. 

or  when  ^  =  ~L 

•%  when  thec^tripetal  force  =  the  oentrifttgal»  the  paraoentiie 
felocitjr  is  a  maximum  or  mimmi^m. 


^29.       The  subtense  oc  F.    Hence  if  F  denote  the  force  at 
the  earth's  surface,  and  then  since  Fa  — ,  at  the  distance  of  sR 

where  R  is  the  radius  of  the  earth,  the  force  is 

>       xR*F  =  l. 


n2R«  n* 

Hence,  since  at  the  surface  the  subtense  is  found  by  experiment 

« 

to  be  16-^  feet  =:  JL,  we  have 

fl"  •  -2.    ••  _  •  F  ••  I  •  «• 

2         n« 

the  subtense  at  the  distance  of  n  radii  from  the  centre. 
In  the  problem  n  =  si. 

.-.  ^=  ifj^feet 

441 

=     .0364  feet. 
The  moon  is  distant  from  the  earth  about  60  R.    Hence 

n  =  60 ; 
And  it  hence  appears  that  the  subtense  at  the  moon  in  a  minute  tf 
about  as  great  as  that  at  tlte  earth  in  a  second. 
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528.  When  die  force  |s  in  the  centre,  the  periodic  time  is 

''  =  *'>/■? w 

wlien  in  die  circnmfaeiice  the  force  is  (504) 

p^  Sc*w*    _  j/ 

4  2  S     f* 

nnee  the  chord  of  conrature  is  ;. 
Hence 


*=T=yf''«^ 


t7       .         ^^      ^ 

But  since  e  =  2  sin.  -f^  to  rad.  =  r. 

2  2 

anddta ^ ^ 


...  *  =  y  • 


X 


£± 


Bat 


-3  -  2r«e  V(l  —  -S^^  +  4r« sinr'JL  +  C 

see  Hhtch'B  Tables,  pages  119  and  118. 
Let e  =  0,  whenp  =  0, and G  =  0.    Hence 

Let  ^  =  Sr.    Then  the  ^hole  time  (T)  of  revolution  is  S^  and 
we  hare 

VOL.  U.  SB 


^ 
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'  .•.  ^ :  ft' ::  0  : 1 :  8 

the  ratio  required. 

Otherwise, 
By  Prop,  y  II.  cor.  2,  of  Newton's  Prin*  we  hate  (Me  Ntmmt$ 

Kg) 

F  at  R  :  F  at  S  :t  RP  x  SP  :  SG«. 

Now,  let  S  be  in  the  centre  of  the  circle^  and  R  be  in  the  dr- 

cumference ;  then  we  haye 

SGiaSP::  SP:PR 

orSG  =  J^ 
PR 

Hence 

Fat  S' :  Fat  R  ::  RP«  x  SP  :  *^^* 


RP» 
1  S 


SPa     •   •Rp5» 
But  if  fi  and  /a'  be  the  absolute  forces,  we  have 


FatS:FatR  ::  Jt^: 


f* 


SP«     RP« 

A  /*:  f*'  ::  1 :  8 

as  before. 

529.       The  velocity  in  an  ellipse  at  asy  point  of  it  where 
the  JL  on  the  tangent  isp,  is 

t  being  9  h  j^^  (453).    Henoe  at  the  Queen  distance,  where 
p  s  i,  we  hare 

*a  y-i^ w 
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Apaxki  in  a  ciide  the  irelocify  it 

c' 


V    = 

r 


where  c'  (cQBsidering  the  O  a  limit  of  an  ellipse)  is  V  rtt.  Hence 

Hence  if  the  absolute  forces,  m>,  /,  be  the  same  in  the  circle 
and  ellipse,  and  the  radius  (r)  of  the  circle  be  equal  to  the  semi- 
major-axis  (a)  of  the  ellipse,  -we  have 

or  the  velocity  in  the  ellipse  at  its  mean  distance  is  the  same  as  that 
in  a  circle  whose  radius  is  the  mean  distancey  and  centre  offbrCB 
the  same  as  that  in  the  ellipse.  Q.  E.  D. 

A{;ain»  in  the  ellipse  the  periodic  time  is  (464) 
and  in  the  circle  it  is  (440) 

/.  T'  =  T  a  E.  D. 


530.        If  the  variable  force  be 

w^havo 

V*  =  8f*/  -^  -  f*.  (a«  -  p«) 
a  being  the  whole  distance  to  the  centte. 
Hence  the  velocity  acquired  in  falling  to  the  centre  is 

V=aVf^ (a) 

Again,  if  the  force  at  the  beginning  of  the  descent,  vis.  /ko,  be 

considered  constant,  the  velocity  acquired  down  the  whole  distance 

with  half  this  force  is 


V  =  V^  X  F  X  dist.  =  ^/2.  f!!rxa  =  oVf* 

.-.  V •  =  V.  Q.  E.  D. 

SB  8 
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531.  If  R  and  r  be  the  radii  of  the  globe'  and  wheel  of 
the  epicycloid,  the  equation  referred  to  the  centre  of  the  globe  is 
easily  proved  to  be 

^         (R+8r)*-ll«  ^  ^  ^  V  y 

r=A(e«-R«) 
,    .  .-.  pdp  =  A^df 


.%  Foe    ,    g  , 

if'-  ^y 

the  law  of  force  required. 

532.        Let  CA  or  CB  s  a,  and  make  CD  =  6.     Then 
since  DE  =z  a,  by  the  hypothesis  we  have 

CE=  Va*  -^*- 
Now  the  force  at  C  varying  as  the  distance,'  let  it  be 

F  =  ^^ 
Hence  the  velocity  down  any  space  a  —  ^  is 


Hence  the  velocities  of  the  balls  when  they  arrive  at  D  and  E 
are  respectively 


V  =  Vf*-  V(a"  -  ft"), and  t;'  =  Vf*  V(a*;-  a«-6«)  =  V^x^ 

Now  the  bodies  being  perfectly  elastic,  move  after  impact  with 
the  planes  with  the  same  velocities  as  they  impinge. 

Therefore  the  initial  velocities  at  the  distances  6  and  •/a'  —  b* 
are 

and  since  the  directions  of  the  initial  movements,  or  tangents  of 
the  orbits,  are  inclined  to  the  distances  at  angles  of  180^  —  4b^  ; 
/•  the  initial  perpendiculars  on  the  tangents  are  respectively 

P  =  R.  sin.  45^  and  F  =  R'  sin.  46° 
orP=4^andF:=^^i±I^). 
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Again,  since  the  force  yaries  as  the  distance  the  .oxhils  are 
ellipses  with  the  force  in  the  centre,  and  the  equation  to  the  ellipie 
referred  to  its  centre  is 


i^- 


and  0  being  the  semi-axes.    Hence 


P  =  ^  =         ^'g*  1 

2  6«+  a«  -  e*      1 


•  /»»  -.  A" 

and  P   =  5-Z-l 


2 


Again,  since 


F  =  ..=   ^* 


we  haye  for  the  two  orbits, 

',  and  /Ap  :=: 


a'*0' 


(486) 


(») 


fi  = 


_    e*e    .„j...-    «\ 


.•^ 


'IS' 


.*.  e  s:  »|3  >y/*  and  c'  s  a'ffjjf. 
But  »  =:  i.,  and  »'  =:    t. 

:.  A/^A/(a*  -  y)  =3      ft—,  and  V*'  *  =  a/(o«-^ 


V8 


V« 


tf-6' 


/,  «g  rr  6     /*  ~^,.  and  .'^  =  6  V^^Ili- (») 


•(«) 


8  -v       a 

Hence,  and  from  Equat.  (1)  we  have 

«•  -  /S"  s=  (o'  -  60  -  *•  =  «'  > 

and  .'  -  iS' =:  A*.  -  («•  -  6»)  =  «**  -  «•  3 
and  from  these  foor  equations  it  is  easy  to  find  by  the  sohitioD  of 

quadratic  equations  the  Talues.  of  a,.£;  «,  0 ;  and  therefore  to 

construct  the  orbits. 


533.  Let  a  be  the  distance  of  the  earth  from  the  Moon, 
^  ft'  their  quantities  of  matter ;  then  if  ^  be  the  distance  from  the 
earth  at  which  their  attractions  are  equal,  we  hare 


#•   — 


T^ 


^'f^  CBNTRAL  P0R0B6. 

wlieiioa 

f  =  ,      ^^^      . (a) 

Again,  if  r,  /  be  any  distances  from  the  earth  and  moon  of  the 
body  in  the  curve  of  equal  attraction,  we  have 

ii  =  iL 

But  if  «  and  y  denote  the  rectangular  co-ordinates  of  the  re« 
quired  curve  originating  in  the  earth's  centre,  and  measured  along 
the  line  joining  the  earth  and  moon,  wc  have 
r*  =  a:«  +  y" 
and  r**  z=  (a  -^  xY  +  y* 
:.  ft .  (a  -  x)"  +  lAi/  =  /*V  +yy" 

=   -:r«+  Jf:±, a^^ (*) 

Let  u  s  0?  —  ' — ^i^!!Lf! — .» and  the  equation  is  transformable  to 

V/*  +  >/f*' 


yt  -g   gq^  f*f4^  a?  -  «» (c) 

consequently  the  curve  is  a  circle  whose  radius  is 


fX   —    f* 


534.        If  F,  F  denote  the  forces,  v  and  v'  the  velocities, 
and  R»  &'  the  distances ;  then  since 
ffiv^  ::  Fx  R:P  X  R' 

But  the  velocity  in  any  curve  at  any  point  ef  it  is  equal  16  ihtt 
which  would  be  acquired  down  —  chord  of  curvature  at  that  point. 

Hence  if  c,  c/  denote  these  cho;ds  at  the  points  of  projection,  we 
have 

v*  as  8F  X  A  «id  »"  =  8F.  S. 

4  4 
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,•.  c  X  F :  c*  X  P  j:  PR :  VK 
ore  :  c'  ::  R  :  R'. 
Be«ee  if  P,  F  (Fig.  98)  Aenote  the  points  of  projoetfoii,  V,  S' 
A*  eoDtref  of  fcree  rimilarly  ritvated,  that  is  naUpg  eqtiil  A^ 
witb  the  directioiui  of  pvqjfction  or  timgfiit«  PR,  R'R'  of  t)it 
orbits  FQW,  FQ'W,  and  FV»  FY'  the  choids  of  curvature,  we 
have 

PV  :  FV' ::  PS  :  FS' 

Rom  S|  S*  draw  8Q,  ETQ'  making  eqaal  angles  with  $F,  S'F, 
and  meeting  the  eircks  of  cnrvatnve  in  Q,  Q'aad  join  PQ,  F^ 
etni  pvodttoe  8Q,  STQ'  to  R,  R'.    Then 

2;  PQV  (as  ZYPS  e  ZY'FS)  »  ZFQ'V'. 
Hence  putting  ZPSQ  (=  ZFS'Q^)  =:  « 
and  ZPQV  (=  ZFQ'V')  =3  0 
and  the  Z  YQS  b  0,  and  ZY'QV  s=:  V 

we  get 
QV:6Y  ::  sin.Aisin.  • 
and  PV  :  QV  ::  sin.  U  :  sin.  (•  +  jf  +  «) 
/.  FY  :  SY  ::  sin.  «.  sin.  fi  i  sin.  ».  sin.  (<»  +  f  +  0). 
sittilarlj, 

FY' :  S^  ::  sin.  «.sin.0  :  sin.^.  8m.(»  4*  0  +  O 
andPV  :  BY  :•  FY' :  ST' 
/•  sin  0  X  sin.  (•  +  l3  +  0)  =  sin.  6'.  sin.  («  +  i3  +  6") 
But  generally  cos.  (P  —  Q)  —  cos.  (P  +  Q)  =  2  sin.  Psin.  Q. 
•%  cos.  (»  +  /S)  -  cos.  («  +  e  +  26)  =  cos.  (•  +  /9)  - 

cos.  (•  +  15  +  «0- 

/.  cos.(»  +  fi  +  29)  =:  cos.  («  +  |5  +  2  r) 
and  »  +  /9  +  28  =  »  +  /J  +  20' 

or0:=:  O' 
that  is 
Z  YQS  =  ZY'Q'S' 

Hence  ZPQS  =  ZFQ'S' 
and  ZS  =  ZS' 

.*.  ASPQ,  S'FQ'  are  similar. 
OrPQrFQ'  ::  PS  :  FS' 
And  by  Lemma  7th  of  Principiai  the  arcs  and  chords  are  iilti<* 
matelj  in  a  ratio  of  e(juality. 
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* 

.-.  arc  PQ  :  arc  FQ'  ::  PS  :  VS   }  . jv 

also  QS  :  Q'S'  ::  P9  :  FS'    5  '  "  "  *  '  '  ^  ^ 
Again  if  Q^,  QY  ^  A®  i^^^  elemeitol  arcs  sobtending  equal 
^QS^,  Q'S^jf' ;  and  yOr,  y'QV  the  tangents  or  directions  of  m«tioii 

at  Q,  Q.' ;  Uien  since  ike  Telodties  at  Q,  Q'  are  as  JL*  '  JLt  or  as 

Sy   Sfy' 

*     _,  oras— =-.,  --— ,  or  as  the  Tdocities  at  P,  F  and 

ZyQJS  (=  ZyQP  +  ZPQS  =  ZFVQ  +  ZPQS=  ZFV'ft' 
+  ZFQ'S'  =  Zy'Q'F  +    ZFQ'S')  t=    Zy'Q'Sf,  or  the  direc- 
tlons  of  motions  are  similarij  situated  ^th  respect  to  the  dis* 
tances  SQ,  S'Q,  we  have,  by  what  has  already  been  demoo^ 
strated, 
arc  Q^  :  arc  QV  ::  QS  :  Q'S' ::  PS  :  FS'  | 
and^S  :  g'S  ::  QS  :  Q'S'  ::  PS  :  FS'  i 
and  so  on  through  the  whole  extent  of  the  orbits.    Hence,  by  the 
composition  of  ratios  we  haTe,  supposing  ZPSW  =:  ZFS'W'. 
arc  PW  :  arc  FW  ::  PS  :  FS' 
andSW:S'W'::  PS 
But  curves  referred  to  a  centre  are  similar^  when  the  radii* 
vectores  containing  equal  angles  are  always  propartionaL  • 

Therefore  the  orbit  PW  is  similar  to  the  orbit  FW. 

Q.E.D. 


=  ^S'J .(2) 

:  FS'  5  .        ^ 


535.      .  Since  the  velocity  is  finite,  the  law  required  must  be 
inverse.    Hence  assuming 

we  have 


»«  =8/-  Frfe  = 


-      2^ 


fl*  —  1        ^*~\ 
the  velocity  being  0  when  ^  =r  oo. 

Now  the  velocity  in  a  circle  at  the  distance  ^  is 
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Henoe,  by  the  question. 


3^       ..      I     _    ^    ..      1 


X  -^—  =  Ji.  X 


»i  —  1         ^"^  n  ^••* 

•        ^^      —  1 

w-  1 

or  jh  =s  Sn  +  1> 
1 


:.  F  oc 


c**"*" 


536.        In  the  logarithmic  spiral 
p  =  —  .  ^,  and  D  =r .  Z .  A 

/•  c  =:  —  V^ 

a 

Hence  c^^rs  Sl£  ^  Jl  x  L^.=Jt 

c  c  ^/ic^^h^        f 


sji^.4{a^-h^) 


•  -  f^ 


t  being  supposed  =  0,  when  ^  =  a. 
Hence  the  whole  time  to  the  centre  is 


a» 


Now  in  the  circle  whose  radios  is  a,  the  Periodic  Time  is  (440) 

.-.  T  :  r  ::  a  :  49rV(a*  -  i'- 


537.         The  force  being  ^  the  Telocity  acquired  down  r, 


3M  ClNTftAL  FOEOM. 

the  radius  of  the  circle  is  found  from 
./ 

»•  a  8^ ./  -  ,»4  =  Ji. (r«  -  ,*),  wUdi  gifM 

when  ^  s  0.    Now  at  the  centre  let  the  ibrea  beoove  repulsive, 
and  we  have 

2   * 
the  correction  being  zerot    Hence  when  p  =  f » 


V    2 


2 


Hence  the  whole  Telocity  acquired  by  falling  and  rising  is 
But  the  Telocity  in  the  circle,  the  force  being  the  sane  is 


V  =  V2F  X  —  s=  VF'*  «  V^  X  r*  a=  rV^ 

/.  V  :  V  ::  4/2  : 1  and  not  ::  1 : 1. 

The  mistake  in  the  enunciation  probaUy  arose  from  adding 
v<  and  v**i  instead  of  v  and  v'. 


538.  If  ^  and  /  be  th%  absolute  forces,  and  I,  t'  the  Ite^ 
riodic  Times,  according  as  the  centre  of  force  is  in  the  centre  or  ^- 
cumference  of  the  equal  circles,  then  by  428,  we  have 


.  _  2'frr^      J 
t  =  — — «  and 


t^^r-y^ 


But  by  the  question  /  s=  4ju, 


539.       Let  the  force  be 
F  =:  A 
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and  R  the  apsidal  distance.    Then  since 

v*  =  2^/Z-i  =  -!!  -L ftomoote^. 

andV«  e  -^  . -4- 
2      R' 

between  tbe  limits  of  ^  =  oo  and  ^  s  R, 
Hence  the  velocity  of  projection  \i 

'=kVt « 

Now  (436) 

cV(-c»-2«-/Fdrt 


379 


But 


.-.  dO  =  i.    X   ^ SB  -pj^ J. 

Let  A  =0,  when  ;  s  R,  and  we  hare 

6  ss  sin .-»  4-  --  — («) 

;.  P  =  R  X  sin.  r  i  +  6)  =  R  cps.  9 (») 

the  equation  to  the  spiral. 


I 
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Now 


and*  =  I.  X  {  ,  VR*  -«•  -  R'  8iii.-i  ^^  +  C 
Let  (  =  0,  when  ^  s:  R  and  we  have 


c  =  -L  X  R'  .  — 


•••  '=  ^{pVCR'-fO  +  R'  .  I-  -  8in.-i±.| 

Let  (  =  0.    Then  the  whole  time  to  the  centre  is 


T  = 


RV  RV  R 


8 


V 


2c 


'•  v/f ^  ^       -"'^ 


Again,  the  Periodic  Time  in  a  circle  whose  radius  is  —  is 
(440) 


^=^'yT='yf-^^ 


.-.  T  :  T  ::  _J_  ;  ^2  ;:  i  :  s. 


540.        Let  the  distance  of  tfie  vertex  of  the  paiabola  fnnn 
its  focus  be  a,  then  the  velocity  in  the  cunre  is 

»  =  ±  =:    Vg«7  =    ^/JL  (453) 

and  the  velocity  parallel  to  the  axis 
:  vel.  in  curve  ::  dx  l    ds 

::  dx  :  A/(dx'+  dy^ 

But  y^  zi  4ax.    Therefore 
dy«  /    2ax  \« 
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:  V  =      yiL  ::  1  :  V0+«*) 


/.  1/  •  V  s= 


•    v'  =  —  =         /        ^ 

i/t  V  j..(l+ax) 

But  p  =  V  (y*  +  «  — o^*) 

=  tj  (4aa?  +  X*  +  a*  —  18fla?) 
=:  o  +  a: 

•    cte  _        y (^ 

**  d«  V    (a+o?).  (l+oo:) 


£2r 


and  rf*  =  Jrl.  .  ^(a+x)  .  (l+ax) (1) 

Again,  if  0  be  the  velocity  ii?ith  which  the  system  mores,  and 
y'  the  ordinate  of  the  curve'tti'space  at  the  end  of  the  time  if  the 
whole  increment  of  y'  during  dt  is 

d^  zzedt±dy 
according  as  the  velocity  X  to  the  axis  arising  from  the  motion  in 
the  curve,  is  in  the  same  or  opposite  direction  to  that  of  the 
system. 

But  dtf  =       /—  .  dx ; 
V    X 

:.  dfy  =  -£-  dx  V(«  +  *)(l  +  o*)  ±    ^/—  dx. 
Now  by  Hirsch's  Tables,  p.  160, 

+  *0} 

and  by  p.  172,  of  the  same  book 

2x+a  +  —  , 


a 


a  4  « 

4-(a+  i.)  '                      ^ 
+  t/     X   —         • 

®  />/(l+a+i-*+a?«) 
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Hence,  putting  a  -f  -^  &;:  A,aiid  VO  +  a -f  JLx  +  4^  =  X 
^  a  a 

1  \« 

And  mailing  ^  =  0  vhen  a;  s  0,  we  get 

c  =  zJ..  J  A  -       ^) . iaX 


|?fJl^X-.lfIJil  I.  (2x  +  A  +  SX)J  +  C 


—  o  +  T*""  '    Q  ' —  ^. 


«  2  „  .    1 

a 


the  equation  to  the  required  curve  in  space. 


54L        The  velocity  in  a  circle,  when  the  force  is  Fy  «Bd 
radius  s:  r,  is 

V  =  V  2F  X  — 

2 


where  ^  is  the  absolute  force,  and  fr  that  same  functiovk  of  the 
radius  (r)  according  to  which  the  central  force  attracts  at  differ* 
eat  distances. 

Hence,  at  the  same  distance,  and  for  the  same  law  of  Ibrc^  de- 
noted  by  f ,  we  have 

V  <f:  a/  fiCC  (absol.  force|). 


542.        Since  t  <f r  =  —  Fete. 

—vdv 


dx 
a— a: 


Butifv'e  A  X  :!-::;  then 
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dx 

s  A 

_  Aa 

> 

+ 

a— j: 

_  2  Aa 

) 


the  law 


543.  Let  a,  6  be  the  given  iemi-axes,  and  T  the  given 
periodic  time.  Then  since  the  force  tends  to  the  focus,  if  ^  and  d 
he  the  polar  co-ordinates,  it  is  easily  shewn  (si^e  Newton^  Prop.  1.) 
that  the  areas  described  by  ^  are  proportional  to  the  times  of  de- 
scription; and  because  the  area  of  the  ellipse  is  raft,  we  hare 

Tiwaby.dt  :  i-^* 


2 
V     '       2 
Swabds         2itah    '^  ^"^    ^   d&* 


:.  »  = 


^(e'  +  ^) 


But  the  equation  to  the  ellipse  is 

1  +  C  COS.  d 


.*.  e«  + 


2«-a6 
And  V  =  -Tfr-*  X 


</02  a«(l-e2) 


T      '^      aV(l-c«) 
29rb  /ga"»-g    ^    <»a      ysa— f 


TV(l-««) 


X 


v/-l  T    V/  — 


which  gives  the  velocity  at  any  point  of  the  ellipse. 
544.        By  486  we  have 


1 


384 
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But  by  the  question 

p«  =  — 


X  a* 


X  p* 


545.        If  v  and  v'  denote  the  Telocity  in  the  ciir?6y  and  that 
in  a  circle  at  the  same  distance,  we  hare  generally  (438) 

dp    p 
Hence  when  v  s=  v 

^P  —  4* 

And  lf=slp  +  C 
But  when  ^  ==  R,  letp  =  P;  then 

c  =  m-/p  =  /^ 

And  we  hare 
the  equation  sto  a  Logarithmic  Spiral. 


546.        If  (a  —  ^)  be  the  space  described  in  a  time  tou>ards 
a  centre  where  the  force  is  F,  we  have 

vdv  ts  —  Tdf 
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And  if  V  be  supposed  to  vary  as  the  n^  power  of  tbe  spaoe  de^ 
scribed,  n  being  an  integer,  we  have 

/.  -  iFdf  =  2n  A*  (a  —  p)*^'  d^ 
.-.  F  =  -  nA\  (a  -  ff^' 
or  the  force  is  repalsive,  and  varies  as  (a  —  ()*^^ 

Bnt  since  the  motion  is  towards  the  centre,  the  force  most  be 
attractiTe.  Hence  the  force  is  both  attractive  and  repulsive  at  the 
same  time,  which  is  absurd.  Therefore  the  velocity  cannot  vary 
as(a  — ^)\ 

Again,  let  n  be  a  proper  fraction  of  the  form  — •    Then 

m 

t?«  =  A«.  (a  -  ^)^ 

m 

vhidi  may  be  negative,  and  thoefore  F  positiTe  or  attractiTe.    In 
this  general  case  then  the  velocity  may  oc  (a  —  f  )> 
When  V  =  A.  (o  -  «)* 

F  =  J-  AV  (a  -  ,)^* 


AndFs  -  JL  A'(«  — f)- 


L         A'        ^         1      ■ 


the  negative  root  being  always  taken. 

Also     *  =  =^  =        -^ 

«  A((»-p)i 

But  I  =:  O9  when  ^  =  a.    Therefore 


547.        Let  R  and  P  be  the  radius  vector,  and  ±  on  tangent 
at  point  of  projection.    Then 

P  =  R  X  sin.  00^  =  R  2LI. 

Vol,  II.  «  c 
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A|iui»  since  the  force  is 

F  =  Jl 

e 

the  Ydocity  down  ^  froQi  infinity  to  dist.  =  R,  is 
And  <he  velaeity  of  projection  by  the  question  is 

v=  "    «  V^ (I) 

y.^  =  -^oy^(see«», 


•  • 


lUidi^eRsri (8) 

a  « 

L  being  the  Zafus  recftim. 

Hence  the  body  is  projected  from  the  extremity  of  the  latus 
rectum. 

Again,  since  the  general  equation  to  an  ellipse  is 
p«=  L— 

.     3  «,  _     aU.* 


:.  ^  R*  = 


4  8a-R 

•••«  =  J» (3) 

the  semasis  major. 

Hence 

6=v^=Ry|. : <^ 

the  semtcms  muiory 


I- 
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^4  2  . 

=  1^* (*) 


the  eceetitricify. 

Now  the  Periodic  Tipie  is  (484) 


Vf*  V2/* 


(6). 


Moreover  the   apsides  are  found  by  drawing  through  the 
centre  of  force  a  ±  to  R,  and  equal  to  —  and  to  8a  —  J^  — 

i-R. 


648.        (1)  Let  F  a  JL. .    T^e» 

V« 

wfo  =  -  FA  s:   _  A 

Vf 
:.  t>*  =  V  (o*  —  «^)        . 

A  d<  =  _  4  =  -  -'^f 

Let  (,*  s=  a*«.    Then 
d^  =  Saitdu- 

and  A  =        -''^'^« 

v,»V(i-«) 

.-.  t=  -  ^  X  (-iv'N:«-iX8Va-«)+c, 

see  Hirsch's  Tables,  p.  94. 
leit  ^  0,  when  p  =  a  or  u  =  1  and  C  =  0. 

••■'=-7!r'<(T^(-^)-.vo-^) 

the  time  through  a  <-  ^a 


•  •  J      ! .  .      \ 


d  C8 
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(S)  IetF=:  JL.    Then 

^* 

and  c/f  =  ITE^  =      _     -^g 
Let  ^^  =  tt«a^.    Then 

and  dp  =  Zau^du* 

Hence 

—  Sau^du 


dt  = 


V  2/*  a^^  (1  -  tt«)i 


Let  ^  =:  0,  when  «  =  1,  and  we  have  C  =  -  — .  -1 

2      2 


^c-i)') 

To  know  in  what  cases  dt  is  integrable  see  Pfob.  (522). 


549.        LetF  =  Jl. 

Then 

. 

3^) 

«n4  when  a  sz  oo 
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V   zz        /JL    X    JL 
V     2  •«• 


3       r 


Hence  if  R  be  the  value  of  $  at  the  point  of  projection,  and  F 
the  J.  on  the  tangent,  we  have 


-1—   *V—   *      /'•v      * 

P      T     "TVT      "rT- 

But  P  =  R  X  ^ 

5 

.-.  c=a^/iL  X  4- 

V    8         R 
Hence,  and  by  436,  we  have 

</«=:£     /JL ^i— 

R  V    8 


'^<-W  +  T<'  X  ?) 


-■ill.  X  ^5 (a) 

A  0  =:  4>^   X   J  C  +    y.^  X  Sin.-/    /«}. 
RV3  *  V      8  *  V    3R«( 

I«t  $  =;  0,  when  $  =  0,  then  C  s  0,  and  we  get 

••'=TyT"°*-- "> 

the  equation  to  the  circle  whose  radius  is 
R      /3 

and  origin  of  ^  in  the  circumference. 

Hence  there  are  two  apses,  one  at  the  centre  of  force,  and  ano* 
tber  at  the  extremity  of  the  diameter  passing  through  the  centre 
pf  force. 

Hence 


3W  CBNTEikL  f 0A€K9« 

0k 

and  the  integral  (see  HirscKs  Tables^  p.  119,)  taken  between  r*  r' 
the  values  of  ^  which  comprise  the  given  angle,  i^iU  give  the  time 
of  describing  that  angle.  This  presenting  no  difficulty,  we  leave 
to  the  Student, 


550.        Since  the  body  is  projected  from  an  aspe,  the  velo- 
city of  projection  is 


V    =5 

c 
R 

and  since 

F  = 

J* 

A  V»  = 

"/^ 

taken  between  ^ 

=  00  and  ^  tst 

R. 

.'.  V 

-     *'*      X      . 

1 

n-l  R-i 


X 


n-l  R— 3 

and  c  =       /-?^  X       ' 

Hence,  and  by  (435,)  ^  ^    \l  .^  /     *       / 

n-l      ^-1/ 

•-5 


n—  1  / 
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Let  ^T  si  «RX.    Theo 

anddd  =  -1-  X         *i 

n— 8         V(l-«*) 

.-.  0  =  -^  siii.-i  tt  +  C 
11—8 

Let  6  =  0)  when  »  =  f  J.  JT  ^  I 
and  we  have  C  =  —  ^ 


Hence 

8in  *«  z:  —  +  9 

8  2 

=  COS.  !ii:5  fi 

the  equation  to  the  Trajectory. 

Let  the  body  fall  into  the  centre  or  f  =  0.    Then  n  must  be 
>  3»  and  we  have 

Co8.!iZi6=:0 
2 

or 8  =:  — 


/.  6  = 


2  2 

2w 


Sn  — 6 


or  the  number  of  revolutions  will  be . 

8»  —  6 

Again,  let  the  body  fly  off  to  infinity,  or  §  =s  od  .    Then  n  must 
be  <  d«  and  the  number  of  revolutions  will  be . 

6  —  2n 
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551.        Let  the  velocity  c:  — ^th  of  that  acquired  from  od. 

m 

Then  if  R  and  P  be  the  radius  and  ±  on  tangent  at  the  point  of 
projection ;  by  the  preceding  problem  we  easily  get 

and  proceeding  as  in  550  there  will  be  no  difficulty  in  obtaining 
the  orbit  and  time  required. 


393 
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<poociooooeoaoooooooo 


552.  Let  r  be  the  radius  of  the  sphere ;  then  r  =:  radiust 
of  the  base,  and  2r  the  length  of  its  circumscribing  cylinder. 
Again,  if  S^  S'  denote  the  required  momentums  of  Inertia  of  the 
sphere  and  cylinder,  referred  to  their  common  axis,  ive  have  (by 

the  form  —  fy^dx,  (see  Bridge^  vol.  II.,  p.  5dy  or  CresioeWs 
Translation  of  VenturolU  p.  123,)  ^ 

15 

/.  S  :  S'  ::  8  :  15. 


553.  Let  AD,  =  a,  BD  ss  6 ;  then  the  distance  of  the 
centre  of  gravity  from  A  is  (sinc^  AG  :  GB  : :  B  :  A,  and  /. 
AG  :  a  +  6  ::  B  :  A  +  B) 

^^^  =  atb^(^-^'^ 

And  its  distance  from  D  is 

k  =    ^     ■  ^ .  (a  +  o)  "^  a  =  — --— 

A  +  E    "^  ^  A  +  B 

Again,  the  Momentum  of  Inertia  of  A,  B,  with  respect  to  the 
point  D,  is 

S  =  Aa«  --  B62 
/.  the  distance  of  the  centre  of  Spontaneous  Rotation  from  D 
is  (see  Venturoliy  p.  145) 

S      _    A«^-JM»a  . 
mk  Aa- B6    ' 

which  determines  the  position  of  the  centre  of  Spontaneous  Ro« 
tation, 
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To  find  the  locus  of  this  centre  described  during  an  entire 
revolution. 

Since  by  the  definition  its  linear  motion  round  |the  center  of 
gravity  =  that  of  ihe  b^iltre  of  gravily  along  a  i.  to  AB  at  D  in 
every  position,  (this  latter  motion  being  uniform)  therefore  the 
locos  is  a  cycloid,  the  radius  of  whose  generating  circle  is 

_S ,   _  Ail*  -  B6'  _  Aa~B6 

Hk  "  Aa-B6  A  +  B 

_    AK'  -  ABg^  +  2B'ft« 

^     (A  +  B)  (B6  -  Ad) 

-       B       y.A+2B-Aa« 
A  +  B         B6-Aa 

and  its  base  passes  through  D±  to  AB. 


554.  If  S  denote  the  moment  of  Inertia  of  the  rod,  H  its 
mass,  and  k  the  distance  of  its  centre  of  gravity  frdm  the  axis  of 
suspension ;  then  the  distance  of  the  centre  of  oscillation  from 
tiiat  axis  is    (See  VenturoWs  or  Whewelts  Dynamics!) 

"*-  Mife  Mx_£  -^    » 

the  length  of  the  simple  pendulum  that  would  oscillate  seconds. 

Again,  let  the  distance  from  the  axis  of  the  point  id  whidh  ito  is 
placed  be  x.  Then  the  distance  of  the  center  of  osciUaftioo  from 
the  axis  of  suspetision  of  this  compound  pendulum  is 

g'  W    X   — —     +    tv  X« 


^- 1B^  = 


(W  +  W)    X    -;=== r 

'        S(W+  w) 

S(2/W+  Saw) 

But  since  the  time  of  an  oscillation  when  the  length  of  the  pen- 
dulum is  L  is 


-yi 
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/.  d  SSI  JLJL  s=  ^  X  i  by  the  question. 
bence 


»« 


% 


X   («W  +  8iw)  e:  4J«  W  +  9«« 


which  gives  the  distance  required. 


X  (^-8»«0 


555.  Let  Ry  r  be  the  radii  of  the  wheel  and  axle ;  then  since 
ry,  Rp  denote  the  efforts  of  y  and  p  to  descendt  the  moviDg 

force  is 

M  =:  Rp  —  ry. 

Moreover  the  Inertise  of  p  and  y  are  pR%  yr*.    Hence  the 
accelerating  force  is 

F  =r  -£ — ZJtL  X  r  oc  velocity 
pR«  +  yr^  ^ 

when  the  time  is  given. 
Hence  the  momentum  generated  Is 

£—. — 2—  X  rv  =:  maximum 

pR«+yr«  ^ 

/•  u  =:  ^-^^  "^  ^^     z:  max. 
pR«  +  r«y 

and  putting  (/«  =:  0,  we  get 

pR-8ry     _  rHpRy  -  ryg)  ^  ^ 

pR2  +  r«y    *"   (pR«+r«y)« 

/.  (pR  -  2ry)  (pR'  +  f»p)  =  f*^  (pR  ^  ry) 

.-.  6^  -  ry)  PR^  =  'V  (PR^  +  r^jr) 
/.  pTl^  =  8prR«y  +  r3y« 

.-.  y^  +  2p.J^y=  p2.  'R' 


r3 


._  pR»  4-pRi>V(R  +  r^ 


r« 


the  value  required. 
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556.  Let  k  be  the  vertical  abscissa  measured  from  the 
lowest  point  of  the  height  from  which  the  body  begins  its  descent, 
and  X  any  other  when  the  body  shall  have  acquired  the  velocity  v 
Then  since  the  body  has  descended  vertically  through  &  —  x, 
its  velocity  the  cycloid  is 

Hence  this  being  resolved  into  horizontal  and  vertical  velocities 
we  get  for  the  former 

r  being  the  radius  of  the  generating  circle. 
/.*  X.  {h  —  x")  =J  maximum  =  m 
/.  dm  =  0  gives 

2 


and  v'  s  —  ^  y^  for  the  maximum. 
2  V    r 


557.        Since  for  the  centre  of  gravity  of  a  solid  of  revoiu- 
tion  the  distance  of  that  centre  from  the  origin  of  x  is 

fy*dx 

.*.  by  the  question,  we  have 

fxy^dx  ^    2 
fy^dx    *"  T 

/.  xy*dx  =  _  dar  fj^dx  +  —  x/dx 

/.  xy*ci2ffdx 
and  y^dx  +  2xydy  =  2y*dx 
:.  ydx  :=:  2xdy 

and  — ^  =  — 
y  X 

.'.  Ly^  :^L  X  +  h^  lex 
and  y^azcx 
and  the  curve  required  is  the  common  paraboki 
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558.  Denoting  by  /,  S,  and  K  the  distance  of  tbe  centre 
of  oscillation  from  the  point  of  suspension,  the  momentum  of 
Inertia,  and  distance  of  the  centre  of  gravity  from  the  point  of 
suspension  we  have  (See  Venturoli.) 

Now,  supposing  generally  the  density  to  oc  «*,  we  have 


ButM=A  X 


A  being  the  mass  at  the  distance  o. 


*  k  — 


—  n  +  1 


n+S 


Ma;2 


Also  S  =:  fxH-id  =  ""'"V^    yx"+«  dx 

—  ^+^     A     a?-+3  _  n-hl 
^  n+3  a'^A    ^  n+3 

n+3  n+3 

for  the  given  length  a. 
Hence 

.  =  ,/!:=,        /Lh!.i. 

In  the  question  n  =:  1.    In  this  case 
V  4g 


559.        Let  a  be  the  given  base,  x  the  length  of  the  inclined 
plane ;  the  height  =  ,y(x*  —  a*),  and  since 

2  3  X 

.'.  <*  =  — =:  maximum 

and  •'•  ,,        =:  minimum 
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9xdx 


•  • 


«  i^iiezi!)  =  0 


ar«  +  2a«  -  2x^  =  0 
or  X  =  a  V  8 
and  therefore  the  required  A  is  isoscdes. 


560.  Let  r  be  the  radius  of  the  globe;  then  since  the 
mass  is  given  the  density  oc  inversely  as  the  magnitude.  Hence 
calling  x,  of  the  densities,  and  A,  A'  the  iii4y;nitudes  of  the  f^obe 
and  cylinder,  we  have 

x.x  ..-    .   - 
BatA=:i.A'. 

3 

/.  x:x^ ::  3:2. 


661 .        Let  the  radius  of  the  inner  section  of  the  shell  be  x. 
Then  its  mass  will  be 

s=  (by  the  question)  —  vr  . 

.\  ar2  =  ll  (3A  -  4r) 
8A 

/  3A  -  4r 

V         sh 

Hence  the  thickness  of  the  shell  is 

4r 
It  is  also  plain  that  h  cannot  be  <  — . 

^  3 


562.        Since,  Y,  V\  Y'  aie  the  absolute  velocities  of  the 
bodies  A»  A'  A%  the  relative  velocities  of  A,  A' ;  A,  A"  are 
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and  die  times  oi  first  rencontre  between  A,  A' ;  A,  A'  are  fespec- 
tively 

*=  v^'''  "=  T?r ^""^ 

p  being  the  periphery  oi  the  curve  deseribed. 

Again,  let  T,  T,  T,  be  the  timef  m  which  At4'>4%  fMi^oppr 
plete  a  revolution,  then  we  have 

p  =  VT  =  VT  =  VT" 

and  t  =  E =  JTT^ .g. 

P.  ^  P.       T^^ 

T  ^  r 
*'  =  _£_  =  JIL (c) 

T  "*  r' 

and  (r)  (O  being  integen  the  time  of  the  rencontre  tfMtkree  hoikt 
is  the  least  common  mtdtiple  oft  and  tf^  or  of 

IT         .    TT" 

_— .^  and 

T  ^^  'Jv  op         rw^t 

In  the  same  manner  if  T^,  T^,  T^ T,  be  the  times  in 

which  n  bodies  perform  each  an  entire  revolution  with  uniform  veto* 

cities  Vj,  y^, V J  then  the  intervcU  between  any  two  success 

nve  simultaneous  rencontres  of  them  is  the  least  common  mnitiple  of 

when  these  are  integers. 

By  way  of  example,  let  it  be  required  to  find  the  interval  between 
two  simultaneous  rencontres  of  the  bodies  A,  A',  A''^  whose  velocities 
are 

m  n 

p  being  the  periphery  rf  the  curvfi  round  which  they  rwif  osuiai, «, 
ait^  integers  whatever. 
In  this  case 

T  =  i ,  r  =       P      ,  T'  ts:  __P 

m  n 

TT'  TT" 


'I> 
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aiid  tlie  time  of  rencontre  is  the  least  common  miilti{ile  of  m 
and  n. 

Again,  if  t  and  ^  be  not  integers,  then  since  during  the 
interval  between  two  successive  rencontres  of  A,  A',  A",  there 
must  have  occurred  a  certain  number  w  of  rencontres  between 
A,  A'  and  a  certain  number  w\  between  A  and  A."  exactly ;  there- 
fore we  have  the  time  required 

a:  =  w   X  =; — »    =  w'    X    -r — -- 

V)  and  w'  being  positive  whole  numbers. 
Hence 

to  =  w'  X  L.  X  i-— i- (<0 

.which,  will  give  the  values  of  w  and  to\  from  whence  we  can 
determine  x. 

Ex.  Required  the  interval  between  any  two  successive  simulta^ 
neous  rencontres  of  the  kour^  minutef  and  second  hand,  of  a  dock. 
Here 

T  =  lie  hours  =  12  X  60  minutes, 
T'  =:  1  hour  =:  60  minutes, 
and  T"  =  1  minute. 

.•.«,  =  ,p'xl  X  ilJLfL  =  «,' X Ji- 

60  720  729 

A  to  =:  11,  and  w'  =  729. 
Hence 

:.  =  llxll^?Jii£=  12  hours. 

11  X  60 

Consequently  the  hands  are  together  every  twelve  hours,  or  at 
12  o'clock  only. 

As  another  example  we  may  find  the  times  of  conjttnction  or  oppo^ 
sition  of  one^  two,  three,  or  more  of  the  planets,  supposing  tkem 
to  move  in  circles  (which  they  do  nearly),  and  their  sidereal, 
periods  to  be  known. 

We  have  insisted  somewhat  at  length  upon  this  question,  in 
order  to  expose  an  error  which  has  crept  into  several  of  the  MSS. 
in  circulation  at  Cambridge,  wherein  it  is  asserted  that  the  interval 
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between  two  tuceemve  conjunctiom  of  three  planets  is  the  teaet  com* 
mon  multiple  of  the  eynodkal  periods  of  any  of  them.  This  cannot 
be  the  case,  as  we  have  seen,  unless  those  periods,  Tis.ythe  esprei* 
sion  (a),  (&),  are  integers. 


563.  Let  r  be  the  radius  of  the  circle,  «  the  given  anga* 
lar  velocity ;  then  if  y  denote  an  ordinate  X  to  the  axis  of 
rerolution,  the  linear  velocity  of  the  particle  ds  at  the  extremity 
ofy  is 

and  the  momentum  of  this  particle  ds  is 
dVL  sia^  xds 

V(r«-y«)        i/(r«-y«) 

••.  M  =  -  mr.  V(r«  — yO  +  C 
Let  y  =  0,  then  C  =  «r< 
and  M  =  ar"  —  ar  i/  (r«  —  y*) 
Let  rszy.    Then 

4M  =  4»r' (a) 

the  momentnm  of  the  whole  drcamference. 
Now  the  momentum  of  the  sides  of  the  square  is 
2fards  =  8»  X  8r  X  r  =4«r' 
the  integral  being  taken  between  s^o  and  s  =  8r«^ 

Hence  then  the  momentum  s  of  the  drcnmferenee  and  sides  of 
the  square  are  equal. 

564.  Let  Of  &,  be  the  respective  lengths  of  the  arms  to 

which  are  appended  the  weights  p,  g.    Then  the  moving  forces  are 

b 
a,—  J. 

a 

Hence  the  accelerating  force  at  the  extremity  of  the  arm  a  in 

the  direction  of  gravity  is 

b 
p q 

P  =  «    - 

b* 
VOL,  XI.  »  1> 
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r 

the  weight  q  when  placed  at  the  extremity  (,  being  —  q  and 

the  inertia  of  q  being  _  q. 

Hence  the  linear  velocity  in  the  arc  described  is 


y  b^ng  the  sine  of  the  arc  described. 

Sat  the  angular  veloeity  JL  x  the  linear  f^lodty,  and  ii  IherdSm 

a 

a 
Let  jf  =  a ;  then 

V      a  *"         a'jp  +  6"^ 

is  the  velocity  required. 


565.  Since  the  reflecting  plane  is  inclined  to  the  horizon 
at  half  a  right  angle,  the  bodies  after  impact,  will  move  uniformly 
along  the  horizon  (friction  not  being  considered)  -with  the  vdocity 
acquired.  Hence  putting  a,  x,  :=  the  altitudes  fallen  through  by 
the  bodies  A  and  B,  and  b  -s:  the  distance  moved  along  the  horizon 
concourse,  we  get 


for  the  velocities  acquired ; 
and  e  ^  ^— +  -,„tjji  :=    ^-^  +  — jjcE 


gives 

which  being  resolved,  we  have 

s:  A/a  or  — -— 
2^a 
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and  therefore 


X  =  a  or 


4a 


566.  Let  P  be  the  weight  ftt  the  dreimfereiice  of  the 
wheel,  W  that  at  the  circumference  of  the  axle,  ai|d  to  that  of  the 
wheel  and  axle  ;  also  let  to  x  R'  be  the  monent  of  inartia  of  tfafei 
system  referred  to  the  axis  of  rotatioui  R  beintf  determioed  by 
experiment  (see  Venturolh  p-  140),r  and  a:  the  radii  of  the  axle 
and  wheel ;  then  if  v  denote  the  telooity  of  P  at  the  end  of  the 
time  tt  the  yelocities  of 

P,  W,  w  are  respectiyely 

r  R  ^ 

X  X 

and  at  the  end  of  t  +  dty  these  actual  velocities  wt% 

r  R 

V  +  cfc,  — .  (v  +  dv)f  —  (w  +  dv). 

X  X 

Again,  the  impressed  velocities  of  the  bodies  are 
r  R 

X  X 

gravity  having  no  effect  upon  the  system ;  and  the  distances  from 
the  axis  are 

X,  f ,  R» 
Hence  this  Table 


M«. 

2mp.i«l. 

Aetuiy. 

ntLfroniu. 

P 

V  +  gdi 

ff  +  dv 

X 

w 

—  --  gdt 

X 

JL.(v+dv) 

X 

r 

10 

R 

V 

X 

^.{v+dv) 

X 

R 

But  by  D'Alembert's  Principle 

xP.(t;  +  gdt)  +  rW.  ("l.  -  ^dA  +  2!  iw  =5 

\x  X 

2  dS 
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(xP  +  rW.  I.  +  RW.5.YtD+dt;) 

X  X   J 

07  X 

or  P  =   y^'(^P  —  ^W)  (i) 

ai'P+ynV+RV ^ 

the  aoceleniliiig  farce  of  P. 
Heooe  Ab  aooeleratiiig  force  of  W  is 

p  -      gr.Cj?P>-rW)  fg^ 

a^P  +  f^W  +  RV  '  •  '       ^  ^ 

and  if  a  be  the  glTen  space  throiigh  which  W  is  to  be  raised  ire 
hftTe 

T        gr  a:P--rW 

by  the  question. 

arP__rW 

•   *f  =      ^*P       _    P.(a^P4-f*W+RHo)  __^ 
"  dx       «P-rW  ""  (xV-rWf 

which  gives  X  =  rW  ±  y  r*W  +  (r*W  +  RVd)P 

P 

667.       The  distance  of  the  centre  of  gyration  firom  the  axis 
of  rotation  is  generally  (see  Vinee,  iSm^Moit.) 

R=     /l£±. 
where  cb  is  the  element  of  the  body  at  the  distance  z  fitun  the 


Now  X  being  the  radius  of  the  givefi  cirdei  and  dx  the  breadth 
of  an  annnlns  at  the  distance  x  from  the  axisi  we  haye 

cb  =  9irxdx 


and  .-.  R  =  y^^f^dx 


4t 
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Let  JT  s  r,  then  <  ss  et* 
and  wehaTe 


y^  = 


T 

which  giTee  the  centre  of  fjration  reqniied. 


568.  Ijet  a,  6,  be  the  lengths  of  the  arms  of  the  lerer; 
A^  B  their  weights,  and  «  =  the  Z  between  them.  Then  since 
when  in  eqnilibrio,  the  Tertical  line  passing  through  the  point  of 
suspension  also  passes  through  their  centre  of  graTity ,  ive  easfly  get 
the  distance  (k)  of  this  centre  of  giatity  from  the  axis  of  sospen- 
sion^vu. 

where  0  denotes  the  angle  contained  by  Oy  and  the  line  joiaiag  tlie 
extremities  of  the  lerer. 
Again,  the  mass  is 

M=:  A+  B. 
Again,  if  x  denote  the  distance  of  any  point  in  the  arm  a  tnm 
the  point  of  suspension,  then  the  momentum  of  inertia  of  that 
point  is 

diff  X  «*  X  sin.'  i 
^  being  the  angle  whose  tangent  is 

6B  COS.  a  +  aA 
bB  sin.  » 

Hence  the  whole  momentum  of  inertia  of  « is 

£l  sin.«  i 
3 

and  that  of  the  arm  a  is  ^ 

—  sin.«  i. 
8  # 


•        • 


Similarly  it  may  be  shewn  that 
sin.*  (•  +  i\ 

IS  the  momentum  of  inertia  of  the  other  arm. 


406 
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Hence  the  distance  of  the  centre  ef  otciUaifon  fvom  iha  point 
of  snspension  is  (Fentoro/t). 

^  sin.«J  +  £!  8ia*U  +  i) 
S      „  «  s         ^        ' 


*•*         (A  +  B)  "  J°'  ^     X  V  {1+(«A+ W  «*•)•> 

the  length  of  the  simple  pendulum.  But  the  time  of  an  oscillatioa 
hk  the  ifanpl^  pendnliim  whese  length  is  /,  (see  Venturoli)  i» 

the  time  reqjuired. 

569.  Let  ic)  he  the  giren  weight  of  the  vod,  a  its  kngth, 
and  T  the  given  time  of  osciUation ;  then  the  distance  of  the 
etulM  of  QieBUrti^n  from  that  of  siMpeQiiiA 

ax 


j»hehif  Ae  distaaeeef  thecentreof  gravity  of  the  red  from  the 
point  of  SQSpenston.    Hence 

18 


andx 


'  +      /W=7 


=i±  y- 


\2 


Hence 


Jf  s 


2w« 


±     y^ 


U 


570.  Let  u;  be  the  given  weight  of  the  (render,  r  the 
radius  of  i^  JMse,  and  b  its  length ;  also  let  tu>  be  the  weight  of 
the  che^n,  /  its  whole  length*  wi  a  ^hat  of  tbo  pit  theipoof  m|« 
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wound  at  the  commencesMnt  of  the  motion ;  then  since  the  inertia 
of  the  cylinder  ii 

2  2 

that  of  the  chain 


w'r" 


and  the  mofing  force  after  the  space  x  has  been  desciSribed 
f  IwKfcre  the  accefei»ting  tee»  fa 

2 

But  if  t;  be  the  Telocity  acquired 
vdv  =2  —  Fdr 

which  {^iPti  th»  Telocity  f^  aoy  descent  x. 

BeiK» 

«    ,/^'^^  +^  hyp.  log.  a+^+V(ga^->>^) 
Let  2  s  2  —  a;  then  the  tiiti»ef  nowiadingtlte  \w(fi\  I  •-  a  is 

the  time  required. 

671.  Ifv,  t?' denote  the  velocities  o/  the  osciMating  ilnd 
rerolying  bodies  at  the  distance  x  from  the  lowest  point  of  the 
circle,  then  we  have 


V  =  i/2g,(k'-x),  v'  =  Aj2g,{k'—x), 
Again,  let  /,  ^  denote  the  times  in  which  the  arc  StfI  —  s  mea- 
sured from  the  highest  point,  s  being  that  part  of  the  semicircle 
which  corresponds  to  the  abscissa  x ;  then 
J,  ^   — cfe  — W.r 
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andA's 


^  —A    ^  --^Idx 


which  beiiig  integrated  between 

X  ss  Aand  O 

:rs=  dZaodO 
will  give  <  and  f. 

of  which  the  general  terms  are 

l.SX Sn.  +  1    ..        -ardr 


V  4sr 


8.4.....2m  +  «  jj(hx^  x^) 

and    /JL.  X  ''^^ ^"*+^    X       ••'^*^ 


%A'  2.4....2m+«  V  («^  -  *^ 

Now 


and  if  we  write 

H.}  H«.  J ,  &c.  for  the  integrals  of 


when  a:  s=  A,  we  get 

2         m 

»j    •    __    1  »  2m— 3    Tj 
2     m  -*1 

ftc.  =  &c. 


,  &c. 


J  ^{hx^a^  * 

V  2  1.2«3f>«t«»iii 
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Henoe  the  time  of  the  sem-oscillatkm  is 

Similarly  it  may  be  shewn  that 
Bnt  A  as  !i^  =  IN* 

To  find  the  velodiy  V  andperiodie  time  T  in  the  ctrcbt  not  con* 
udering  the  accelerations  due  to  gravity ^  we  have 


V  =1  ^2g.(h'-^2l) 

h 

Hence  T=  31=        */« 


Hence  moieover  since  the  periodic  time  in  a  ciide  is  jeneially 
(MO.) 

R  being  the  radius  and  F  the  centripetal  force,  the  centripetal 
force  in  this  case,  or  the  tension  of  the  string  is, 
_  4g(2l^h)^ 


572.  Let  A,B,  be  the  weights  of  bodies,  B  being  that  of 
the  one  projected ;  also  let  a  be  the  distance  of  B  from  the  ring 
before  projection,  and  ^  its  distance  after  it  has  been  in  motion 
daring  the. time  t,  and  make  0  =:  the  angle  between  ^  and  a,  and 
let  /3  be  tbe  Tdodty  of  projection.    Then,  if  u  denote  the  Telocity 


4*0  oowrnt&iKED  motiok* 

along  p  and  S  be  the  ratoilsf  ioite  i^tm  B 
inertia^  He  bafe 

8xB  =  A  X  *f 

But  If  #  :^  ^ 
u 

,  c  _   A      i«/tf 

•  •OS    ~— • 


B       d^ 
Again,  the  centrifugal  force  is 

f  =  £^  (499)  =3  fL5. 
/•  the  centripetal  force  is 

c»         B      df 

^  p»  B 

and  «d«  =  J?f^.  ^ 
A  +  B    $s 

Hence 

F  _  0*^8         1 

"  A+B        p" 

=  1E!*  (gee43«) 
ptdf 

,        B  c2i^   ^__  dp 

"  A+B*  p         ps 

andC  +  _2— .  ±  =  -L 
A  +  B    e*        P*. 

Bat  when  ^  rs  a^p  ^  a, 

..t.-.--x(l        J-ifB  /        (A+  B)a« 

Hence 

^  a'.(AH.BV  ,  . 

'^  Ai*  +  Aj* 

theeqaatiaa  to  the  curre,  which  u  therefore ene  efCtW  jjnnrfk 

Again,  in  all  curves 
-  tCtO 
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Hence 


.•.•=yi+-2x«c-»x («) 


which  gives  the  aogle  d. 
Hence 


,  =  a.«c.(9y^)...........W 

the  polar  equation  to  the  spiral. 


573.       Let  10  he  the  giren  waght  of  the  cylinder ;  then  the 
accelerating  force  dowH  the  plane  ig 

P  =  !1L_  X  sin.  0. 

^  +  w. — 

R  being  the  distance  of  the  centre  of  gyittion  from  the  axis  of 
rotation,  and  0  the  inclination  of  the  plane. 

••.F=  — t — sin.  e  =5  4  rin. '.: 

2 

Hence,  F  =  —  force  of  gravity. 


574.        Let  W  he  the  weig^  ef  the  cgplinfler,  r  the  radios  of 
its  base,  then  its  inertia  is  —  W  yc  r^j   and  the  acceleratt 

2 

force  is 

F=  F^^  55     JgP 

2 

y"i        T  /i      48X(2P+W) 

by  the  qnestion. 
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:.  i«.  («P  +  W)  ss  P^ 

.%  W=  2?  -  8P  =  JL  X  (y  -  84). 
1?  12        ^  ^ 


575.        Supposing  m'  not  equal  to  nt,  and  putting cni^x^M 
s  c6  s  09  then  since  the'efficac^  of  m  in  opposing  the  motioD  of 

m\  is  measured  by 

mx 

the  whole  moTing  force  is 

and  the  mass  moyed  is 

Sm  +  in' 

:.  F  =  W  -       ^^ I  X        ^ 

But  at  the  time  the  Telocity  is  a  maximum,  the  acoekratiog 
force  =  0. 


•  • 


=:  m 


And  •%  X  =s 


the  distance  required. 

576.       The  moving  force  is 

p-a  — -Q'.— 

r  r 

and  the  mass  is 

p  +  a  L^  +  Q'.il 

J^^PT^^M^QV^ 
Hence 

t  =:  ^/2!L,  is  known. 
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577.  Let  r  be  the  radios  of  either  globe,  M  its  mass,  k^  k' 
the  distances  of  their  centres  of  grarit j  from  the  axis  of  rotation 
2,  f  the  distances  of  their  centres  of  oscillation  from  the  same, 
when  the  bodies  are  unconnected ;  then  since  {Cre$weWs  TramlaL 
of  VerUurolh  p.  141),  the  length  of  the  compound  pendulum  is 

MA  +  M*'    ""    *  +  *' 

and  by  the  question 

A  =  3r,  A'  ==  5r. 
Therefore 

8 

But  see  VewturoU. 

l^k  +  ±'ll  =  Br  +  *L  =  f!Lr 
6    k  15         15 

>»        If   .     2    r«        *,     .    2  187 

f  =:  A'+  — . —  :=iBr  +  — ra:  — r 

5    A  85  85 

•   L  =  ^^^   r  =  —r 
*"       ""     40  80   * 


578.        Let  a  be  the  length  of  the  rod ;  then  supposing  ge« 
nerally  —  the  distance  of  the  point  of  suspension  from  its  extre- 

I 

mity,  the  length  of  the  pendulum  is  (see  VenturoK) 

(«-  ^Y 


.8     _   8»»        ~ 

s 

MA                /a 

n  / 

^  2.a(r?  -^  3n  +  S) 

Leti*=: 

00.    Then 

p       8 
3 

.♦.  f : 
Letns 

/ ::  «•(»  -  8) :  n«  —  8»  +  s. 

4  as  in  the  question;  then 

' 
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579«  Siaoe  the  centre  of  Initial  Rotation  10  distant  firom 
that  point  of  impact  by  the  same  intemd  as  the  centre  of  osdlls- 
tiotty  eontidoring  that  point  as  the  point  of  suBpensioBy  the  dii- 
talioe  fequired  U  (  Ventwrdt) 

1=  ^—  =  Aflg  +  Bftg  _  Anj  +  BR* 

(A+B)  X  .-— g. 

A,  B  being  the  masses,  and  a,  b  the  lengths  of  the  arms  of  the 
lever. 


580.        Generally,  if  P  denote  the  power  moving  the  system, 
whose  weight  is  i&,  acting  at  the  distance  r  from  the  aids  of  rota- 
tion, then  the  force  wbieh  accelerates  P  is 
p  _         Prg 

Pr«  +  W.R« 

R  being  the  distance  of  the  centre  of  gynation  from  the  axis. 
But  s  denoting  the  space  described  in  the  time  I,  we  hare 

and^fFl:  e  ::  2vr  :  360° 


/.  0  m  SBO^  X 


27rr 


or  the  bodv  moyes  at  the  rate  of  1. —  revolutions  in  a  second. 
Hence,  by  the  question, 

i!L=  10 

'•     "^    </F  1/    '  Pr« 

ButP=  1,  r=  i,W«100,Rc«^i-  =  V2 

.       —    20ir       1+200  _   201  XfiOXflT 
fl'  1X1  9 

_  4020X8.14159 

32  -1. 
6 

=s  6\  82'\  6173  nearly. 


581.       Hie  moring  foioe  ia 

P  -  W. 

Eieaot  tbe  aooderating  f<ace  ia 
F-  ^-^ 

HmU  part  of  Ps  waight  whidi  ia  austeiaed  ia 
P      P-W  ^  p^  sPW 

*^ "  p+w  *"  ^  "  r+w 

And  it  is  evident  that  the  same  put  of  W  is  sostaioed.    Hence 
tbe  whole  {Mregsnre  on  the  axis  is 

4PW 


682.       Generally  the  time  of  an  osdllatum  throngh  an  are, 
the  versed  aine  of  half  ef  whioh  ia  (&),  is  (see  <71.) 

/being  the  nulius  or  length  of  the  pendolum. 

N9W  A  the  ttra  being  small  oompared  with  (be  whole  eiiewB* 
ference,  we  have 

and  if  9  be  the  number  of  degrees  in  this  arc»  we  get 

.«  2ir/n 
^    360? 

. .  A  =   ■  =:  :- 

21.  360  2  360^ 

§ 

-    '^'  nearly. 


6565 

But  foT^  small  arcs 


/  =  r  yl  X  (1  +  A^  nearly, 


And  the  tme  time  is 


416 
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/.  the  error  in  time  is 


V    fl  si 


t 

9 

=:  If  X  ^ nearly. 

68620 

Hence,  if  the  pendnlum  oscillating  through  n  degrees  ke^ 
true  time,  the  error  arising  from  its  vibrating  through  N  degrees  ii 

i  X  i?lz!5l  nearly. 

62620  ^ 


In  the  question,  we  have 


V  _  18^ 


ft  =  8^,  N  =  2^  10'  =  2  —  5=  IZ. 

6  6 

A  the  ^lor  is 

169  _^ 

'  ^     62620       —  W  X  6«5a>  ^  ««  X10604 


583.        The  accelerating  force  down  the  plane  is  sin.  ft,  and 
the  mass  +  inertia  =  io  +  ii  =s  —  ta,  0  beiuff  the  indinatfan 

2  2 

of  the  plane.    Hence  the  moving  force  is 

iL  sin  0  X  10 
2 

to  counteract  which  by  means  P,  we  must  have 

P  =  — .  sin.  0  X  10 
2 

.-.  sin  0  =  ?? 

3tci 

which  gives  the  ratio  of  the  height  of  the  plane  to  its  lengfb. 
[  If  P  =  il  as  in  the  question,  then 

sin.  •  ==  A  ss  ±. 
!  30        16 


684.        Let  a  be  the  length  of  the  rod,  then  S  being  the 
moment  of  inertia,  HI  the  mass,  and  k  the  distance  of  the  ceatre 
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of  gravity  from  fhe  axis  of  snspensioD,  the  length  of  the  first  pen* 
ddmn  (see  VenturoU)  is 


1-=  MA  = rrrr-  =  Ti^ 


«y  9 

aai  that  <tf  the  second  18 


8  8 

1  x±        ^ 

2 


Bat  the  time  of  oscillation  oc  (length)^. 

/.  T :  * ::      /L  :     /i. 

V   12      V    8 


585.  Take  any  2one  contained  between  two  sections  inde« 
finitely  near  to  each  other,  made  by  planes  X  axis  of  rotatioDy 
and  distant  firom  the  centre  by 

^tOkAx  +  dx; 

ihm  fhe  momentom  of  inertia  of  this  aone  is 

y 

=  fidrr  (f*  -  «*>is 
A  S=8irr(f»a?  —  —\ 

Letjpsr.    Then 

^       ay*       s 

•*.  for  the  whole  sphere,  we  have 

8  8 

2f^ 

S3  surface  of  sphere  x  — 
vol.  Il4  *  ^ 
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A  flwdiktaaot  of  iib%  oentit  of  gyiiltoB  firaa  llw  axii  tT  i»« 
tatioD,  18  r  ^—  iVenturoli.) 


686.  Let  ar  be  the  weight  riqilif«d,  X,  A,  M ;  ^^  A',  H'  the 
distances  of  the  centres  of  oscillation  frMii  the  asifl  df  MttkBi 
those  of  the  centres  of  gravity  and  the  nttuses  of  the  respective 
parts  dj  Z—  d. 

Also,  let  X",  k",  W\  >!\  V",  x  be  those  of  {the  weights  added  to 
the  lower  and  upper  extremities  of  the  rod ;  then  the  length  of 
the  pendulum  is 


/'/-«/ 


MA  +  M'A' 
by  tbe  question.    Now 

If  a  ^(2,  M' «  .^  (/■•.rf),  M"tBa 

«  8 

3  3 

Hence 

^  2     ^  P  -^Sld  +  ScP 
3  /  -  2rf 

and 


xs: 


i(  2P--9ld+  IM* 


Othsawiss. 
let  L)  L'  be  the  lengths  of  the  two  pendalnms.    Then 


(mnnpRAnriD  motion.  ^^ 

S  S  .  3.2       i^^SU+Sd* 

JLss 


But 


Again, 

T,        8  8 

k'  X  (l  +  a  +  x)=:LtL    -  d)  +  a  (I  -  d)  +  otf  bj 

property  of  the  centre  of  gravity. 

/•  since  by  the  question  L  s  L',  we  have 

and  putting  /■  -  SZd  +  8(£*=  P,  and  Z  —  2d  =  Q 

Q  "*        IQ  +  2a(Z-  d)  +  «xd  ' 

Haice 

l-d    8(/-d)Q-2P 

'^'='**"^"       2P-3Qd 


X 


aab«f«ro« 

587.        Gmtrally 

T  -.    S'     _  S  +  l««  «  ^  ^.  /t 

Mik    '^        MA  MA 

see  VewtuTolW  p.   120,  where  S  denotes  the  m>ii«iit»m  of  in- 
ertia referred  to  the  axis  passing  thtoogh  tfaa  otntea  af  giwity* 
H  the  mass,  and  k  the  distance  of  the  centre  of  gravitjr  from  the 
axis  of  rotation. 
But  S  =  Mr  • 

MA  ft 

..A jg 

which  indicates  two  axes  of  rotation. 

^£2 
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Now  by  the  question 

k:=zJL. 
2 

•%  L  ss  ^  and  the  two  pointfl  of  suspension  are  given  by 

g  -V    V    4  ^  ^  5r±8r 


Zs2fOT—. 

2 

Hence  it  also  appears  that  L  cannot  be  less  than  2r. 

When,  moieoTer>  L  =  2r, 
A  =:  r,  or  the  point  of  suspension  is  in  the  circmnfer^ice. 


588.  Let  X,  y^  be  the  co-ordinates  of  the  point  required, 
referred  to  the  tangent  at  the  yertex  of  the  parabola,  whose  iatos- 
rectum  is  a ;  then 


dn  ^  being  the  radias-Tector  corresponding  to  x^  y,  it  is  eii- 
dent  that  the  direction  of  reflection  will  be  along  p ;  and  since  by 
the  question  the  body  must  strike  the  vertex  of  the  parabola, 
therefore  the  time  through  p  with  the  velocity  acquired  before  im- 
pact continued  uniform,  must  equal  the  time  through  y  by  the 
force  of  gravity.    Hence 


sj2g[h^y  ^     9 

16  length  of  the  axis  of  the  parabola. 


y  the  property  of  the  parabola, 


4 
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/.  y  =  -   ^-  ^^  ±       /f(g— 8ft)*  .  ftf^^ 


V^  I      400  80J 


=:  ^^'"  ^  +    V  (16y -- 4aft  -  oQ 
80  10 

Henoe  it  is  evident  that 

leV  -  4iA  must  be  =:  or  >  a' 


or  6  =:  or  >  a  x 


8 


589.       Generally  let  6  be  the  inclination  of  the  cycloid  to 
the  horizon ;  then  the  axis  being  a,  the  semi-base  is  _  .  cireom- 

ferenoe  of  the  generating  circle  =:  — ,  and  the  chord  of  the 
cydoid  is  therefore 


^y^^r+7«ir^  =  Y^*+*'- 


4  8 

Again,  if  ^  denote  the  inclination  of  this  chord  to  the  horizony 
it  may  easily  be  shewn  that 

—  V  (^  +  **)  •  ^^*  9  =:  a  sin.  0 

and  /.  sin.  p  =  ~~j~. X  sin.  0. 

Hence  the  time  required  is 

V  l^  sin.  ^        2 

V  2^  sm.  9 


590.  Let  W  denote  the  weight  of  the  given  inclined 
plane,  6  its  required  elevation ;  then  since  the  moving  force  act« 
ing  JL  plane  is 

P  X  cos,  0 
that  parallel  to  the  horizon  is 

P  •  sin.  6  .  COS.  9. 


4ii  ooNsntAiniQ  motion* 

Henc#  Ike  accetemtiag  force  i& 

P  ==  JL!i!Li£2Eii  =  _Z_  X  sin.  20 

P+W  2(P+W) 

md  since  F  =  max.  when  the  velocity  =  tfUDc.  therefore 
sin.  29  s  max.  sis  sin.  ^ 

/.  8  =  il  s  45^ 
4 


091.  In  any  ftystem  of  bodies  P,  F,  fte.,  acted  upon  by 
the  «0O%lerating  foNes»  F|  F,&a.,  at  the  end  of  the  lime  tf  Jet  m«' 
te.,  be  the  velocities  impressed  by  these  forces,  or  such  as  the 
bediee  iftndd  have  moved  with  at  the  end  of  the  time  if  had  the 
system  been  free ;  also  let  v,  v',  &c.,  be  their  actual  velocities,  and 
fy  f\  &c.,  the  forces  which  really  accelerate  them  in  their  general 
courses.  Then  sinee  by  the  connexion  of  the  parts  ef  the  system 
there  is  occasioned  no  loss  of  vis  viva,  we  have 

f.(p.v+P.(i>'.v'  +  kc.i^1?.Vu  +  FFtt'  +  *c 

^       dt  ^        dt 

F  =  *f,F  =  ^,ltc. 

:.  P.J!^  +  F:!!*!!  +  &c.  =  P.ilSi  +  Z!fj£jl  +  »e. 

dt  dt  dt  dt 

:.  Pu«  +  Pv'2  +  ate.  =  Pl4*  +  Fa'  +  &c. 
there  being  no  correction  since  the  bodies  are  supposed  to  begin  to 
move  at  the  same  instant.    This  expression  will  serve  to  resolve 
every  dynamical  problem  that  can  be  proposed. 

In  such  as  relate  to  systems  situated  on  the  surface  of  the  earth, 
ef  Its  itte  impressed  by  the  force  of  gravity,  we  have 

u\st  HgXf  «^'  :£  2gx\  Ac. 
£,  x'.  being  the  spaces  described  at  the  end  of  the  time  t^  the 
spaces  descended  through  being  positive,  and  those  ascended 
through  negative.    Hence 

fv^  +  Fv'*+  &c.  s  2k7  (Px  +  F^  +  «re.),. . . . .  (i) 


CONtrmAINID  MOTIOH. 

x^a!  tuu  being  positiTtt  or  iiepym  «coar4tf«  •§  IIm  M|f  fliat  de- 
sofib^f  it  ia  d|B8a»diiig  or  oao^aduig. 

To  apply  this  ftnmda  in  theTOSiAiitioii  of  the  problem,  iro  iitf« 
IV  +  Wv''  at  ■&  (P*  -  WjO 

t  and  / bdng  the  spaces  described bj^a^d Win  the  TOfffealiiiid 
horizontal  directions  respectiydy  in  ^^  ti|ne  /•    Hencp 

^^  _  %9.(Jfx^Vf£) 
W  +  P   *'  ' 


But  ^'  =:  0  and  A  =  c2s^  x  cos.  0 
whenAistheioidiBatioaofthasteiBgtotliahMlMi.    fleneo 

W  +  Pcos.>d 

Bat  ±  =5  AB  ^  ATV  (see  fig.  to  Phib.) 

=  AB.(1  -iij^'i 

sin.  0  / 


sm.  B  / 


8in.d(W+P.cos.'^)  "^  ' 


Lctd  =  -21.    Then 
,  ^    ggffl  P  .  (1  ■-  sin.  B) 


which  gives  the  ▼elocitj  of  W  generated  from  B  to  C, 

» 

Hoicealso 


»  =  v'  X  ^,  c:  cos.  »  X  1/ 


sin.  A  *-  sin.  B 


f «     n       /      sin.  •  —  sin.  0 
=  coB.fl  X  VS9«P  ygin.a(W4-.t>CQ8    •) 

Hence  wlieii  t  ==  il ,  the  Telodty  of  F  is  «• 

8 
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This  problem  may  be  generalized  thiut : 
Let  two  bodies  P,  F  conneeied  6y  a  etrwg  fOMtxng  ever  a  fixed 
puUey  otDf  (Fig.  99,)  move  along  the  inclined  planes  CA,  CA' ;  P 
ascending  and  F  descending ;  then  having  given  the  inclinations  of 
the  planes  to  the  honxonfiy0i  the  distance  ofD  from  the  horizent 
viz.  m;  the  altitudes  of  the  planes^  viz.  a,  a  ;  andthe  lengths  of^ 
parts  of  the  string  between  P  and  D,  F  and  jy,  viz,  Ij  T,  when  the 
motion  commences;  required  the  velocities  acquired  v^v'inAe  time 
ty  or  when  these  lengths  shall  be  X|  x\ 

First  we  have 

X+x'  szl  +  r ; (8) 

Moreofer  by  (I) 

Pt^  +  Ft/*  =  2g  {Tx  -  Vaf)  ! (S) 

and  I,  sf  being  the  spaces  described  iu  the  time  t^  viz.  IP,  I'Fi  ire 
hare 

V  I  v' ::  ds  :  ds\ 

.  -  —  *,'* 

and  P»'» .  ^  +  Pt/»  =  S^  (P*  -  F*'.) 

...^^   gyCPx-F^') (^j 

F  +  P^ 

Again,  it  is  easily  seen  from  the  igore  that . 

a;  =  «  X  sin.  /?  >  ^ 

x'  zz  i^  X  sin*  j?  i 
and  that 


s  =  i/r-(in-a)'coB.'(?    —    V ^*-' (»*—«)*  COS'' ^ 


taiA^=s  V^-(«»-«7co&«^  =   ^>:*-(m-ayco9.*ff 
•   —  =    ^^    y       /x"— (m— a')*cos.*|y 
**  ds'        x'dx'        V     x*-(m-fl/co8.«i3 

But  X  +  x'  =  /  +  /' 

and  x'  increases  as  x  decreases 
«\  <2x  s  —  dx' 
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d,'        l+t^},         V       x«-(iii-a)»oos.»/S 


Aim 


«  =:  on.  /S  .  {n/P—  (m—ay  cos.«  |8  —  V **—(»»— a)*  ««.» (5} 

Hence  snbetitiiting  in  equat.  8  we  get 

., »g 


{P8in./9(V^— (»i»-«)*cos«e-V*'-(»»-«)'aW'*<3)  + 


F  sin.jS'CV  r»  -  (m  -  «0*cos.*/9'  -  V  (/+/'-*)'-  {w-a'fcos.'e'} 
irfaich  ghes  the  Telocity  of  F ;  and  this  being  foondi  that  of  P  is 
obtained  iirom 

v'dt 
"  =  ^' 

s= »'  y        ^       V      y(Z+f-xy-(«-<0^eoa.  /y 
i  +  r-x      V        x»  -  (»-aycos.'j8       ' 

Fran  these  results  a  multitude  of  particular  consequences  nay 
be  deduced. 
(1).    Let  a  =  a'  =  m.    Then 

t/»  =  -£SL.  X  {P  G-x)  sin.  IS  -  F  (1-x)  sin.  i?} 
F  +  P 

gff.q-x)  .  (P  sin.  |3  -  F  sin.  /S^ 
P+F      ^ 

a$  it  ought  to  be ;  detn^   ^e  common  velocity  of  two  hodiet  along 
two  imctxned  planes  of  the  same  altitude* 

(2.)    Let  a  is  a'  =  m,e=i—j  jS'  =  0. 
Then 

P  +  F 
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which  gives  the  common  velocity  of  two  bodies  when  one  of  lIcMy 
hanging  veftk&Uy  from  the  edge  qfei  table^  or  awf  other  hmxcmtd 
plane^  causes  the  other  to  move  m  a  straight  Hne  abmg  the  tabic  or 
plane. 

In  this  case  if  P  £s  F;  then 

or  the  velocity  is  such  as  would  be  acquired  in  faUing  freely  through 

2 


{S.)    let  a  ^  a'  c  wt,  If  =  —^0.    Then 

^\       ^P  +  F 

which  gives  tlie  velocities  of  two  bodies  hanging  freely  over  a  fixed 
pulley^  after  having  moved  through  /  —  x. 

(4).    Lei  a  rs  m,  a's  0,  0  =  J^,  /S'  a  0. 

9 


Then 


w*  = 


SyPa-x) 


■••^■^"■•■■•^i^Wf"^ 


J'+^+T^  ^  {i+^-^y -  «•  ««V} 


which  is  easily  made  to  coincide  with  the  expression  marked  (a). 

The  problem  may  be  still  farther  generalised,  by  tupposhsg  AC, 
A'C  (Fig.  100,)  any  curve  lines  in  the  same  plane  with  thepuUey. 

In  this  case  we  also  have 

^.  ^  ^  (P^-Fo/) ^^^ 

F  +  P.  ^' 


5,  s  being  the  arcs  described,  and  the  other  symbols  retaining  tbiir 
former  signification. 

Now  to  resolve  this  case  after  a  simple  manner,  let  the  co« 
ordinates  q(  P,  F  of  the  curves  originating  k  C,  C  be 
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Also  supposing  the  motions  to  coaamwce  at  tbt  poiats  1, 1',  let 
the  oo-ofdinates  at  those  poiala  be 

and  at  the  points  A,  A' 

o,  b ;  a'f  h\ 
MoreoTer  let  the  equations  of  the  curves  be  expressed  by 

Y=/.(X).andY'=/(X'); 
and  make 

ID  =  Z,  IT)  =  r 

PD=:X,FD  =  A'. 

This  being  premised,  we  have 

/  +  r  =  A  +  V (5) 

Also 

«  =  Y*-  e    > 

&<    _    dX>  +  rfY« 

dxr«  +  dc/xr*)  ••••••  1^^ 

Again, 

X  =//(m-Y)«+(a-X)« 

A  ^s=  ^/(«-./X)8+(a-X)^ 

and  i  +  f  -^  X  s:  V  (m-rXO^+Ca'-XO* 

/.  i/(m--/±/+(a'--X')'==Z+r--V(»»--/X7^(«--^^ W 

Henee  X  maj  be  expressed  in  tenns  of  X,  and  /.  dXf  and 
i(jrX)  hi  terms  of  X.  Substituting  these  IVmetions  of  X  in  (e) 
and  (7),  and  their  resulting  values  in  (b%  we  shall  have  v''  ia 
imau  of  X  and  constants.    Horeovw  v  will  be  found  fima 

,     ds 

t;  ~  V  ,  — -, 

d«' 

Ex.  1.   Let  the  cun'es  be  two  parabolas,  C,  C  being  their^rar** 

♦• 

tejpeS]  and  p,  p\  their  principal  parameters ;  th^a 
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X«  =  pY,  X-*  as  pT 

.-./Xr:  ^./-X'ss  2^* 
P  P 

Alaod.C/X)  =  !2?^,  «ndrf(/*XO  as 


P  P 

Hence  eqnatioii  (7)  becomes 

4X« 


X    - 


p" 

and  equation  (8)  is  transformable  to 

p  /  ^  p  J 

▼hich  being  derebped  gives 

X'*  -(8»-p>'.X'«-'2a'p'«  X  X'  +  («»  +  Op'  = 

P'* .  {/+r-  y(«-XL)+(«-X)«y 

a  biquadratic  equatton  wanting  its  second  term.    This  eqnatioii 

being  resolved  will  give  X'  in  terms  of  X,  and  therefore  .._.  in 

dX 

terms  of  X.    Hence  — p-.,  x  and  a:',  and  therefore  t/*  may  bees- 

pressed  in  terms  of  X,  which  will  give  the  velocity  required. 

From  this  example  it  is  perceptible  how  very  difficult  it  is  to  in* 
vestigate  the  velocity  practically  of  one  body  which  preponderates 
over  another  when  they  both  describe  the  most  simple  of  corves. 
If  their  paths  be  both  ellipses,  or  even  circles  in  the  general  soise, 
the  difficulty  will  be  still  greater,  and  so  on  for  all  curves  whose 
equations  are  more  complex. 

This  difficulty  is  much  diminished  when  the  path  of  one  of  the 
bodies  is  a  straight  line»  as  in 

Ex.  S.  Let  A'C  (Fig.  100,)  be  a  straight  line  whose  equa* 
tionis 

Y'  =  AX' 
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A  being  a  oonsUmt  quantity,  and  AC  any  cniTe  whose  eqoation, 
aa  b^ve,  is  expressed  by 

X=/X. 

In  this  case  equation  (8)  beeomes 

V(m- A.X')»  +  (o'-X-)*  =  Z+  ^-i•(m  -/X)«  +  (a-X)* 

.*.  (m  -  Axy  +  (o'  -  xo*  =  (i + r  -  x)«. 

Heno& 

X"'  -  S  *^  +  <*'    X'  =  (^  +  <*  -  ^^)*  —  «*  —  <^* 

""   ■   A«  + 1   *  A«  +  1 

A«+i    ^  V  e  (A«+l)«  A*  +  l 


A«  +  l     5 


and  by  iray  of  abridgment  if  we  put 

mA.  +  Jl  _  n  Y 

A«  +  l     ""  I 

VaSTI/  A«  + 1  •' 

"•°'x-=B+y(»+i^£±2i) (.) 

Heom 

«'    _  _^  V  >^~tf  +  0  (10) 

IS'  "    dX.  jfT..    x'-tjl  +  ryx) 

'^^        A.*+l 
whidi  is  a  fimction  of  X  alone. 

Now 

_*•        («ixy  +  (<yxy 

di"  (dX7  +  A'(dX')* 

-"Srl     -aTm — r'* iJii — .00 

(x-i+f)\A«  +  l) 

whidi  is  a  fbnetion  of  X. 
Also 

xsz/x.-e, 

and  «' = /S- -  AB  -  A  V  (D  +  iilL^J^ii^) 


430  OONITBAINSD  MOTION. 

and  ralMtitttiiiig  in  ^qutliOA  {b)  we  gtt  v**  in  impuk  of  X,  ifUA 
gives  the  Telocity  of  the  body  moving  akng  lh«  slimigbt  Km  m 
indined  plane.    The  velocity  along  the  carve  ii 

which  is  therefore  known. 

As  a  particular  casA,  let  CA  be  the  common  pafraboky  ifa  viMk 
being  C  and  axis  parallel  to  DB.    Then  the  equation  to  tiMCiirfe 

being 

we  have 

oX  p  p   / 

and  iffll  =  2SL 
and  equation  (11)  becomes 

vhich  together  with  x,  af  would  still  give  a  very  oontplex  expNS- 

sion  for  v". 

Let  OS  farther  particularize  by  making  nt  =:  i,  or  by  sujqpotidg 
the  pulley  fixed  in  the  curve,  and  consequently  6  not  <  b'.  In 
this  case 


M 


andx  a:  iH-^  X   Vo  +  P*  +  (X  +  a)* 

P 

.     d.*    ^    (X  +  gy  +  p^ 
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win  alflo  produce  a  iF^ry  complicated  result.  Theie  lereril 
oompntatiotis  being  rather  laborioas  than  difficult,  199  leate  to  the 
student,  to  whom  such  exerdies  may  be  nsefnl. 

The  question  may  be  still  farthef  simpliliad  by  n^fMfaif  HM  tf 
the  paths  a  Straight  line  parpendiciilar  to  the  horizon,  and  the 
other  any  curfe  whaterer. 

Inthiscase,A=tAnJL  £2  Oo. 
andX's=:Oanda'  =  0«    Also  eqafttioti  (8)  gifN 

and  dX'  zz  0. 
Hence  equation  (7)  becomes 

ds'*  55?        ' 

Also 

«=yx-/r 

andx'sijj*  -  Y'ttj8'-J£>£--0 

Hence  equation  (6)  gives 
.-  =  2g  ^^^EE^IlL^ (18) 


-•••••*•    \lidy 


and  V  ss  Sz  it  t>'. 


«6i* 


which  give  Hie  velocities  ofV  and  F  when  P  is  at  that  paint  of  the 
curve  whose  abscissa  is  X« 

Let  the  tmrte  whteh  P  describes  be  the  conmmn  pttrabola  whose 
equation  is 

X«=:pY. 

Then 

/x  =  iL 

III  -^ —  ^ — ^-^^^ 

■nd  X  =   v^(«  -  JL'^  +  (a  -  X)* 

.   d./X.  _   SX 


»  • 


dX  p 
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^:k--^ V- 

and  sabstitiitiiig  in  (18)  we  get 

which  giyes  the  Tdodtj  of  F  in  fenns  of  X. 
If  the  cnnre  and  pulley  coincide,  we  haTe 
m  =  ft|  jwt  =  f  &  =  a'  and  •% 

and  we  set 

,,  _  ^.        F.(X'-.')-P.(x-Q 

~  p  ly  -.-    y    X  A'.(*x« + 1)   • 

(a-X)'(oX+X*  +  p^ 

Let  X  =  a ;  then  x  s=  {  and  o'  =  0,  as  it  ought  from  the  hjff^ 
iheds. 
Again,  let  X  =  a ;  then  x  s=  0,  and  we  have 

^      ^  P(a"  -  •■)  +  P'^ 

loAJcA  j^tves  ^Ae  vdodhf  qfV  when  P  arrn;e$  a<  thepuUey. 


592.       Let  AD  s  or,  AP  s=  «,  BC  =  AC ;;;  a;  thenreiolr- 
ing  the  rertical  tendency  of  P,  viz. 

a 

into  directions  tangential  and  normal  to  the  ciorve,  and  then  again 
the  normal  part  into  rertical  and  horiiontal  components,  we  get  the 
pressure  sustained  by  the  curve  in  a  vertical  direction  eitpiesaed  by 

p  =  ^J—V   X  — — . 
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Bat  since  by  the  question 

a*  sr  2aa:  +  sf 
,     dr*     ^  2ax  +  «* 
"5?  (a+x)* 

andp=:5±f  .Pi?f±f!  =  ±,i5±f.P. 
a  (fl+^)*  «       ia+x 

Hence  that  part  of  P  which  remains  unsupported  by  the  re 
action  of  the  cmre  is 

p*  —  p   ^"^^  (\  _  ^^^  +  ^^  —  p       ^ 
a  (a-fx)'  /  a+x 

or  F .  (a+«)  =  Pa  =  Wa, 
that  is  P  is  supported  by  W.    Hence  the  weight  P  is  supported 
in  all  positions. 


593.  Let  a  be  the  height  of  the  giyen  cone,  r  the  radius 
of  its  base ;  then  since  the  moving  force  is  P,  and  the  momentum 
of  inertia  is  (see  FenturoU) 

10  10 

M.  being  its  whole  mass ;  therefore  the  accelerating  force  is 

Pr«  lOP 


F  =  . 


i-Mr'  +  Pr*  SM+IOP 

10 

and.M;  =  c^F^=        ^^^^^ 
^  3M+10P 

» 

the  velocity  required. 

594.        Let  R,  r,  be  the  radii  of  the  wheel  and  axle^  respec- 
tively ;  then  the  moving  force  is 

and  the  mass  moved  including  the  inertia 

r«       ,    M      R«      ,     fwr* 


Rs      •     2       R«  2R2 

YOIi.  ir.  2  F 
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H  and  m  being  the  quantities  of  msXieit  in  the  tbns  of  thia  Wheel 
and  axle^  .*•  the  accelerating  force  is 

F  = 


2R«-jffR 


2R«p  +  2qr^  +  MR*  +  mr^ 
and  V  s=  gFt  a:  &c. 

595.  Let  a?  be  that  portion  of  the  chain  which  has  de- 
scended in  the  time  t ;  then  the  moving  force  in  the  direction  of 
gravity  is  

^  m 

•   F  a=  nl  +  m-n,  x    ^    ^^^ 

mi  ^^^ 

,    2d^xdx  _  2nldx  +  2  (m^H) xdx 
d^  ml 

and  integrating 

dx 


/.  d^=  jijml    X 


'^2nte+m— n  .  a;* 
m2  ^ 


Let  a?  =  0.    Then 

J!!L  .  /  jL.    Hence 


m— 7i 


911  — ?l 


Letxs  {;  then 


596.        By  FenteroK,  p.  140,  we  hare 
»  _^     S'    _  S  +  BK* 

,"*  "mT         HI" 

where  k  is  GS  the  distance  of  the  centre  of  grftTity  from  the  aads  of 
rotation,  M  the  mass  of  the  hody,  B  the  aomeat  of  Inertia  referred 
to  an  axis  passing  through  the  centre  of  gravity,  and  L  the  distance 
of  the  centre  of  oscillation  from  the  axis. 

Hence  since  S  and  M  are  the  same  for  all  Talues  of  A,  L  is  con- 
stant for  the  same  yalnes  of  ib,  which  proves  die  first  part  of  the 
proposition. 

Again,  when  the  axis  of  rotation  is  any  where  in  the  circum- 
ference of  the  drde  whose  radius  ie  GO,  we  have 
-     S'=S'-M(SG«-GO) 

=  S'-.MxSO  X  SG+  MxSO.GO 
S'  being  the  momentum  of  inertia  referred  to  this  new'ftkfs* 
^     But  S'  =:  M  .  SO  .  8G 

:.  S'  s=  H .  SO  .  GO 

««-!  .  r-    S"    -  M>S0.QO_fc^_T, 
and..L=_=:__g_=fiO^L. 

or  the  pendulum  will  oscillate  in  the  same  thMttB  befoiie. 


597.        Let  f  be  the  radius  of  the  ciide,  m  the  distance  of 
either  body  from  the  axis  of  rotation ;  then 


S 


m 


s 


L  =  .«^  s=  ::!  =  2r. 


Wt 


9 


m 
ir 


598.        Let  a  be  the  given  length  of  the  lever,  M  the  weight 
iBQHiradv 

SF2 
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Then  (see  VenturoU) 

Mifc    ""  jjj,   fxdU!    ' 
'     M' 

BntM  :  H'  ::  0^  :  ar. 


a* 


/.  dM'  =  J!^.^'&. 


o* 


•  •   I4   C=    —— —  •  .-— —    £=  J. 

Leix  =  a;  then 

n+1 

n+2 


andT=  »^/il=:ir     A+^    ^  =  i- 

by  the  question. 

Hence 

(n+l)a  =  i^.(n+2)p 


the  mlue  of  the  index.  - 

Again, 

P  X  a-M  X 


•n+l 
••.  M=  («+l)P 

=  P 2f! 

the  weight  required. 


599.        Let  a  be  the  length  of  the  lever,  x  the  distance  of  (he 
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fiildmm  firoin  the  end  to  which  P  is  attached ;  then  the  moring 
foroe  of  P  is 


P- Q. 


X 

and  the  mass  moyed  reckoning  the  inertia  is- 

p  +  Q.fc:if>:.  ' 

Hence  the  accelerating  force  is 
F  —   Po^— Q(o— 0?)  .X 
"^     Px*+Q(a-a;)« 

Again,  the  moving  force  which  generates  P's  velocity  is 

Pa*  -  €1(0- a?)  j;       p 
Pa:«+Q(a-xy 

and  that  part  of  P  which  is  sustained,  or  the  tension  of  the  string 

is  

Pfl^Pj?g-Cla>-j?  .  X  \  -      TQ^ja'-x)      _ 
Pa?«+Q(a-a:)«    ^        Pa?+Q(a-a?)« 
maximnm  by  the  question.    Hence 

Px« + Q  (a  -  x)«  _  «;„.«„„ 
.     ^ i.  s=  minimum, 

a— a; 
.     2iP— 2(a-a:)Q    .     Pa^+QCa-arV  _^ 

which  gives 

P  +  Q 

which  will  give  the  position  required. 

600.  Generally  let  two  bodies  P,  F  connected  by  a'string 
passing  over  a  fixed  pulley  move  by  the  action  of  gravity  along 
two  given  curves,  as  in  590.  Then  adopting  the  notation  of  that 
article,  the  moving  force  upon  F  along  the  curve  which  causes  it  to 

move  with  the  velocity  —-  is  evidently 

dtf 


„  ^  ,      da/         d*t'  \ 


r 


4M 
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Mmm  die  iffWcn  otib^stnnt,  or  tbe  mqmg  fime  whmg  the 

string  is 


=  F  X    f  i^  ^  ^^JL 


dH 


or=P  X    ff^  +  ^^ 

\    ds  di^ 


)  dx 


(0 


Hence  also  the  pressure  on  the  pulley  being  the  resnltunt  of  thwe 
equal  tensions,  is  (^ee  Fig.  100) 


«r=8P  X 


( 


gdx 
ds 


df 


onk  . 


PSF 


or=  8F     (^  -  ^\^ 
\   d^  de  Jd>f 


COS. 


2 

PSF 


s 


»    *«••••  ^«  J 


Ih«  «^piali(«is  (l>  will  giya  the  general  tesiiU  (a)  of  art  590. 

Let  us  apply  them  in  the  niTestigation  ef  the  tension  and  pres- 
sure fhr  difffereBt  systems.  As  ikemiifU9t  qom^  tuppose  both  P  and 
P  to  descend  or  ascend  verticcdfy* 


In  this  case 
ds'  s=  dx'  xs  do/  and  cos. 


PSF 


9 


.  SSC0S.0  S3  1. 


) 

or   / 


But 


^  _.  ,,  _  „  F-P 
<«•  P+F 


.  ,_  8?PP' 
•""-P+P- 

T+F 


If 


LetPssF.    Then 

and  9  =  a^PJ 
which  is  known  to  be  true  from  statics. 
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Agaiu,  let  F  descend  TerticoUyi  draw  P  up  aa  ioclin^  plane 
whose  equation  is 
Y  =  AX 

In  this  case,  which  is  that  of  the  pfoUem  to  he  resoWedy  we 
hare  also 

and  therefore 

PSF 


and  ar  s  SF  .  {g  -  f  0  COB.  ^ 


9 


But  f'rs  —  -^  and  bj  (13)  art.  590,  we  easily  get 
.-=30  P(AX-g)+F(x^O         

'{(A»+l)X-A«  +  «}« 


since  ^  =  >v/ (!»-¥)•+ (a-  X)'. 

Also  cos.  PSF  =  ^""^^  =  S  cos.«  25EL  -  1 ; 

;..  eos.-  ,  PSF    ^    I     m- AX+. 


2  2  h 

whence  in  making  the  substitutions  and  necessary  reductions  we 
shall  obtain 

0'and«r. 
If  the  pulley  be  at  the  top  of  the  indined  ]^ane9  the  calculation 
becomes  much  less  tedious.    For  in  that  case  we  have 

dx'  =  -  d^  =5  d^  =s  -  dif  I 

Also  m  =  6  =  Aa,  and  /• 

A  =  (a-X).  V(A»+1) 
/.  { (A«+l)  X  -  a  (A  +!)}•=((»  -  Xy.  (A«  +  1)« 

e(A*+l)x« 

/.  I,'*  =  _^{-(Ax-i3)P+F.(iZx .  V  ATTr-o} 

which  gives  the  velocity  cU  any  given  point  of  the  descent- 
Moreover 


440 
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aX         ax 


v'dv'  __       g 


PA+FVA»+1 


d^ 


P  +  F  •     V aT+T 


Also 


~'''^'=i:'^^''"^^'^+'^> 


Hence 


2  VA'+  1 


X  (A+  VA*+1). 


PF<, 


(P+F)(A«+l)i 
the  actual  tension, 

ys.PFi, 


and 


X   (V 1  +A«  +  A) 


.(^/l+A'  +  A)^ 


(P+F)(A«+l)i 
the  pressure  on  the  pulley. 

If  8  be  the  inclination  of  the  plane  to  the  horizon,  we  han 
A  =:  tan.  6,  and  ^l+A*  =s  sec.  6. 
Hence 


i/PF 


—  .  (sec.  0  +  tan.  t) 


(P  +  F)  sec.  6 
""  =  ^^  •  a  +  sin.  6) 

and«  =  ^^Vs   jj  (i  +  sin.»)* 

ML     "J*    JL 

which  somewhat  simplifies  the  expressions. 


Let  0  =  ^  or  let  both  bodies  move  vertically ;  then 

FTP 

as  before. 
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w 


If  6  so.    Then  we  get 

P  +  FJ 

P  +  F  J 

for  tbe  tension  and  pressure  when  the  body  P  is  drawn  tioag  an 
borisontal  table  by  F  descending  from  its  edge. 

Again,  if  F  draw  P  along  an  horixontal  plaoe  sitnated  below  the 
]NiIley,  then  we  have 

Y  =  o,  A=:0and|3=:0 
and  equation  (8)  becomes 


F+P.^  *-' 


(K-af 
Also 


aod  COS.  -  =  .^- .  — !^ — 

2  2  A 

Hence  (X  —  a/  =  x*  -  m* 
^(F+P)x«-F»ii» 


Hence 

i/dv' 
gd\ 

1 

{(P  +  F)x» 

-  F»*}*  ^ 

{F(P  +  F)x* 

Aim  (fa' 
Hence 

+  i»«  (PF  - 
=  —  cfx. 

8F>»  -  SPFfoi^  +  F»«*} 

,  =  r..<JLti^ 

■  4««*PFa»  +  SiPVlnf\ 
P^A«  -  Fm'r 

and  vzsi  ij2 

x^^S 

:  <»• 

which  giye  the  tension  of  the  string  and  pressure  on  tbe  indley  in 
thiscfuse. 
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Let  m  s  0.    Then 

P  +  F 
whiclt  conflrm  tbe  resalts  marked  («)« 


601.        Let  r  be  the  radius  of  tbe  givM  ofardtt  <  the  ybw 
time,  X  tbe  altitude  of  tbe  required  diameter ;  then  by  the  questioa 

2  2     2r 

St' 

andx  sr 


9^ 
wbicb  determines  tbe  position  of  tbe  required  diameter. 


$02.  Let  S&  be  tbe  lengtb  of  tbe  string  to  wbicb  W  is 
attacbed,  and  x  tbe  space  descended  tbrongb  in  Ae  time  i ;  ibea 
tbe  lengtb  of  tbe  pendulum  being  26  —  a;,  tbe  time  of  one  oscil- 
lation is 

^26  —  0? 


y- 


9 
and  tbe  number  of  oscillations  in  a  second  is 


Hence  fi  b^g  die  number  of  osdOatioDs  stning  in  flie  inter- 
val tf  we  bave 

«.       V   86  — X 
But  d/  =  ^  =  ^, 


F  being  tbe  accelerating  force  on  P 
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Hence 


and  N  =s x  renr*x, 

JjeUxss  8&.;  then  Tcrs.'-^  2b  =  180^  ss  ir« 


/5B     ,v  srp- 


ViF     .V2(p-W) 

the  nnmber  of  Tibrations  reipiired. 
It  is  evideat  that  N  is  independent  of  the  length  of  the  string. 
let  P  =:  00.    Thea 

N  ss  -J:.., or  the  number  of  oscillations  performed  in  the  lioift 
through  8&  is  -- — ,  however  great  may  be  the  power. 


603.    Let  a;  denote  the  ratio  required ;  then  W  and  to  being 
the  weights  of  the  wheel  and  axle  R,  r,  their  radiif  we  have 


F  ss  |)Rr  -  qr^ 


2  2 


„  R  .„    r   .  10     r  ,  W  R 
p._+y._+_.-.+  _._ 


»    —   ^X 


£.+9«+il.x+.w 


j;  2  So; 

Now  s  being  the  given  space  described  in  the  time  /,  we  get 

2 
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.-.  ^«  CC  i.  cc  gp+W+2y  +  w.x^'  ^  ^  nUnimum  =M. 
'  pa?  —  qx^ 


Hence  putting =  0 

dx 

we  have 


2  (2q  +  tD)x  (px  —  qx^)  =  (p  —  ^qx)  (2p  +  "W  +  2q  +  wJ) 
:.  {2q  +  w)3f  +  2q{2p  +  W)x  =  (2p  +  W)p 

.%  ^  +  2^.?E±W.^=,?P±Wp 
29  +  to  S^r  4-  to 

A  J?  =  _  y.^±^  +   V y«.(ap+ Wy  +  p(8p  +  W)(g7  +  «>) 

2y  +  «, _— 

die  ratio  required. 


604.  Let  a  be  the  height  of  the  cone^  r  the  radius  of  its 
base ;  then  the  distance  of  the  centre  of  oscillation  from  the  axis 
of  rotation  is  (FerUuroU,) 

J    M 


SM         jjj  /TcrfM 


fxdVL 

x  being  the  distance  of  the  molecule  dUL  from  that  axis. 
But  dH  =:  2vydz 

2=  ^''^    X  dx  *Ji*'\'a^ 
a  a 


--  2wT.^T^^a\^dx 


a* 

3 

jr. 


•  T  —  fx^'Xdx    ^    3 
/  X .  x(ia;  4 

Let  f  =:  a.    Then 

L  =:  — a. 

•  4 

The  centre  of  oscillation  of  a  conical  surface  cannot  possibly  be 
in  the  base. 
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605.  Generally  let  R,  R',  &c.,  be  the  radii  of  the  wheels, 
r,/,  &c.,  those  of  the.  axles;  then  x  denoting  the  weight  to  be 
raised  each  time,  and  P  the  power,  the  moving  force,  of  P  is 

jtiR  .  •  •  • 

and  the  mass  moTed  reckoning  the  inertia  is 

p  .    a;  +  wd*  +  w^d^R'  4-  to^^d^m'R^  +  &c. 

R'R'-R'^  &c. 

wherein  w, «?',  w"  &c.  are  the  weights  of  the  several  pairs  of  wheels 
and  axles,  and  d,  d',  d"  &g.,  the  distances  of  their  centres  of  gyra- 
tion from  the  respective  axes  of  rotation.  Hence  the  accelerating 
force  is 

TT  .  *  .  , 


F  =         P  -  or. 


^•^•-  x(RR'R"....)' 


P  +  X  +  W"  +  w'd'»R»+  &c. 

Jl   .RR —  X»TT,,,; 


^  X  RR'R"  fcc. 


P.R«R'«a;  +M;d»+M;d'«R2  +&c. 

and  the  force  which  accelerates  the  ascent  of  x  is  /. 

F  PM-xwi 


F  = 


RR'R"  &c.         P]Vr+ar+wd«+w'rf^R'+  &c. 

where 

M  =  RR'&c,  and  »i  =  rr'  &c. 
Now  n  being  the  number  of  ascents, 

Q  the  whole  quantity  raised  through  the  space  s  in  the  whole 
time  T,  we  have 

kr  =  Q  and  /.  n  =  ^. 

X 

Also 


:.  P  =  nV  =  . 


x^       gF 


oc  — _.  =  max.  by  question. 

x^F 


s=  mm* 


PM2+a:+D 
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D  being  sidNtitated  finr  wd^  +  v^dT^R*  +  Ae. 

•'    PM<+D*f»   ""  (PM<+D+xr)< 

and  we  finally  obtain 

J  ,    8mPM«+3i«D-PM       _   $PM(PM«+D) 

Sni  Shi 

which  being  resolved  will  give  x,  and  therefore  the  quantity  re- 
quired, when  for  M,  m  and  D  we  substitate  their  values,  viz^ 
RR',  r/,  iocf  +  v/tP 


606.  Let  either  weight  be  denoted  by  P  and  the  additioDal 
one  by  p,  and  put  P  +  p  =  Q,  also  let  Z  be'  the  length  of  the 
whole  string,  a,  b  the  lengths  of  the  parts  of  it  to  which  P,|)  are 
attached  previously  to  the  motion,  and  suppose  the  wei|^  Q  to 
have  descended  x  feet.  Thea  since  the  weight  of  the  strings  may 
be  represented  by  their  lengths  the  moving  force  is 

Q  —  P  +  6  +  x-(a  —  a:)±:Q-.P  +  6-a+2x 
and  the  mass  moved  is  P  +  Q  +  ^ 
•*•  the  accelerating  force  is 

P+Q+6-a  fT^  ^   jpwws" 

Hence 

vdv  ss  Fdx  gives] 

N  N 

andv  =     /^  X  v'{Mx+  x«) 


=y- 


«</ 


P+Q+o+a 

,  L^ih  =  a  =  0.    Then  the  vdoi^ity  resulting  from  the  actioDS 
of  P,  Q  alone  is 

and  therefore  that  which  is  due  to  the  weight  of  Ae  string  is 


oomrniiiiiKD  MonoN.  ^M? 

V  —  «',  which  bemg  pnt  la  O 
acoording  to  the  qnestion  gives 

P+Q+6+a  P+Q 

•     <^-g+>-«   -  a~P^j  /     1  1 

"    Q+^+6-fa         Q  +  ^         VP+^    P  +  Q+i-h 

a  +  b 
which  gms  the  part  of  the  desoetti  tequiMd. 


607.        The  distance  required  (d)  in  that.of  the  centre  of 
oscillation  from  the  axis  of  BuspensioBy  that  is 

d  =  -®-  -  f^*^ 
MA         fxdUL 

M  being  the  mass  (see  VenturoK.) 
Bnt  M  =:  d?  X  a;  tan.  — y 

•  feeing  Ae  angle  at  the  Tertex.  * 

A  dM  =:  2xdx.  tan ;  and 

2 

d  B  ^*    ss  -1  *. 

4tX^  4 

Let  X  =ia^  the  altitude  of  the  triangle ;  then 


608.  Let  r  be  the  radius  of  the  base  of  die  paraboloid,  W 
its  weight,  and  I  the  length  of  the  chain,  (whose  weight  is  repre- 
sented by  its  length),  a  that  part  of  it  which  is  unwound  at  the 
commencement  of  the  motion,  and  a  -f  !t  that  part  unwound  after 
the  body  has  moved  t  seconds ;  then  since  the  aoceleratijig  force  is 

F=       (fl+j?y 

{a+x)f*+  W  !l 

3 
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•«      a+x 


W 

a+x+  — 

8 


A  ^  =  g/Fcte    . 

Let  X  =  0.    Then  v  =  0 
aiidC=:£^W./(a  +  ^\ 

S  3  / 

Hence 

«^=  2m  +  i^W  J.  ^ 

a  +  —  +  X 
3 

But 

V 

__      1  dr 


^    ^      \/  —Ua  +  —  J  +»  —  — ^  (a  +  — tjr) 

which  being  integrated  between  <  =  0  and  t  =  <",  will  give  if  in 
terms  of  jr,  and  thertfore  a;  in  terms  of  ^'t  the  yalue  required. 


609.  Let  rj,  Tg r^  denote  the  ratios  of  the  num- 
ber of  teeth  in  the  pairs  of  wheels  and  pinions,  and  N^,  N, . . .  •/ 
N,  their  respective  numbers  of  revolutions  in  any  time  t;  then 
since 

&C.  SS  &c. 

610.  Let  W  be  the  weight  of  the  giren  cylinder,  r  tb^ 
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ndius  of  its  base,  d  tlie  requred  inclination  of  (be  plane  to  the 

horizon^  and  /  iti  length ,  then  the  moving  foice  is 

W  sin.  d 
and  the  mass  is 


1 

2 

.w  + w 

.-.  F  = 

1  *j 

2 
3 

sin. 

t 

1 

0 

'» 

* 

:.  Z  = 

9 

2 

F/*: 

=  i!.sin.« 
8 

X 

e 

A  sin.  d 

ttmam 

81 

1       I 

■ 

• 

'        *   m 

•  • 


which  determines  the  inclination' re^#etf: 


611.        Letrbe  the  radiiM  of  tbe^jcmte;  .then  D^  hwg  the 
distance  of  the  required  .o^tre  from  the  axis,  wf  hare 


>r«dM 


D=   /i:^ 


.--     w»    ..     I' 


M  being  the  mass,  and  x  the  distance  of  the  particle  dM  from  the 
•ifc  of  gyiatioiv .  fttt. ,.  .        .  j    .     i     .« 

dM.  =i  2ydx  sz  2dt  JT^^^^^ci'  ;  i:     ; 


Let  P  =  a?  (f  •  -  a')^.    Then 


u 


dP  =  r»«te  iv/r*  -  a;*  -  4x'di?  V*-*' 
M  —  2a?  (r«  -  «^^ 


andD-  =  -? iff 


Let  «  =  r.    Then 

•^      V   2    "^  M        V 


612.        Generally  if  S  denote  the  moment  of  inertia,  M  the 
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mass  of  >Iie  oselllating  body,  k  the  distance  betweeii  tfie  cenlfe  ef 
grayity  and  suspension ;  then  the  length  oi  die  ^ndutott  is 

MA 
Bnt  In  this  case 

r  being  the  radius  of  the  drde,  and  c  the  chords  and  I  the  length  of 

the  arc. 
Also 

S  =  /  X  2r*(l  -  y) 
see  WheweWs  DynameSf  p.  831^. 

r(/-c) 

Hoice  die  time  of  an  iHKillatiaB 
is  independent  of  the  length  of  the  arc. 


•  i  > 


613.       Generally  for  n  pulleys,  let  Q,  CU  .  •  •  •  •  *» 
weights;  then,  the  weight' susfioned  ji9 

,  W 
«-—  I 

and  the  moTing  force  is 


V—  1 

where  F  =  P+jGU+ft,+ Q* 

'  W    " 

Now  the  inertia  of  W  =         ^    y 

8.(2-- 1) 
&C.   =   &C. 
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Henee,  sapposing  Q,  ss  Qg  s:;  &c.»  tbe  iniertia  tti^ifig  from  the 
lotation  of  tlie  pnUcgrs,  is 

Also  the  inertia  from  the  descent  of  Qt*  Q,y  &c.  is 

(«'  -  1)»  8 

.'.  the  whde  inertia  is 

+  18)  =r  -7 ^^  by  snppositioB. 

^         6(8"— 1)«     •'      ^^ 

Henee  the  aooeleraliiig  force  of  P  is 

T?  -  «I^{2*-1)  -  «W(y-l) 

iuddbatonWis 

«_  •F(«*— l)--«W 

r s 

Let  n  =  2.  Then  it  is  fomid  that  the  inertia  =  P+  Q  X  ~+? ; 
that  the  moving  force  is 

P  +  ft  -  ? 
and  that 

8 

F  =s z «p 

8  » 

P+Q-  — 
1   ■  >     8 

Psr  — 


»      P+i.+  W 
3  0 


Again,  let  T„  T^  . . .  •  T.  be  the  sereral-tensions  Required,  and 
I,  la ....  I.  the  corresponding  inertias ;  then  we  have 

2G8 


r 
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P  -  T,  »  Ij  F  =  PF,.   /.  T,  =  P  X  (I  -  F) 
T,-T.  =  I,F,  .-.  T.=  T.-I,F 

I3  —    ig  =r  ••••'^y  ,    .'•    I3  :S    Ig  7-  Ij  r       ,i.' 

and  so  on.  —  :  ^ 

The  presBuieoneacIiaxB  ip.j49uUA#e  tensioapf  the  string 
that  goes  round  it    ~        ^'  [^  ^'.~  ;.i 


♦       I        I  -•— 


614.  Let  B/deiiQl£_Jthe  angulvdi^tauce 'required,  mea- 
sured from  the  West,  then  by  the  composition  of  forceSf  it  readily 
appears  that  ^ ' 


iL  =  siii.e 


and  /.  fi  =  sin.-i.^' 

0 


Hence  it  seems  that  at  sea,  Khea  Ih^  shiqp'is  sailing  iua  diitec- 
tion  obUque  to  the  wii^d,  the  position  of  the  vane  is  no.certain  cri- 
terion as  to  the  quarter  from  which  it  blpws. 

It  would  also  appear,  at  first  sight,  that  the  magnet  tsaflscled 
in  like  manner  by  the  motion  of  the-^essel ;  but  a  ngiQa^ut's  reflec- 
tion is  sufficient  to  be  convinced  of  the  contrary.  The  magnet 
condsting  of  two  equal  arms,  t)ie  action  of  the  ship's, motion  upon 
the  one  is  counteracted  by  its  opposite  action  upon  toe  other. 

615.  Generally,  w  being^hS  ^ight  t)f  the  cylinder,  and 
p  the  power  o^  weight  which  puts  it  in  motion,  ^  the  radius  lof  the 
base,  and  r  the  distance,  then  Ae  accelerating  force  on  p  is 

F=r  P*-'         ;'~"\--     - 

P^  +  —  P 
P'T  +  — e 

'^  2  * 

Now  by  the  question 
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p  =  20,.w^=  135  .6jv:=i  1}  tfr=  ^9  ^^P^  ^Oy  and  it  will  be 
found,  after  substituting  and  reducing,  that 
t  =  .  03814,  &c.  seconds. 

616.  Generally^  required  the  hngtk  of  a  pendulum  that 
would  oscillate  seconds  at  the  cUsfancebfn  radH  qf  Ae  Earth  from 
its  centre. 

If  F  be  the  force  which  accelerates  the  pendulum,  whose  length 
is  L,  then  the  time  of  an  oscillation  is  got  froih  (see  Bridge^  toI.  II.) 

Hence,  if  Z  be  the  length  of  a  second's  pendulum  at  th^  surface 
of  the  earth,  where  ^  is  the'tico^leraiing  force,  we. haie 


But  by  the  question  T  =  l',  and  we  have 
Ifii;t:9.    Thfo 


1, 


Lsz  J-^  =  £^in^es'S:s  9. 8 inches. 
Within  th^  surface  F  :=  ^r.  ^  whenoe  p  is  easily  found. 


617.  Letxbe  the  distance  of  the  particle  dM.  from  theaxis 
of  suspension,  a  the  length  of  the  rod,  D  its  density  at  the  lower 
extremity,  L  the  distance  between  the  point  of  suspension  and  cen- 
tre of  oscillation ;  then 
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But  the  density  at  the  distance  x  being  =  —  D 


A  cfltt  =  ±  D  X  cte 

a 


a  *  4    —    ^ 


a       3 

I        ■         • 

and  for  the  whole  length  a 
L  =  —  a. 


Hence 


I 


618.  Generafly  ktAQ  (Fig«  102,)  (e  <nnycurv$  tohaiever 
revolving  uniform^  round  the  vertkodaxisABf  and  suppose  the  body 
P  descending  along  the  curve  by  the  force  ofgravUy ;  required  Ac 
velocity  of  the  body  at  any  given  epoch  t. 

Let  the  ±  PM  =  y,  AM  =:  ar,  BC  =  ft^  AB  ==,f  ,..fuid  V  tbe 
known  Telocity  of  the  point  C;  then  resolving;  the  centrifiigalfoice 
RP  into  the  tangential  and  normal  ones  PQ  and  RQi  ire  have 

PQ  =  PR  X  cos.  RPQ  =:  Pk  X  ^ 

ds 

and  tU^ss  PR  X  sin:  RPQ  s  t>R  x  ^ 

ds 

Again,  the  Telocity  at  C  being  Y,  that  at  P  is 

y    V 

J' 

Hence  the  centrifugal  force  is 

PR  =  ^V»  X  i-  =  I!  X  w 


I 

i 

i 
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•^        I » (1) 

P=Rtf  s  I!.  A 

which  are  theacceteroHvefwce  and  pressure  due  to  the  angular  vdb- 
city  respectively, 

Agaiii,  the  acodemting  force  down  the  cnrre  doe  to  grayity  is 

'='■%■■■' •» 

and  the  pressure  arisiiig  frdm  gnmty  is 

m 

Hence  the  whole  accelerating  force  is    . 

B*      ds         ^  ds  ^  ^ 

and  the  whole  presinure  is 

-P+F=-^.i^  +  A (6) 

Hence 

vdvss  —  ydy  +  5f(ir 

whin  gives 

«•  =  Jy*  +  8?* (0 

Ex.  Let  thecurvebe  theqoadnuitofacirdeconfexiothe  axis 
of  rotation^  which  also  tondies  it. 
Then 


PutV  = 


_  2«|S 


456  CONMB&INED  IfOTIOH. 


.-.  f  =  ±1 

e 


which  gives  the  Tdodtj  al  am;  |^^t,  q)^.ti«i  dfiMutr  ttd  solTes  the 
problem.  i     '  '       '  * 

To  fiiid' Ae  priesrare  we  have     "*    '    '  "^^    *  '*'. 

ds  /».  .     •      •     » 

si:!^-  2f (t) 

t 

thepreepprerejiured.         •  »,  .i.      ' 


V: 


-  -  • 


To  find  when  the  ring  would  flj 
or  when  the  pressure  changes  its  direiptiony  we  have 


or  J?  =  -2L-. 


The  student  will  find  no  difficulty  in  making  other  ajppiiteliBis. 


rr^  X-;--  -:    •  ^ 


i    » 


t       •      • 


619.  Let  y  denote  the  ordinate  of  the  generating  parabola, 
en'die#lidh»«f  Ate  feirde  ik^  M^M^  lAe 'JDoa^  i^olVes ;  then  since 
the  force  of  gravity  is  counteracted  %tteceiftHffiigal  forcfe  liild^he 
reaction  of  the  surface,  we  get  by  the  triangle  of  forces  thecenWi- 
fugal  force,  which  in  a  circle  is  equat^to  tl^^^tripetal  one,  ex- 
pressed by  **    .    -  a  —  *v'  :--    •  •  ' 


F  =  5  X      y    .     ''  - 

s^normai   . 


'  t 


=  sr  X       ^ 


(f) 
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p  being  the  parameter  of  the  parabola.    Hence  the  time  of  revolu- 
tion  is  (see  440)  '  -  -    ^ '    * 


it' 


9    , 
^6fAii»  ^i&Ae  of  oscination  of  a  bendidnm  "wliDtie  length  is 

i.  is  ...  t 

2 


r-,  v^V  g  / 


Hence  T=2r.  Q.  E.  D.   , 

The  pressure  against  the  surface  is  easily  found  to  be 

JZy77 

F,  ss  g   X    V -^-5 TT-^ — 


[.' 


=  J     /P  +  ^ 


♦     -        »   •  •» 


t 


6{20.  Let  a  —  x  be  the  distance  fallen  through  to  acquire 
the  velocity,  a  being  the  altitude  of  the  cone ;  then  if  generally 
the  equation  oT  the  ^n^rating  £i}k    ^—   -       :; 

y  =:  X  tan.  a 
m  being  the  inclination  of  the  slant  side  to  the  axis,  we  hare 


F  being^the  eentrifugal  force.    But  since  graTity  is  counteracted 
by  F  and  the  pressure  against  the  surface, 

V 
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Hence 

which  gives       .    < 

4  jemarUble  rfi^nU,  wapiujch  asjt  .^lewpilN  the^i^ltiftii^  #e  to 
the  Telocity  with  which  t£e  body  is  whiried  is  the  same  for  aU 
cones  of  the  same  altitude.    Hence 

F=  —2— 
tan. » 

and  the  pressure  against  the  surface  is  ^ 

P  =  _Z — 
Bin. « 


621.  Let  R  be  the  raditt3  of  Jtie  earCh,  x  any  latitude,  t 
the  time  of  the  earth's  rotation,  and  W|'  W  the  weight  of  tlie 
same  body  at  the  equator,  ana  in  latitude  h,  respectivdy ;  then  at 
the  equator  the  centrifugal  force  is 

and  in  latitude  x  it  is 

p'  =  2!L^  R .  COS.  X 

e 

and  the  resoWed  part  of  f*  which  counteracts  graiity  is  therefore 
p'  X  COS.  X  =  — -—  R  cos."  X. 

Hence 

W :  W  : :  1  -  i!ll  R :  i  -  i^  R  cos .» x. 


622.        If  L  denote  the  If  ngdi  of  the  pendulum,  F  the  force, 
and  F  the  time  of,  an  oscillalionyth^n  (see  V&UwroHj  or  Bridge^) 
L  CD  F  X  T». 

Hence  P  oc  ^. 
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Hence,  and  by  681, 


r  :  T*  :  1  ::  1  -  i!^  R. 


-       *  • 

623.  If  f  s=  altitude  of  the  pomt  descended  from,  and  k' 
that  of  the  point  descended  to^  r  being  also  the  radius  of  the  gene* 
rating  circle ;  then  flie  time  of  descent  U 


=  yT 


X    COS. 

g 


«-l  ^A^J- 


see  VetUuroUj  p.  108. 


-.1  fA^T  ^ 


fc     ^  •  ■* 


.*•  Jr  X  cokr^  :=  minimnm;^  Aeqnestion. 

r 


J 


•      * 


d 


•(^0 


•  • 


*    *  X  C0B.-1  !* — 1+  Vr. =^^-..,s   =  0 


Hence  cos. 


_i  8t  -ii  y  _      ij^k 


whence  4r,  the  length  of  the  pendidnm,  may  be  found  by  ap- 
proihnation. 


624.  Let  Pand  p  be  the  lengths  of  a  degree  at  the  pole 
and  equator,  m,  n,  the  lengths  in  latitudes,  x,  x' ;  then  since  the 
length  of  a  degree  oc  radius  of  curvature,  we  have 

P*  o  ••  ^*    •         ••  #^   •  &• 
0  ,         a 

> 

Also  it  is  easily  demonstrable  that 


m  — p  :  »  -  p  ::  sin.'x  ;  sin.'x' 


and  »\  m  -^  n  :  n  --  p  ::  sin.'x  —  siq.*V  ;  iin.*x' 


■  *' 


/.  »  —  p  =  wt  ■—  « -  sm.  X   ^ 

|sin.*x  —  sin.'x' 

But  P  —  p  :  n  -  p  ::  1*  :  sin.'  x' 

Sin."  A  —  sm.*x 
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and  P  =  p  H- 


»»  —  n 


jl  ^'x  — ipit'.^j'    .      '{  ^  ^^ 


U 


But p  =  n  —  w  — ,w  .  sin.'x^ 

sin."  X  —  sin.*  x' 


(«jwt.' 


.^.n  sin."  \  —  mjBi^j.' x'    , 

•sin.*  A  — sin.*  V  ,    ^  .    , 

.-.  P  =  nsin.^X:a^?■SW•^^'-^r.fflt-A  .-  -. ".  ■    " ,  .    ,, 

Mn.*\.—  sin.'V        .  , 

^  mcos.  A  — .ncos.  X 

8in.»x-8in.'x'  ;,  ,  .     .,^^,,,„^..  ., 

Ota  :  6  ::  (mcos.'x'  —  ncos.^x)^  :  (nsin."x  —  msiD-'A*) 

'^:  r..l.  '  .  ^  Q.  E.  I. 

#  « 

Again,  let  L' and  f  d^note^fife  given  lengtns  of  two^i^ii^iiliims 
Tibrating  seconds  in  the  latitudes  x,  x' ;  then  since  the  length  of 
the  pendulum  oc  force,  and  'by  Simpsatis-  Flux^ns,  Vol.  11.  Art 
8$8,  it  is  shewn  that  the  .attrao^o^  upon  aspheroid  oc  that  part  of 
juMrmal  to  the  genert^ing  ejUgf^  passiog  thrpjqgh  the  \K)dy  atti^acted, 
which  is  intercepted  between  the  ellipse  and  axis*miiior»  there- 
fore 

h  I  I  II  force  at  equat  :  /.  at  pole 

::  6  :  «. 
But 

L'  — L  :  ^  — L::  si^.■^  :  sin.*x' 
/.  L'  sin.'x'  —  L  sin.*x'  =  I  sin."x  —  Lsin.^x 
,    T  ^  sin.*  X  —  L'  sin.  x-    -  - 

Also 

r-L  :  /-i  ::  8iu."k  i  \ 
,  ._,  1/ —  Lcos.*^  •  •  •*     - 

sin.'x 

_    V     _  (V  sin.'x  -»  Usin.'x^  (tos.'x 
sin.'x  sin."  x  (sin."  \  —  sin.'  x') 

^  U sin.^— Usin.*x'--rsin."x+ /sin.*+Lsin."x^—  iy8in."x8inV 

sin.'x  ^sin.'x  —  sin.'x') 


li. 


sin."x  —  6in."x' 
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and  nvhidi  finally  redaces.to 

f  •«■  •■■■■■     ,  .  ■■ » 


sin.'  X  —  sin.' A 


Hence  then 

b:a::L:l::  rsin/xT-L'ffln.'^':  L'nos.'V'-.fcos.'A 
the  ratio  required. 


^  •  •  •     -s  J  . 


It" 


/» 


•  .■       I* 


V         t   » 

625.    (   Generally  ^we  have  (s^e  Jajuif s  4»ditioii  of  Newton, 
note  to  cor.  2.  prop.  LIII.) 

6Fg       _     Y- - 

where  F  denotes  the  required  force^/s  the  force  corresponding  to 
a  given  arc  to  be  described,  viz,y  6,  p  the  J.  on  the  tangent,  and 
^  (ho  radhi^inector.  '  NofW  in  the  logaritUnicr  spiral^ 

p  =  P  sin.  «,  ; ,      '.-,.  ,:j  ..   -..,'*  '. . 

»  being  the  constant  angle  between  the  radiu£i:i!ector  a^d  cnnre, 

.        6Fg       _  />'  _'•      l 

2ff¥d^         ^^  -  5»  Bin.'  «      i  ,  COS.* « 

.-.  6FdFs=_Jl_  X  Fd^" 

.  • . ;  •COS.*' «  .  i    -Vi.--    ...   X..-.'  . 

h  cos."«  , 


and  F  ^  ^JL fe  +  c) 

but  when  F  =/,  let  ^  =:  R ;  then  c  nsb  cos.*  «  —  R 

/.  F  =  -j-^  (e  -^  R  +  6cap.'s)     \  ,.    • 
6cos.'«  '• 

/•  F  oc  f  -  Hr+  6coii.'-«'  .' 
the  law  required.  a 


,•» 


'  I 


626.        We  know  that  the  time  of  an  oscillation  is^enerally 
V    F         VF 


r 


I 
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But  since  the  pendulum  when  on  the  top  of  the  moimtaiii  kfft 
n  seconds  in  a  day,  the  time  of  one  yibration  is 

r  -  T  X  ^^x^^>^^Q~^ 

^  S4X60X60 

1  1 


^»  If  ..     TV 


or  R    :    p   ::  24x60X60-n  :  24X«0X60 
R  being  ibe  radios  of  the  earth. 

.%p-R=:Rx(.ii2i5a$51-.-.i) 

—  Rn 

""    S4x60X«0— » 

the  altitude  required. 

627.        let  T  be  the  time  of  Tibration  at  the  pok;  tfaeii  the 
time  of  vibration  at^e  other  place  is 


100 
L  99 


V  T  ^ 


X  T 


100 

I 

F  being  the  accelerating  force,  and  L  the  given  length  of  the  pen- 
diplum.    But  by  621 

F=:i^Rcos.«x 

R  being  the  radius  of  the  sphere,  \  the  gireii  latitude,;  and  t  the 
time  of  the  rotation. 

•      /_!£!_  =  J^  X  T 
•*  V  4RcoB.*x         100 


und  t  -r  99  cos.  X  ^4R    ^  T 
the  iisap  required  for  any  latitude. 

628.         The  times  of  oscillation  are 


i" 
1"  and  — .    Hence 
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LC 


2ca8.xV   R 


4ir*Rc0S.'A 

L 


A  y  R 

.'.  *  =  —  COS.  ^     / 
8  V  L 

Bj  the  problem,  x  =  60<>.    Therefore 


629.        T  =5  »  ^^  and  T  is  given 


.••  F  oc  L. 


-    -*«* 


But  by  621,  F  =  J:!L.Rcos.«x 

oc  cos.*x 
/.  L  oc  eos.'x 

.•.  a  :  L::co8.*  60®  :  cos."o  ::  -L  :   i 

4 

.•.  L  =:  4a. 


630.  This  curve  is  called  the  Tractrix,  and  its  equa- 

tion is 

ydxszdy  ^  (a«  -  f) 
(see  WhewelVs  Dynamics,  p.  127,)  y,  x,  being  the  ordinate  and 
abscissa  originating  in  B,  and  a  =  AB. 

Hence  its  area  is 

S  =  fydx=i  fdy  ^  (a«  -  y-) 

=  y  >/^'  ■-  y'  -  £  r    <^y 
2  ««/  v«*-y" 

=  L>^(±JJ2  -£sin-'JL  +  £!/jL 

2  5  a  2       2 

II 
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Let  y  =  0.    Then 

S  =  ^ir ....(a) 

Again,  the  surface  is 


a  =  fSvyds  =  —  2wjy  X 


ady 


y 

=  —   2waJ(ly 

rr  -   2xay  +  C 

:=  8«  (a*  -  ay) 
and  when  ^  =:  0 

«r  =  2ro»  =  8S.  Q.  E.  D. 


631.  Let  a  be  the  length  of  the  chain,  w  its  weight,  b  the 
part  unwound  at  the  commencement  of  the  motion,  r  the  radius  of 
the  quadrant,  and  u  the  part  unwound  at  any  time  during  the  de- 
scent ;  then  since  the  accelerating  force  upon  eyery  particle  duszdg 
of  the  chain  in  contact  with  the  curre,  by  the  theory  of  the  in- 
clined plane,  is  (y  and  s  being  the  ordinate  and  arc  of  the  qua- 
drant,) 

ds 
and  the  weight  of  that  particle  is 

ds 

_  X  w 

a 
therefore  the  moving  force  of  each  particle  is 

ds         a  a 

Hence  the  whole  moving  force  of  a  -*-  ti,  or  of  the  part  in  coo- 
tact  is 

M  i=  Ji/dy  =  21^  +  0 
a  a 

But  when  y  =  r,  M  =  u^^  and  then 
to  =  —  r  +  V; 
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a  /  a 

.'.  M  =  —  (y  +  a  '^  r, 
a 

Again  the  moving  force  of  w  is 


w 

—  .  II. 

a 


.*.  the  whole  moTing  force  or  tension  of  the  string  is 

—  (y  +  t«  +  fl  -  r), 
a 

Hence  the  accelerating  force  is 
F  =  y  +  tf  +  q  -  r 

a 

and  .*.  vdv  s:  ¥du 
produces 

v*  =  — yV^**  +  —  +  —  (a  —  r)  tt 
a  a  a 

But 

/.  V*  =  C  —  —  V  ^  ~y    +  —  +  2  • w- 

a  a  a 

Now  when  v  =:  0,  y  s=  0,  and  u  =  6, 


a  a  a 

—  (r->/r«-y«)+  — 
a  a 


/.  t;«  5=  —  (r-v^r«-y«)+  !^  («  -  *  +  2  6+a-r) 


=  fr .  vers,  z  +  ^  (+  tLtmi) 

a  a  a         / 

z  being  the  arc  quitted  by  the  chain. 


•  z 


Make  z  n  90^  =  —;  and 

8 


the  Telocity  of  the  chain,  when  quitting  the  quadrant,  is  given  by 

VOL.  II.  '.      2  H 
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632.  Let  y\  y^  be  the  radii  of  the  required  annulns,  and  x 
the  distance  of  its  centre  from  the  pole ;  also  let  a,  by  be  the  semi- 
axis  of  the  generating  ellipse ;  then  it  may  easily  be  shewn  that 

a 

y  =  y  X  - 

and  therefore  the  breadth  of  the  annulos  is 

a—h 


Again,  if  u  denote  the  radius  of  any  of  the  concentric  circles 
which  compose  the  ritig,  the  attraction  of  any  particle  in  its  cir- 
cumference iipon  the  pole  is 

1 

and  by  the  resolution  of  forces  the  attraction  in  the  direction  of  the 
axis 

I  X  X 

X 


Hence  the  whole  force  of  the  circle  in  this  direction  is 

2vitx 

(w«+x«)l 
and  that  of  the  annulus  is  .*. 

2^x  r  «^^ 

taken  between  u  =:  y'  and  u  =  y  ;  that  is 

Vy'  +  x*       Vy'*+*'^ 

orSv 


f      X        _  X 1 


6« 
or  it  is 


1^2^         >/{86a«  -  (a«  -  b^x}i' 
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Hence,  and  by  the  question, 

.     dm   _       1  1  6  1 


-±.(a*-i«) -^-i- =  0 

A  (26fl»  -  (a"—  &•)  a?)*  =  2j*a«  V'i^ 
and  X  =  — L_  X  26a'  -  (S^^a*)* 

_    2  (6a«  -  6*  a^ 

orni — 

which  gives  the  poaition  of  the  annulos  for  spheroids  of  all  eccen- 
tricities. 


633.  Let  the  distance  of  the  particle  attracted  from  the 
centre  of  the  sphere  be  a,  r  the  radius  of  the  sphere,  and  suppose 
any  circular  section  whose  radius  is  y  to  be  made  by  a  plane  JL  to 
a,  and  distant  from  the  point  by  the  interval  x ;  then  if  y'  denote 
the  radius  of  any  0  concentric  with  the  former,  the  attraction  of 
any  particle  in  the  circumference  of  this  circle  is 

1 

and  this  resolved  into  the  direction  of  x  is 

\  X  X 


■  I  • 


(y''+*')i  (y"+a:')*  (y''+a*)5 

/ 

Hence  the  attraction  of  the  whole  circumference  is 
2iexy' 

and  that  of  the  area  of  the  section  is 

'dy'_ 

2  H  2 


r 


468  ATTRACTIONS* 

taken  between  yf  zzy^  andy'  =  o ;  that  is 

Henoe  the  attraction  of  the  whole  sphere  is 


/■ 


S         J  X^  S         J       (y«+a^)J. 

taken  between  the  limits  of  x  sza  +  r^x^za'-^r. 

But  bj  the  equation  to  the  circle 

y"  =  r*  —  (a  —  «)* 

;  and  we  hare  for  the  whole  attraction 


jr    ^    f      1        _        1      )    _  2^     C_}_  _      11 

4ir  ar  4W  r 


or 


or 


3      (a»  -  r*)«         3<i     a"  -  »' 
3  '   a   '  a*  —  r"  * 


634.        If  x  be  the  altitude  of  the  cone,  and  s  its  slant  side, 
the  whole  attraction  is  {Vince^  p.  148) 


a? 
s 

Again,  supposing  the  given  quantity  of  n&atter  to  be  a',  and  the 
density  to  be  constant,  we  have 

o    =  —  «••(«•  —  ac")  X 
8 

But  by  the  question 

—  =  0,  which  gives 

ox 


- 
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x^    _ 

4»              5*               5 
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whence  by  substituting  for  x  A;c.  &c.  x  may  be  found  exactly  or 
by  approximation. 

635.        Let  c  be  the  distance  of  P  from  the  surface  of  the 
sphere,  r  the  radius  of  the  sphere,  then  -2L-  is  the  radius  of  the 

generated  sphere.  Let  any  circular  section  of  the  sphere  be  made 
by  a  plane  ±  to  c  or  to  the  axis,  and  lei  y  be  the  radius  of  that 
section,  and  y*  that  of  any  circle  concentric  with  it ;  also  let  x  be 
the  distance  of  P  from  the  plane  of  this  section ;  then  the  attraction 
of  any  particle  in  the  circumference  of  the  circle  whose  radius  la 

y'^is 

1 

and  the  attraction  of  the  vhole  drcumference  is 
Hence  the  attraction  of  the  whole  section  is 


/m  =  ..  tf.  +  ..)  +  c 


'  y 


taken  between  y'  =  0  and  y'  =  y ;  it  is  .*. 

Hence  the  attraction  of  the  sphere  is 
F  :=  r./dx/.  »l±f! 

since  y*=s»*  —  (c+r—  ar)*. 

.    F  _     .  8(c+r)j-c.(c+8f) 

•  •      •—  •—    «^»*  ■  ^  ' 

+  20?  -  2.(c  +  r)   r_ J!^f___ 

and  we  finally  obtain,  after  finding  the  correctio?i  on  the  supposi- 
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tion  that  F  :=2  0,  when  x=c,  and  putting  ».(c+r)jp— c.(c+8r=X, 

F       :.  ,      f  X  c      c  +  2r  •  X  /-•      ».  1 

—  sz  X  ^^  c -^  x,l —  — .   — ! L — (1)   wluch  gives 

w  x^  2       c  +  r      c^  ^  '  ^ 

the  sum  of  the  direct  attractions^  of  every  particle  in  the  portion  cut 
off  by  the  section  which  is  distant  from  P,  by  the  interval  x. 
Again,  when  c  s;  o,  F  is  in  the  surface,  and  then  we  hare 

IL^x+xi?L 0') 

«■  X 

for 

dc  =  LcT  =:  Lo^  ss  ft  =:  0,  &c. 
Hence  it  follows  that  the  sum  of  the  attractions  of  that  part  of 

the  sphere,  whose  radius  is  — ^,  which  is  between  F  and  the 

2 

same  section  is 

c  "I*  r  ^ 

fszvx-h  vxh         I (2). 

X    \ 

Again,  for  the  section  which  passes  thi^ugh  the  intersection  of 
the  spherical  surfaces,  it  is  easily  shewn  that 
^  ^      c  +  2r 


•V 

o+r 

Hence 

X 

—  c 

= 

cr 

% 

c+  r 

X 

= 

(c  +  /•)• 

X 

,^. 

c  +  27- 

c"  c 


and  equations  (1)  and  (2)  become 
F  cr      ,        c  -{-  2r  .    (c^ry  c      c  +  2r  ,  c  +  2r 


7F 


c  +  r  *    c  +  r       c(c  +  2r)  2        c+r 


and  £  =  ''•('^  +  "")  +  c-(P+»-)  I  (;'  +  '■)• 
V  c-\-r  c  ^  r       c(c  +  2r) 

Also,  when  x:^  c  -{^  r^  equation  (2)  becomes 

/  =  ,r(c  +  r) 
and  hence  the  attraction  of  the  part  scooped  out  of  the  giren 
sphere  is 
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c+r         c  -{-  r 

c      c  +  *2r ,  c  +  2r\  r  c      c  +  8r  .  c  +  2r) 

2      c  +  r  c      J  2       c  +  r  ^      \ 

But  bj  equation  (1),  when  X'=i  c  -k-  2r  we  get,  for  the  whole 
attraction  of  the  sphere 


2       c  +  r  c      j 


which  being  twice  as  great  as  that  of  the  part  scooped  out,  re- 
solves the  problem. 


63(3.  Let  a  be  the  distance  of  the  two  centres  of  force,  I 
the  length  of  the  bar ;  also  let  x  be  the  distance  of  any  point  in 
the  bar  from  one  centre ;  then  the  attraction  of  this  centre  at  the 
distance  a  being  A,  we  have 

Aax    (^ 

J     X 

for  the  attraction  of  the  particle :  and  if  y^  y  +  /«  be  the  distances 
of  the  extremities  of  the  rod  from  this  centre  of  force,  when  in  the 
required  position,  the  attraction  upon  the  whole  rod  is  the  aboye 
integral  taken  between  x  :=z  y-V  I  and  a;  =  y ;  it  is  .\ 

Aa  {/•  (y  +  0  -  h)      . 

or  Aa.  /.  ^      . 

y 

Hence,  and  by  the  question,  we  easily  get,  for  the  whole  attrac- 
tion  of  the  other  force 

2Aal.     ^-y, 
a-y  — i 

But  to  effect  the  equilibrium,  these  attractions  must  be  equal ; 

y  a- y+ I 


and 


y+l  _      ia-y)' 


whence  y  is  easily  found,  and  with  it  the  required  position  of  the 
rod. 
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637.        The  spheroid  revolves,  of  course,  round  its  minor 
axis.    Now 

y«  =  PC?  X  Bin.«  (latitude) 

=  PC    X  — ,  by  hypothesis 

s 

=    *l.(a»  -  a;*)  =  also  PC-a^ 

Hence 

PC*  zz      ^^^      =  0^(1-0 

_  +  2  1  +  Jli- 

b^  3 


where  c  =    y  fl*-  ^'-orthe  ratio  of  the  eccentricity  to  the  semi- 

a 

axis  major. 


.-.  PC  =  a(l  ~  c*)*   X  (1-  ifi  )^ 


=  a  (1  -  JL  c«  +  &c.)  X  (1  +  —  +  ace.) 
2  3 


=?  o  (1  —  —  J  nearly. 


early. 


the  terms  involving  e\  e^,  &c.  being  neglected  because  of  their 
smallness. 

Again,  since  the  solid  content  of  the  spheroid,  (see  Vince  p.  9S)iB 

47ra'6     ' 


a 


to  find  the  sphere  of  the  same  volume  with  the  spheroid,  suppose 
its  radius  a,  and  we  have 

a  0  3  —  u^ 

3  3 


.-.  u^  :=z  a*b  =  a'a  •/ 1  —  c* 
/.  It  =  a  X  (I  —  e^"^ 

=5  a  X  (i  —  — c*)  nearly.        , 
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A  PC  =  tt.  Q.  E.  D. 

Again,  if  FGbe  the  normal  at  P»nieeting  the  axis  i  in  G,  and 

tbe  attraction  of  the  spheroid  is  (see  Simpton,  YoL  II.  p.  887). 

4r  f -L  -  J_  +  -?L  _  &c.)  X  PG. 
\  8  3.5  5.7 

But 

Hence 


P(j  —      /a*  —  a?— 6*.** 
~  V  ^ 

A 

Hence  since  the  eccentricity  is  small,  and  at  P,  x*  s=  J-  PC* 

S 

=:  —  a". 


^  1  -.-2£. 


-±*« 


/.  PG  =  ^     /  »      nearly. 

1  -Jfl 
3 


=  a  X  (l-ieO^Xll-— )~*X(l-eO~^ 
=  a(l  -  i-O  X  (1  +  ^)  (I  +  ^)  neariy. 

sa(l  +  —  j  neariy. 


AlsoB  =?*-*'  "*' 


=  =£  «•  nearly. 

•*.  the  yrhole  attraction  of  the  spheroid  as 
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or-2[^(l  —  —  ).  which  differs  so  lilde  from  the  attraction  of 
S    ^         30/ 


the  sphere  whose  radius  is  a  (|—  —  j  viz,  — ^  (I  —  — j 

see  Simpson's  Fluxions,  Art.  ,381,  that  thejf  may  be  considered  as 
equal.      Q.  E.  D. 


638.  Since  the  accelerating  forces  are  a,  6,  c  and  the  masses 
A,  B,  C  the  moving  forces  are  Aa,  B6,  Cc.  Let  A,  B,  C  be  joined 
and  in  the  A  ABC  assume  P  for  the  point  required ;  then  through 
P  let  a  line  be  drawn  parallel  to  the  direction  of  the  forces,  and  let 
«,  y ,  2  be  the  distances  of  A,  B,  C  from  this  line.  Then  when  there 
is  an  equilibrium,  hy  the  property  of  the  lever, 

Aa  ar  +  B6y  +  Ccz  =  0. 
The  remainder  of  the  question  is  merely  geometrical  and  consists 
in  finding  from  the  given  tides  and  angles  of  the  A  ABC,  and  the 
given  inclination  of  the  line  passing  through  P,  the  quantities  x,y,Z' 

639.  The  body  will  evidently  move  along  the  diameter  of 
the  sphere.  Moreover  it  will  be  accelerated  through  the  first  half 
of  the  diameter  and  retarded  through  the  remaining  half.  Suppose 
the  body  has  descended  tlirough  x ;  then  the  attraction  of  any  circle 
whose  plane,  ±  x,  is  distant  from  the  body  by  the  interval  v,  and 
whose  radius  is  w,  is  measured  by  (Vince^  Art.  69.) 

u 


1  — 


But  by  the  equation  to  the  circle 

«;■  =  2r  (x  ±  u)  —  (x  ±  jt)* 

=  2rx  —  XI  ±  8ru  —  «•  ;f:  teu 
s=  2rx  —  X*  —  tt*  ±  2  (r  -  x)  t« 
.'.  the  attraction  of  the  circle  is 


1  - 


V  «rx  —  «■  ±  «  (r  —  x)tt 
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Hence  the  attrection  of  the  shell  is 

/udu 
^2rx  —  a^±2(r  —x)u 

18       3  3  5  {r-^  xf 

lee  Hirsch's  Tables,  jk  94. 

Lettt=iO.    ThenasrOandCs  ("^       A     v   V  2rj?^3?< 
and  if  the  ordinate  corresponding  to  x  he  y»  we  get 

Again,  letusiZr  —  x;  then 

•=  8r-x--  i2r  -  X.  r  +  &r{       8(r-x)«         S(r-x)* 
Let  u=ix.    Then 

'^-^''Vs'''^""    8^   3(r  -  xy   +   8(r  ~  x)^ 

9  (r  — 0?)' 

which  is  the  [force  which  accelerates  the  hody  at  any  point  of 
the  descent. 
Hence  by  means  of  the  formula 

vdv  =  ¥dx,  and  dr  cs  ^ 


V 


the  velocity  at  that  point  may  be  found,  and  also  the  time  in 
reaching  it. 

640.  Owing  to  the  diurnal  rotation  of  the  earth,  the  body 
will  have  a  centrifugal  force  in  the  direction  of  that  ±  to  the  axis 
which  passes  through  the  top  of  the  tower ;  this  will  consequently 
counteract,  in  some  degree,  the  effect  of  gravity,  and  cause  the 
body,  during  its  descent,  continually  to  recede  from  the  tower  in 
the  meridian  towards  the  equator.    So  that  in  northern  latitudes 
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the  body  will  strike  the  ground  southward  of  the  tower,  and  vice 
vend.  For  a  full  discussion  of  this  subject  see  Laplaca  BuUetin 
de  Sciences,  No*  75.    Also  see  Emerson's  Algdnra^  prob.  198. 


641.  Let  ^  be  the  radius  of  any  section  parallel  to  the 
plane  passing  through  the  centre,  x  the  distance  of  its  centre  from 
the  centre  of  the  sphere,  and  %/  the  radius  of.  any  circle  concentric 
with  the  Conner  ;  then  since  the  attraction  to  the  centre  of  any 
particle  within  a  sphere  oc  distance,  that  attraction  wiU  be  didy 
measured  by  the  distance,  and  when  resolved  into  two  directkns, 
one  ±  to,  and  the  other  parallel  to  the  plane,  we  have  the  pro* 
sure  of  this  particle  upon  the  plane,  measured  by  x.  Hence  (be 
pressure  of  the  whole  circle  whose  radius  is  y  is 

fUrxfy'dy 
taken  between  y  =  0,  and  2/'  =  y ;  or 

9X}^  =  »x .  (r*  —  a:") 
r  being  the  radius  of  the  earth. 

Again,  the  pressure  of  the  whole  hemisphere  is 
wfxdx  (r*  -  «*) 
taken  between  a;  =  0,  and  xzzr;  that  is 

But  since  the  density  of  the  earth  is  supposed  uniform,  and  con- 
sequently its  weight  at  the  surface  proportional  to  its  magnitude 
X  r,  that  weight  is  measured  by 

S 

.-.  P  :  W  ;:  s  :  ic. 
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642.  Thb  pressure  ftgainst  the  carve  is  measured  by  the 
product  of  the  part  pressed,  and  the  depth  of  its  centre  of  g^ravitj 
in  the  fluid,  (Fitnce,  Prop.  YII.) 

Let  X  be  the  abscissa  required,  and  y  the  corresponding  ordi- 
nate,  and  «,  d,  the  whole  abscissa  and  correspondiuf^  ordinate  of 
the  parabola ;  then  since  the  areas  of  the  lower  and  upper  parts 
of  the  parabola  are  respectively 

—  yx  and  —  (*jS  —  yx) 

and  the  distances  of  their  centres  of  gravity  from  the  vertex  are 

fyxdx   ^    fx^dx 

fy^  fxidx 

integrated  between  x^O  and  Xy  and  x  s:  or  and  «  respectively; 
or  they  are 

—  X.  and  —  («  —  0?) 

5  5 

/.  the  depths  of  these  centres  in  the  fluid  are 
«  «—  —  J?,  and  a  —  —  (a  —  a*) 

5  d 

Hence 
JL  y«  X  (»  -  4-*) '  —  (»B--yx)%  (—  a  +  —x)  ::  n  :  m 

But  y*  s=  px,  and  ^=zpet 

\/}  5    p  /  \  p  p  /  \  ^ 


p 


m 
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which  gives  (he  equation 

m  +  n  3  m  +  n  ^{n^+^n) 

Mrhereby  to  determine  t/  and  x» 


643.  Let  X  be  the  depth  of  the  required  section,  and  d  the 
Mrhole  depth  or  length  of  the  cylinder ;  then  the  depths  of  (he 
centres  of  gravity  of  the  upper  and  lower  portions  are 


X    ^_j       ,    a  —  X 
—  I  ana  x  -i-         ■ 

2  2 


Also  the  surfaces  pressed  are  as 

X  and  a^  X 
.'.  by  Vince^  Prop.  VII.,  and  the  question,  we  hare 

_  X  «   :    — 1—  X  (a  —  or)  ;:  1  :  1 
2  2 

or  fl*  —  «•  =  a^ 

a 


or  0?  =: 


which  gives  the  section  required. 


644.  Let  X  be  the  depth  of  the  heavier  fluid,  a  -  x  that 
of  the  lighter ;  and  suppose  y  the  depth  of  that  column  of  the 
heavier  fluid  which  has  the  same  weight  as  the  column  of  the 
lighter  fluid ;  then  since  the  pressure  against  the  surface  cc  sur- 
face pressed  x  depth  of  centre  of  gravity  of  the  surface  x  the 
specific  gravity  of  the  fluid,  we  have 

P  :  F  ::  (a  -  x)'!l1^  x  l  :  x  X  (±  +  y)  ^  n 

P  and  F  being  the  pressures  on  the  upper  and  lower  surfaces. 
Hence,  by  the  question 

(a  —  x)"  =  a:  .  (x  +  2j/)  n 
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Bat  since  the  weight  of  a  fluid  oc  volume  X  specific  ^rayity, 
y  = 

.*.  (a  —  xf  =  x.(nx  +  2  .  a--») 


==  X  (2a  +  »  -^  1  .  ar) 
2    ,      4a         _     <** 


n— 3  »— 3 

which  gives  x  and  detertaines  the  quantities  required. 


645.  Let  X  be  that  part  of  the  axis  a  which  is  immersed, 
and  suppose  r  the  radius  of  the  base  of  the  cone ;  then  since  the 
base  of  the  part  immersed  is 

the  part  itself  is  in  volume 

a*  3  3a2 

Also  the  volume  of  the  whole  cone  is 

"S?  3 

Hence,  and  by  Vince^  Prop.  XVI., 

:  1  :  8 


-^  r- 

.     in^a 

8a' 

3 

•    x^  — 

a« 

8 

and  X  == 

a 

2 


646.        Let  a  be  tlie  axis  of  the  parabola,  x  the  depth  of  the 
required  ordinate  y ;  then  since  the  pressure  cc  surface  pressed  x 
depth  of  its  centre  of  gravity  X  density  of  the  fluid,  we  have 
%y  X  a?  X  X  =  max. 
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Baty  oc  ij  a—x 

or  x^a  —  *^  £=  max. 

.'.  40*5  —  5a?*  =0 

4a 
orx  =  — 

6 
which  will  gire  the  required  ordinate. 

647.  When  the  bodies  are  weighed  in  yacno,  the  equili- 
brium, which  before  subsisted,  will  be  destroyed,  and  the  wood 
will  preponderate ;  because  when  bodies  arie  taken  out  of  a  medimii 
and  weighed  in  vacuo  they  become  heavier  in  proportion  to  the 
weights  of  the  fluid  they  before  displaced. 

Moreover,  to  restore  the  equilibrium,  let  «,  s\  be  the  spediic 
gravities  of  the  wood  and  iron,  B,  B',  their  bulks  in  cubic  feet, « 
the  weight  of  a  cubic  foot  of  air,  and  x  the  magnitude  of  the  wood 
to  be  added  in  order  to  effect  the  equilibrium  in  vacuo;  then  the 
weight  of  the  wood  in  vacuo  is 

(B  +  ar)  < 
and  that  of  the  iron  is 

BV 
and  when  in  equilibrio,  we  have 

(B  +  x)  «  =  BV 

and  .•.  «  =  il  F  -  B. 

s 

% 

Also,  since  in  a  fluid,  a  body  loses  as  much  of  its  weight  u  is 
equal  to  the  weight  of  the  fluid  displaced, 

B<-B«  =  F«'-B'»:=W 
the  given  weight  of  either  body  in  the  air.    Hence 


s'  W  W 

a?     =     —      X     -r —     


s  s — «  *— » 

S  (s  —  a)  (y  —  •) 
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If  the  bulk  of  wood  weighed  in  air  is  given,  the  part  to  be  added 
is 


648.        By  Vinccy  Prop.  XVI.,  the  part  immersed  of  the 
sphere  is  —  of  the  whole  sphere ;  and  by  Fince's  Fluxions^  p.  95, 

the  Yolume  of  that  part  of  a  sphere  which  is  cut  off  by  a  plane  ± 
to  the  corresponding  segment  of  a  diameter  x  is 


(-•-t) 


and  the  whole  sphere  is 

3 

/.  by  the  question,  we  have 

8/4  3 

which  gives  x  the  space  required. 

649.        I^t  y  be  the  radius  of  the  horizontal  section  or  2yi=: 
AB,  and  x  the  depth  of  its  centre  of  gravity ;  then  {Vince,  p.  VII.) 
«•  y*  X  J?  =  pressure  2z  constant  quantity,  by  the  question ; 
so  that  the  equation  to  the  generating  curve  of  the  vessel  is 

EF,  and  the  axis,  are  asymptotes. 


650.        Let  s  be  the  specific  gravity  of  the  fluid,  $'  that  of  the 
cones.    Also  let  Sy  be  the  diameter  of  the  base  of  any  one  cone, 
'and  X  its  altitude,  and  V  the  given  content ;  then 
^'  X  3?   _  y 
3 
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«ad  by  Vindi  f  rop.  Yli,  tbe  pairt  immersed  U 

—  X  V. 

Hence 

—  X  V  :  V  ::  y'V  :  y»x 

where  y'  und  47'  ure  the  radius  of  the  base,  and  altitude  of  the  ptft 
immersed. 

But  il  =  £ 

if       X 


s 


.-..  =  .(£)* 


Hence  the  surface  of  the  part  inuaersed  is 

V^  +  y  Va;*  +  y" 

z  being  the  slant  side.     > 


But  z"  =  a:'*  +  y'*  =  a?'«  +  ar'»  H- 


/8  y^ 


a?« 


=  (a^+y^)  (£)* 


Hence  by  the  question 

y  V  **  +  y'  ~  minimum 

.-./(*»  + y*)  =  y*  (  ^  +  y') 

=  .2 —  +  y*  =  minimum 

/.   4y»   —  =:  0 

»V 

and  y«  =  .!_ 


^ 
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Hence  2y  and  x  and  .\  JL  the  ratio  required  may  be  foi^Dd. 


651.  Let  a  be  a  side  of  the  cube ;  then  since  the  pressure 
a  surface  pressed  x  depth  of  its  centre  of  gravity  x  specific  gra- 
Tity  of  the  fluid ;  the  pressure  arising  from  the  upper  fluid  upon  the 
sides  of  the  upper  half  of  the  vessel  is 

P  ss  Jl^  X  —  X  «  =  — 
2  4t  2 

and  that  arising  from  both  the  fluids  upon  the  sides  of  the  ]ow^ 

m 

part,  (which  is  the  same  as  would  be  due  to  a  columa  of  mercurjf 
of  the  altitude -fL  +  —  y,  iL,  sands' being  the  specific  gravities 

2  $'  2 

of  water  and  mercury)  is 

F=4  X  2!  X  ±  X  (1  +  4.)  x^  =  2l^. 

2  4  ^  ^  /  2 

_  1 

The  pressure  upon  the  bottom  is 
and  F  :  Q  ::  1  :  1. 


652.  let  ABC  (Fig.  103,)  be  the  generating  parabola, 
and  AD  its  axis.  Also  let  Qg  be  the  intersection  of  this  parabola 
with  the  surface  of  the  fluid.  Draw  PV  parallel  to  AD,  bisecting 
Q^  in  V  and  meeting  the  ±  qm  in  m.  Join  S  (the  focus)  and  P; 
draw  the  tana:ent  FT  and  the  ordinate  FN. 

Now  when  the  paraboloid  is  in  equilibrio,  it  is  evident  that  the 
axis  will  be  in  a  vertical  plane,  for  the  solid  being  symmetrical 
with  regard  to  that  axis,  there  is  no  reason  why  the  axis  should  be 

otherwise  disposed. 

2  I  2 
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Again,  by  hydrostatics,  if  s  denote  the  specific  gravity  «f  the 
body,  and  ^  that  of  the  fluid ;  Q  the  volume  of  the  part  immersed, 
and  y  that  of  the  whole  paraboloid ;  then,  in  the  case  of  an  equi- 
librium, we  have 

Q  :  V  ::  «  :  /. 

.••  Q  =  -^ (0 

8 

Another  condition  of  the  equilibrium  of  the  floating  body  is 
that  the  line  Gq  joining  the  centres  of  gravity  of  the  whole  body 
and  the  part  immersed,  be  vertical.  These  conditions  expressed 
symbolically  will  afford  the  required  solution. 

Let  AD  =  «,  BD  =  ft  PN  =  y ,  AN  =  X,  QV  =  y',  P V  =  x\ 
and  p  =  the  principal  parameter  of  the  generating  parabok. 
Then  it  is  easily  shewn  (see  the  small  treatise  of  Conies,  pob- 
lished  at  Cambridge,)  that  the  section  Q^  is  an  ellipse  whose 

semi-axes  are  y'  and  a/  fsf  . 
Hence  its  area  is 


and  the  volume  of  the  part  immersed  is 


Q  =  »/VV  fx  y.  d.  PM. 
But  PM  =  y  sin.  V,  and  by  the  properly  of  the  parabola 
y'»=4SPx«' 
.-.  d  .  PM  =  dy'  X  sin.  V 

and  Q  =  TVy/j":^  /t/'dy' 

VSP     '^^    ^ 

=:  .lsin.V     /JL^.y'^^  '1 
6  V     SP    ^  8' 


(«) 


VSP     .    Tsf  sin.  Y  X  j^  .p 

Again  the  distance  gn  of  the  eentre  of  gravity  of  Q  from  the 
tangent  is 

8VSP  '       » sin.V  X  Vp  X  y" 


J 
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Also  (see  Vince's  Fluxions)  AG  =  |  •;  and  AT  =  x, 
and  »G  =  (I  «  +  x)  sin,  V  =  |  sin.  V  x  y'+_lL- 

COS.  V, 

Since  ng^  gG  are  in  the  same  straight  line.    Hence 

(J  •  +  iL'  ^  iyO  sin.  V  ces.  Vr=  y (3) 

P 
But  since  Z  T  =  Z  V,  and  y  =  2x  tan.  T  ss  2x  tan,  V,  we 

sin.  V  s±  — — -£ and 

COS.  V=  _-£2L_. 
V(p"  +  4y») 
Moreover 

Cp"         2  163         p  4, 

Hence  equations  (2)  and  (3)  become 

y'«=8(p2+4y«)4^ (2^ 

y-  =  H(i.-£^l.y (80 

which  being  equaled,  and  the  resulting  equation  resolved  aocwd- 
ing  to  y,  will  give  y,  and  therefore  the  position  of  the  tangent 
PT,  &c.  kc. 


663.  let  2r  be  the  diaraeler  of  the  sphere,  s  the  specific 
gravity  of  the  sphere,  and  «'  that  of  the  fluid ;  then  sitice  the 
volume  of  that  segment  of  the  sphere,  which  is  cut  off  by  a  plane 
J.  to  the  part  of  the  diameter  a:,  is  (Vince) 

that  part  of  it  which  corresponds  to  a?  =:  |  (2r)  =  |r,  is 
9wr3 
S 
Hence  (Vince's  Hyd.  p.  28,) 

9vr^     '4»r3 


/•  s  =:  s'  X  -^ 


8        a 


:: «:« 


the  specific  gravity, 
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Now,  Mfheu  the  air  is  admitted,  let  P,  Q,  be  the  parts  in  the 
upper  aiid  lower  fluids;  then  (Fwcc'sHyd.  p.  85,) 

P  :  Q  lis'  — *  :s  -0.00122 
/.  P  +  Q  :  Q  ::  «^  -  0.00122  :  s  -  0.00122 

.    Q  _  s  — 0.00122         4WT^ 
S  —  0.00122  3 

which  being  put  =  «•  (ra?«  —  —  )  will  give  x  the  depth  required. 
If  the  fluid  be  common  water  /  s=:  I. 


654.  Let  r  be  the  exterior  sphere,  x  that  of  the  interior 
one,  and  suppose  5,  s'  the  specific  gravities  of  iron  and  water 
respectively.  Theii  since  the  body  loses  just  its  weight,  or  the 
weight  of  the  quantity  of  water  it  displaces,  we  have 

3  3 

:.  ar3  =  r3  X  il  -  r»  =:  r«.  £lli 

8  $ 

and  X  =  f  JJILL  V  x  r, 
whence  (he  proportbn  required. 

655.  Let  5,  s\  s'\  denote  the  given  specific  gravities  of 
the  bodies  and  of  the  fluid ;  also  let  Q,  QC  be  the  magnitudes  of 
the  bodies ;  then  the  absolute  weights  are  Qs,  QV,  and  they  lose 
in  the  fluids  the  weights  Q6-",  QV,  consequently  by  the  question, 
we  have 


•  • 


Q'         s-i 
the  ratio  required. 


« 

^5Q,  Let  s  denote  the  specific  gravity  of  the  solid ;  then 
if  P,  Q  be  the  parts  in  the  upper  and  lower  fluids,  we  have 
( Ff nee,  p.  35), 
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P:Q::6-i:s-S 

P+Q 
Now  sihee  th«  voluiae  of  the  {xUrabdloid  is 

a 
3 


48? 


.-.  Q  =  i 


a 


3 

aiidP+Q=  !l^«* 

3 

Mrbere  a  is  the  length  of  the  axis. 
Henoe 

the  spedlte  g;tAvity  n^uined. 


657.  The  pressure  on  the  to^  bf  the  vessel  is  the  same  as 
it  would  be  on  the  other  side  of  it,  if  a  .oblttmn  t>f  fluid  equal  in 
height  to  the  tube,  were  supported  by  it.  Hence,  the  pressure 
required  is 

a  being  the  side  of  the  cube. 

658.  The  pressure  of  the  fluid  against  any  section  parallel 
to  the  horizon  oc  depth  of  that  section  ^  the  fliiid.  Hence  the 
thickness  of  the  cylinder  must  increase  proportionally  with  the 
depth,  and  the  exterior  form  of  the  vessel  will  be  that  of  the 
frustum  ef  a  cone. 


659.  Let  s  be  the  specific  gravity  required  ^  and  P,  Q  the 
magnitttdes  of  the  p^ts  immersed  in  the  upper  and  lower  fluids  ; 
then  (Ftnce,  p.  35) 
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P:Q::7-«:«- 

•  •    x    T  Vat  •  'pI  •  •  4?  I  3  "■  o 

But  the  Tolume  of  a  paraboloid  whose  axis  is  «  and  radius  of 
he  base  |S  is  (^  its  circumscribing  cylinder) 

p  being  the  parameter. 

2 

andQ  =  ^.^ 

2       16 

/.  «  =:  i  +  S. 

660.  Let  M,  M'  be  the  magnitudes  of  the  bodies,  s,  s 
their  specific  gravities,  and  S,  S'  the  specific  gravities  of  water 
and  air;  then  the  absolute  weights  of  the  bodies  are  Ms,  MV; 
and  since  a  body,  when'  weighed  in  a  fluid,  loses  in  weight  that  of 
the  fluid  it  displaces,  .*. 

6  =  M*  -  MS',  2  =  M5  -  MS 

7  =  MV—  M'S',  4  =:  MV  -  M'S 

6  M 


:.  M=: 


M'  = 


s  -  S'  s  -  S 

7  4 


s  -  S'  s'  -  S 


/.  s  =  ,  and  8  = 

2  a 

the  specific  gravities  required. 


66 1 .  Let  r  be  the  radius  of  the  base  of  the  cylinder,  x  the 
height  of  the  fluid,.and  y  the  height  of  the  section  ;  then  the  pres- 
sure on  the  base  is 

the  pressure  on  the  upper  surface  (Fmce,  Prop.  VII.) 
2frr  (x  - 3^)  X    ^""^ 


i 
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and  that  on  the  lower  surface  is 

and  these  pressures  are  all  equal  by  the  question. 

/.  ra?  =  (x  -  y)«  =  2y  (x  -  Z.) 

or  ra:  =  a"  —  2xy  +  y*  =  2xy  —  y 
Hence  "    » 

and  /.  r*  2=  («  —  y)*  =  — 


....  =  8r.«.dy  =  Sra--J_). 


662.        If  a  be  a  side  of  the  squar^,  the  pressures  on  the 
upper  and  lower  halves  are  (Ftnc^,  Prop.  VII.) 

Pr=flx^andF  =  fil  X   f-l  +  ^) 

2  4  2  \4  2/ 


663.        Let  X  be  the  specific  gravity  required;   then  by 
Vvnce^  Prop.  XXI.  and  the  question,  we  have 
1    .  n— I 


•     T- 


::  6  —  a; :  j:  —  a 


n        n 
.'.  n:»— 1  ::6  —  alo;  —  a 


.%  a;  =:   ^      ■     .  (6  -  a)  +  o  =     .  .  6  +  —  a  • 

n  n  n 


664.  Let  M,  M'  be  the  magnitudes  of  the  bodies,  f,  if 
their  specific  gravities,  and  S  the  specific  gravity  of  water;  then 
their  absolute  weights  are 

14  =  M*,  8  =  MV 
also  the  weights  lost  in  the  water  are 
MS,  MS. 


«0 


.-.  9  =  Mx(<-S)andr  =  M'  x(*'-S) 

/•Ms  —  =  -,  y  M  =  -^  e=  — — , 

s  5-S  ^  *'-S 


whence  s  and  s^. 


665.  Let  M  be  the  magnitude  of  the  brass  when  weighed 
in  yacuoy  M  +  a;  when  weighed  in  water;  and  let  s,  5^  be  the  spe- 
cific gravities  of  brass  and  gold,  and  6  that  of  water ;  then  the 
magnitude  of  the  gold  is 

M'  =  4  X  M 

s 

and  (Fince,  Prop.  XVlI.) 

(M  +  «)  s  —  (M  +  or)  S  =  MV  -  M'S 

«  -  S 
which  gives 

:r  =  l.£=i  X  M'. 
s     t—S 


666.  The  altitudes  are  inversely  as  the  spedfic  granties 
of  the  fluids.    Therefore 

^  :  ^  ::  10  :  140  inches  die  altitude  required. 

667.  If  a  be  the  side  of  the  cube,  the  pressure  upon  (be 
base  and  four  faces  of  the  cub^  ax'e  tespeclBvely 


a"  X  a,  and  4a*  X  — 

2 


or  as  1  :  2. 


668.        tjet  M  be  the  i^ki^itud%  ^  \\A  ^k^^  $'  Ae  fij^edte 
gravity ;  then  its  absolute  weight  is 

and  its  weight  in  air  is 

W=:M«'-M«=:M.(«'-«) 
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hnd  in  wftter 

<o  s  M.  (iT  —  6) 
W         ^-t 


to         s'—B 

iffhjchffiTes 

.      WS-to* 

Henoe  if  8r  be  tlie  diameter  required,  wi  bare 

4irr»  „  W-to 
3  S-s 


669.  Lrt  a  be  the  length  of  tbe  cylinder,  r  the  ir&Aiitt  ef 
its  base,  $  its  specific  gravity,  and  S  that  of  the  fluid ;  also  let  x 
be  the  depth  required ;  then  (Ftnce,  Plrop.  XYI.) 

flT*  X  a? :  vj^a ::« :  S 

If  5  be  >  Sy  as  in  the  enunciation,  the  cylinder  will  not  be  at  rest 

670.  Let  r  be  the  radius  of  the  base  of  the  cone,  a  its 
altitude,  and  x  the  distance  required ;  then  since  the  area  of  the 
section  is 

\  a  a* 

the  pressure  upon  it  is 

ll  a?«   X  (a  -  or) 


»r» 


a 

A  by  the  qf^estioh 
or*  —  0?*  =  max. 
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671.  Let  a^b  he  the  yertical  and  horizontal  sides  of  tbe 
rectangle,  and  suppose  the  required  line  to  diyide  the  base  info 
the  two  parts  x  and  6  —  x ;  then  the  areas  of  the  two  segments  of 
the  rectangle  are 

JliLi. ,  and  a6  -  ff ; 

S  8 

the  depths  of  their  centres  of  gravity  are  also 

^g,  and  «^-g^.^      . 

/.  the  pressures  are  {Vince^  Prop.  VII.) 
-^  and  f^.  (36-2X) 

3  6 

•%  by  the  question 

S6  —  2x 

X  =  ■ 

2 

.\  x=:i  6, 
which  determines  the  position  of  the  dividing  line. 

672.  If  X  denote  the  depth  of  the  part  immersed;  then 
its  volume  or  magnitude  is  (Vince's  Fluxions) 

s  / 
But  by  the  question  x:=:^r. 
.%  the  part  immersed  is 
28  _. 
81 
And  the  whole  hemisphere  is 

3 
/.  by  Vince,  Prop.  XVI. 

—  :f::«:S  ::  14:27 

81       * 

s  and  S  being  the  specific  gravities  of  the  body  and  the  fluid. 

673.  Let  w  be  the  given  weight  of  the  vessel,  r  its  radios ; 
then  since  the  volume  of  any  segment  of  a  sphere  ^hose  ifzis  is  a,  is 


<"--'f) 
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ibt  yolume  of  the. fluid  displaced  is 

'"•(i)'-*(f)"i 

_  8rr? 
81 

Hence  if  s  be  the  specific  gravity  of  the  fluid,  we  have 


10  =r 


8«T 


,9 


81 

Slw 


s  (VincCj  Prop.  XIV.) 


5   = 


8»r3  - 

Again,  let  'x  be  additional  weight  required ;  then  since  by  the 
question  this,  together  with  the  vessel,  is  to  have  the  effect  of 
displacing 

or£!!!Lr3 

81 

of  the  fluid. 


81  81  Sm* 

28  7 

8  ^ 


the  weight  required* 


674.        Let  a  be  the  altitude  of  the  cylinder,  r  the  radius  of 
its  base ;  then  the  pressure  upon  the  base  is  measured  by 

Again,  let  x  be  the  breadth  of  the  first  annulus ;  then  the  pres- 
sure upon  it  is 

2wrx  XX 

which  by  the  question  gives 

,\  X  =  a/  ra. 
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in,  let  a/  be  Ike  breadth  of  the  second  ammlii ;  then  Aa 
pressure  upon  it  is 

29Tx'  X    (—  +  ijra) 

which  gives  ^^^ 

^  +  i^ra  si  ^ra 

Again^  let  x"  be  the  breadth  of  the  third  azmulns;  then  we 

-^  +  oc^  +  it)  =a  rr^a 
or  2a?"  (£.  +  /2ra)  =  ra 

/.  ±" c=  -  J2ra  +  V3ra 

Similarly  the  breadth  of  the  fourth  annulus  is 

and  so  on. 

Heoce  the  breadth  of  the  p^.  annulus  is 

/7a  X  (Vp  -  Vp  -  0- 

Now  the  height  is 

a=  V7i  X  {1  +  (V2  -  1)  +  (^8-  V^)  +  *«• 
{sju^^n-  1)}  =  V^aX  V« 

and  consequently  the  breadth  of  the  p**.  aimuliis  becomes 
Tijn  X  (>/P"-Vp-  0- 

675.  Let  S  be  the  specific  gravity  of  the  fluid,  *  of  the 
atmosphere,  and  s'  that  of  the  paraboloid ;  then  if  P  be  the  part 
in  air,  and  Q  the  part  in  the  fluid,  we  have  [Vince^  Prop.  XXI.) 

P  :  Q::  S  — s' :«'-! 
/.  P  +  Q:Q::S-«:s'— « 
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Bat  if  «  be  the  axia  (tf  the  fmikMiy  end  » the  lediwi  of  its 
base, 
P  +  Q  =  i  X  i  circomscribing  cylinder  of  the  whole  pecti- 

and  since  ^[Lf.  =  2^  is  thevolmaeaf  a^jpirt  flf  Ih^i^liarabo* 

loid  coResponding  to  the  axis  «»  it  is  easily  shewn  that  the  aais 
of  the  frustum  is 


*       «         8 


and 


Q«j2.|(i«y -(!•/} 


»» 


ds 


Hence 


18 


676.  Let  5,  s'  be  the  specific  gravities  of  the  fluids ;  M, 
H'  their  magnitudes  ;  also  let  S  be  the  specific  gravity  i^^ired ; 
then  by  the  question,  the  magnitude  of  the  mixture  is 

(M;  +  M')n 
Again,  the  sum  of  the  weights  qf  the  ingvedients  =  weight  of 
the  fuixtifre ; 

or 

MS  +  M'S'  =  (M  +  MO  «  X  S 

•    S  =   MS  -f  WS 
n(M+M) 

the  specific  gravity  required. 


677.        Let  s,  s\  S  be  the  specific  gravities  of  iron,  the  fluid 
and  water  respectively,  s\  as  the  problem  requires,  being  supposed 


496  HYDROSTATICS. 

less  than  S.    Let  also  r  be  the  radius  of  the  sphere,  a  the  thick- 
ness of  the  shell,  and  x  the  required  depth  (we'll  call  it)  of  the 
shelL 
Then  ( Vince's  Fluxions)  the  Tolume  of  the  exterior  segment  is 

and  that  of  the  interior  segment  is 

«'  =  *  {73:^(«-  of  -  (fZii'l   =  ^CfjZfl*.  (8r-aa-x) 

3       J  3 

Hence  the  bulk  of  the  iron  is 


«i  =  —  {x*.  Sr  —  0?  —  (a?  —  a)".  (3r  —  2«  —  x)} 

s=  -L  {a?3  —  Bra^  +  (ear  -  4a")  x  +  ««*}• 

Now,  since  the  vessel  just  floats  the  weight  of  it  and  its  con- 
tents =  weight  of  the  water  it  displaces  (Ttnce,  Prop.  XIT.) 

.\  ms  +  fTLs'  =  MS     . 
which  gives  by  substitution 

{a?«(3r  —  0?)  —  (a?  -  o)«.  {Sr  —  2a  —  a:)}  s  + 
(a?  —  ay.  (3r  -  2a  -  *)  «'  =  a?.  (Sr  -  a:)  S 
which  reduces  to. 

a^-^3rx*  +  So.  (2r  —  a)  ^  ~  ^^    a?  —  o^.  (Sr  -  2a)  LllL^  =  0. 

S  —  s  S— s' 

whence  by  approximation,  or  otherwise,  the  required  value  of  x 
may  be  fouiid. 


678.  The  centres  of  gravity  of  the  three  surfaces  pressed 
will  be  in  the  same  point,  so  that  the  pressures  will  be  as  the 
surfaces,  or  as 

-4.  r' 

eras 

«*,  -J-,  and  1. 


679.        By  Vince,  Prop.  XVI. 

Q:  P  +  Q  ::  2  :3. 
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Bnt  if  or  be  the  depth  required,  and  a  the  axis  of  the  paraboloid, 
Q  =  —  v^fz  =  J3L.  (p  being  the  parameter], 

andP+Q5=52?! 

.*.  ar«  =  -£-  a« 


680.  Let  a  be  a  side  of  the  cube ;  then  the  distance  of 
the  centre  of  percussion  or  centre  of  pressure  of  the  face  which  is 
loose  from  the  surface  of  the  fluid,  is  {Vince's  Flux.  p.  130,) 

3 


4 

Hence  the  locus  of  this  centre  is  the  straight  line  in  the  face 
parallel  to  the  surface,  and  distant  from  it  by 

3 

—  a. 

4 

But  there  is  no  reason,  from  the  symmetry  of  the  vessel,  why  the 
centre  should  be  on  one  side  of  the  middle  of  this  line,  rather  than 
on  the  other.  It  isj  therefore,  in  the  middle  of  this  line ;  hence 
the  point  of  application  of  the  required  force.  Moreover  the  pres- 
sure J.  to  the  face  is 

a«    X  —  X  s 
2 

g  being  the  specific  gravity  of  the  fluid.    Hence  the  force  to  be 
applied  in  a  direction  J.  to  the  face,  and  at  the  point,  as  found 

above,  is 

ars 


2 


681.        Let  r,  r',  be  the  radii  of  any  two  of  these  circles,  c?,  d' 
the  depths  of  their  centres  of  gravity ;  then  the  pressures  are  as 
wi*  X  (^  wT^cT. 

VOL.  II.  «  K 


r 
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But  by  the  qnestioii,  Ibese  pressureft  are  as 

ord  :  cT  ::  r  :  /, 
and  so  on. 


682.       Let  »  be  the  axis,  0  the  ra£as  of  the  base  of  the 
hollow  part  of  the  paraboloid ;  then  its  Tolume  is 

f  being  the  parameter  of  the  generating  parabola. 
Hence  the  quantity  of  fluid  put  into  it  is 

i^  X  JL (1) 

2  n 

and  if  j;  be  the  depth  of  that  fluid,  we  have 

»pj^  .^    9rpa 

""i            in" 
.-.  t  =  -4- (2) 

I 
Again,  let  r  be  the  radius  of  the  sphere,  s  its  speciflc  gnrity, 

and  S  the  specific  gravity  of  the  fluid ;  then  if  Q  be  the  part  in* 

mersed,  and  P  the  other  pi^ t,  we  have 

Q  :  P  +  Q  ::  5  :  S 

.•.Q=:1..(P  +  Q)-J^.± 

Hence  the  portion  of  the  paraboloid  occupied  up  to  the  surface 
of  the  water  is  now 

2n  "sS  2" 

if  y  denote  the  depth  of  the  water ;  which  gives  y,  and  .'.  y  ^  1% 
or  the  height  required. 


683.       Let  R,  r,  be  the  radii  of  the  generating  ciides  of 
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the  unequal  cycloida ;  then  since  the  equation  to  the  latter  referred 
to  its  vertex  is 

y  =  i/  (2rx  —  a:*)  +  vers."'  x 
we  have 

Hence  the  distance  of  its  centre  of  gravity  from  the  vertex  is 
«  i 


3  5  *  2  .  («r) 

2 

=  —  r  for  the  whole  cycloid, 

and  the  distance  of  the  centre  of  gravity  of  the  former  curve  from 
its  vertex  is,  in  like  manner, 

8 

Now,  when  at  rest,  the  condition  is  that  the  line  joining  the 
centres  of  gravity  of  the  part  out  of  the  fluid,  and  of  the  part  im- 
mersed, shall  be  vertical,  that  is,  JL  to  the  surface  of  the  fluid. 
Hence  we  may  find  the  inclination  of  the  line  joining  the  extremi- 
ties of  the  rod  to  the  surface  of  the  water,  and  therefore  the  posi* 
tion  required. 

For  the  distance  between  the  centres  of  the  bases  of  the  compo- 
nent cycloids  is 

vr  +  irR  =:  w .  (r  +  R). 

.*.  if  the  line  joining  the  centres  of  gravity  ait  this  distance  at 
an  angle  0,  and  divide  it  into  the  two  portions 

X  and  gr  (r  +  R)  —  ^ 
we  easily  get 

—  r  =:  X  tan.  d 

i-  R  =  (t  .  R+r  -  a?)  tan.  0 

2  K  2 
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A  i.  R  =  w  .  (R  +  r)  tan.  «  -  ir 

3  3 

.\  tan.  B  zz  Jl 

which  gives  0,  and  therefore  the  complement  of  0,  or  the  inclinatioa 
sought. 


684.        Let  r  be  the  radius  of  the  sphere ;  then  the  pressure 
on  the  base  is 

P  =  irr*  X  r  =  vi^. 

Again,  since  the  surface  of  the  hemisphere  is 
2wr^ 
and  the  depth  of  its  centre  of  gravity  (Ftnce's  JFZtfx.  p.  119,) 
r 
T 

the  pressure  upon  the  curved  surface  is 

f 

F  =  2irr«   X   —  =r  «rf» 

2 

..  P  :  F  ::  i  :  i. 

or  P  =  F. 


685.        Let  r  be  the  radius  of  the  interior ;  then  the  sur- 
face is 

and  the  depth  of  the  centre  of  gravity  is  r.    Therefore  if  5  be  the 
specific  gravity  of  the  Utiid,  the  internal  pressure  of 
P  =  4irr3  X  r  X  *  =  ^ttt^s. 

Also  the  weight  of  the  fluid  is 

W  =  i!!Zlxs 

3 

.'.  P  :  W  ::  1  :  JL  ::  s  :  i.' 

3 
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686.  Let  r  be  the  radius  of  the  inner  sphere ;  then  if  y  be 
the  radius  of  any  section  parallel  to  the  base,  and  a-^x^a  being 
the  altitude  of  the  fluid,)  its  depth  in  the  fluid,  the  pressure  upon 
its  drcumference  J.  surface  is  measured  by  {Vince^  Prop.  VII.) 

2vy  (a  —  x) 
and  resolving  this,  the  pressure  vertically  upon  this  section  is 

2wy  {a-x)  X  ^  y<  8  =:  —  (r^—oT)  (a— a;) 

r  r 

Hence  the  whole  vertical  pressure  is 

T 

:.  P  =  a»a:  VCr'-o:')  +  —  (r«  -  x')^+raw  sin.-^x  +  C 

Let  X  =s  a  ;  then  P  =  0,  and 
C=  -  {aw.  >/(»^-a*)  +  ?^.(r«-. o*)t+ rax  sin.-' a} 

Hence  when  x  =  0 ;  the  whole  vertical  pressure  of  the  fluid 
whose  altitude  is  a  (S  being  the  specific  gravity  of  the  fluid)  is 

i  S  3 

rair  sin."^a  }   X  S.     - 

Again,  if  S'  denote  the  specific  gravity  of  the  vessel,  its  solid 
part  being  in  magnitude 

3  3  3  ^ 

its  weight  is 

W=  !l.  {{T+tf^r^)  X  S'; 
3 

lybich,  by  the  question,  being  equated  to  Q,  will  give 
^,  as  required. 

In  the  problem  a  s=:  — 
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/.  Q  =-  Jl!f-  X  (8-6V3-r)xS=?:?{(r+/y-r'}xS' 


18  8 

S'   _    r»         8— 6^8-^ 


687.  The  surface  pressed  is  the  same  in  both  cases ;  .'. 
the  pressures  will  be  as  the  depths  of  the  centres  of  gravity.  Now 
the  distance  of  the  centre  of  gravity  of  the  surface  from  the  vertex 

f^^  (^"^*')   =  1  altitude, 
surf.  8 

HencQ  the  pressures  are  as 

2  1 

—  and  —  or  as  3  to  1« 


688.  Let  «  be  the  axis  of  the  paraboloid,  and  g  the  radios 
of  its  base,  s  its  specific  gravity,  and  s'  that  of  the  fluid  ;  then  the 
part  immersed  is  (see  Vince^  Prop.  XYI.) 

Q  =  (P+Q).i-  =:.^   X   -1. 

Hence,  if  x  denote  the  depth  of  the  axis  immersed,  and  f  the 
parameter  of  the  generating  parabola,  v^e  have 

^2  2  '     2      '  Y 


V     5' 


Again,  the  distance  of  the  centre  of  gravity  of  the  whole  solid, 
and  of  the  part  immersed  from  the  vertex,  are  respectively  {Vince's 
Fluxions^  p.  1 17,) 


2,2  2  yk 

—  a  and  —  X  z=:  —  »      /_. 
3  3  8V    s' 
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Hence  tbe  distance  between  these  two  centres  is 

d  =  |.«x(i-  y±)  —  .....(1) 

Again,  tbe  area  of  tbe  section  made  by  tbe  surface  of  tbe  water 
is 

tad  if  du  denote  an  element  of  this  area,  and  x  denote  the  distance 
of  this  particle  from  tbe  diameter  about  which  tbe  solid  will  re- 
Tolve  (if  at  all) ;  then  by  Poisson's  Meek,  vol.  II.  p.  416,  the  body 
will  be  stdolcy  unstable^  or  in  a  state  of  indifference^  according  as 

ispositivey  negative^  or  zerOf  J'x^du  being  taken  through  the  whole 
extent  of  the  area  flrp«  ▲/-4-  * 

Now  if  generally  R  be  the  radius  of  this  section,  it  is  easily 
found  that 

4 


Hence  the  equilibrium  is  stabk,  unstable^  or  indifferent^  accord- 
ingas 

I  -  d  X  Q (8) 


4 
is  positive f  negative,  or  zero. 

In  the  present  case  we  have 

R«  =  par  =  px  ^± 


-  =  |*(^-  s/t) 


rS 


3  8 


and  substituting,  we  get 
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which  will  shew  the  state  of  the  equilibrium  when  p,  a,  and  _ 

are  giren  in  numbers. 

When  the  paraboloid  tends  to  fall,  a  must  be  increased  to  «, 
60  that 


P.-iL.(i-     /4.)  =  o 

4  3  S/    d  J 


ora    =  —   , 
4 


V    s' 


689.  Let  ABC  (Fig.  104)  be  a  vertical  section,  parallel  to 
the  base  of  the  horizin,  and  the  ZB  being  immersed,  let  DE  be 
the  surface  of  the  water,  and  suppose  E  the  given  point  which  meets 
the  water ;  also  if  AC,  DE,  be  bisected  in  F,  fi,  and  BF,  BH  be 
trisected  in  G,  ^r ;  G,  ^,  will  be  the  centres  of  gravity  of  the  iiyhole 
section  ABC,  and  of  the  part  immersed  DBE.  Now  the  condition 
of  equilibrium  of  the  prism  is  evidently  the  same  for  the  prism  as 
for  this  section ;  it  is  therefore  thai  Gg  he  vertical  or  J.  DE. 

Hence  FG  :  Ha  ;:  i.  BF  :  i-HB 

S  3 

::  BF  :  HB 

/.  G^  is  parallel  to  FH 
and  FH  is  also  ±  DE. 

Moreover  DE  is  bisected  in  H. 
Therefore 

FD  =  FE,     , 
which  gives  the  required  position. 

Since  in  the  same  fluid  the  volume  of  the  part  inunersed  is  con- 
stant, the  area  of  DBE  is  constant,  and  the  Ucus  of  the  points  H, 
G  is  an  hyperbola  (see  Problem  44,  vol.  II.) ;  to  find  whose  eqoa- 
lion,  let 

BC  =  a,  1  Z  FBC  =  a 
BA  =  c  >  Z  FBA  =  e 
BF  =  m    J  BE  =  dr 

BDsy 
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and  the  specific  graTities  of  the  prism  and  fluid  s  and  «' ;  then  it  is 
easily  found  that 

X*  —  2m  COS.  a  X  x^  + x  —  ■■  s:  0 

whose  roots  will  give  all  the  positions  of  equilibrium  which  the 
prism  can  take. 


690.  Let  a  he  the  length  of  the  st^ght  line,  and  x^  y, 
and  a  —  x  +  y  the  three  portions  required ;  then  the  pressures  on 
them  are .  

x+±,yx  (1-+  a:),  and  (a  -  r+y)  X  (-fZf±iL+*+y) 
and  by  the  question 

a;»  =  (a  —  a?  +  y)  (a  +  0?  +  y). 
=  a«-(x  +  y)' 

Hence 

y"  +  2a:.  y  =2  ^  , 

/.  y  =:  —  a:  +  V^*'  =  a?.  (V*  -  1) 
a 


0  »  X  ^M 


Vs 


and  «  —  a:  +  y  =;  i — 7 
the  parts  required. 


691.        Let  X  be  the  side  of  the  cube;  then  the  depth  of 
the  part  immersed  is  a;  —  100,  and  the  volumes  of  the  whole 
iceberg  and  of  the  part  immersed  are 
x^  and  x^  x  (a:  —  100). 

.-.  (Fince  prop.  XVI) 

«3 :  i»  X  (a?  -  100) ::  i .osea  : .  92U 

which  gires 

j;  =  978.36  feet. 
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The  same  process  of  reasoning  as  is  used  in   (687,)  irill 
shew  whether  the  position  be  stable  or  unstable. 

692.  Let  s  ounces  be  the  specific  gravity  of  the  wood;  thai 
of  water  being  1000  ounces ;  then  the  specific  gravity  of  lead  is 
11|000,  and  the  magnitudes  of  the  wood  and  lead  are 

cubic  feet, 

and  iiiiil  cubic  feet 

11000 

respectively*    Hence,  since  the  water  displaced  weighs  8lb.|  we 
have 


(—  +  -i-')  16  +  1000  =  8  X  16 
V  s  1000/ 


which  gives 

S  =z  2000. 

693.        This  is  nothing  more  than  "  Required  Ae  greatest 
segment  of  a  sphere  which  can  be  described  in  a  given  cone" 

If  r  denote  the  radius  of  the  sphere,  and  x  the  depth  of  tlie 
segment  in  the  cone,  the  volume  of  that  segment  is 

V  (rx^  —  —  )   =  — — .  (3r  —  x\  » 

^  3/3 

But  it  is  easily  shewn  that 

r:=zia^x)L\l.+   V  *1  +   1}  .  . . .  (I) 

where  a  =  the  altitude  of  the  cone,  and  6  the  radius  of  its  base. 
.*.  by  the  question 

c      a  \a^ 

zz  maximum. 
Hence  by  the  rule  we  get 

36(6+ V^T6«)+a«* 
which,  by  substituting  in  (1),  will  give  the  radius  of  the  requsred 
sphere. 


I 


607 


HYDRODYNAMICS. 


OOOOOOOOeOOOOQQQOOOOOOOO 


DISCHABOE   OP  FLUIDS. 


694.  The  Telocity  of  the  water  issuing  through  the  orifice 
oc  a/  (depth  of  the  orifice  in  the  fluid).  See  Vinae  prop. 
XXXYIII ;  and  the  quantity  of  the  fluid  injected  oc  time  X 
velocity.    But  the  cubes  being  equal,  these  quantities  are  the 

same,  and  the  time  oc  — ~ .     Hence  the  times  required  are  as 

vel. 


V4p         Vi 


8. 


695.  Let  z  be  the  distance  from  the  surface  of  the  water 
at  which  the  orifice  must  be  made ;  then  the  velocity  with  which 
the  fluid  begins  to  describe  the  parabola  is  that  acquired  down  z 
( Vvtict  prop.  XXXIX),  and  the  parameter  of  the  parabola  is  4jr. 
Hence  by  the  property  of  the  parabola,  and  the  question, 
(32)2  =  42  X  (38  —  z) 

and  z  =  2?  =  16. 


696.  Generally,  if  A  denote  the  area  of  the  orifice,  x  the 
depth  of  the  fluid  to  be  discharged,  and  X  the  variable  area  of  the 
descending  surface;  then  the  time  of  discharging  the  fluid  is 
(  Vincez  Fluxion,  p.  268) 

,,      1       ^     rXdr 

integrated  between  xi=ix,  and  x^zo. 

Hence,  if  r  be  the  radius  of  the  base  of  the  cylinder,  when  its 
asus  is  hori2ontal,  we  have 

X  =  2r  X  2(2ra?  -  o;")^  =:  4r.  {%rx  -  sf)^ 
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and  when  the  axis  is  vertical 
X'  =  rr« 


.-.  t  =  JL  X  irjtjir—x  X  dxs-.JL.  {(«r)«-(8r-«)^} 


8 


and/'=    "^ 


J      a/x         Aji/y 


_    8irr* 
3 


697.        By  the  preceding  problem  it  readily  appears  that 
the  time  of  emptying  any  depth  is 

^  "  £^   -><  Jx  <L  Jx. 

or  X  cc  f. 
Hence 

4* :  16  : :  1  :  space  described  in  the  last  hour  =  1  foot. 
4' :  16  ::  2' :  space  described  in  the  two  last  hom^  =  4  feet. 
«   Similarly  (3^  :=  9)  feet  is  the  space  described  in  the  three  last 
hours ;  so  that  the  spaces  required  are 

16  —  9  3=  7;  9  —  4  =  5  4  —  1  =:  3  and  1. 


698.        By  696,  the  time  of  discharging  the  depth  x  is 

t  = \ f  2a  ^{2r  ^  x)dx 

^*J9 

=:.^    X    {(2r)*  -  (2r  -  X)*} 

a  being  the  axis  of  the  cylinder,  and  r  the  radius  of  its  base. 

Let  a;  =  2r  and  r ;  then  we  get  t:t'  \\  (2r)^  :  A  .(2*  -  l), 

and/ :  <-<'::2^  :  1 

the  proportion  required. 


DISCHARGE  OF  FLUIDS. 


509 


699.  Let  p  be  the  principal  parameter  of  ihe  generating 
parabola,  P  that  corresponding  to  the  diameter  at  the  extremity 
of  which  the  orifice  id  made. 

Also  let  p  be  the  inclination  of  the  axis  to  the  horiaon  or  to  the 
surface  of  the  fluid;  then  it  maj  easily  be  shewn  that  the 
descending  surface  for  any  depth  of  the  fluid  x  is  an  eUipsOy  whose 
semiaxes  are 

a=      /.ji-,andi=     /■    P^     , 
V     sin,  0  V      sin.^ 

Hence  (see  696) 

X  =:  vab  =  — L_  J  Fp 

sin.  0  '^    ^ 

and^=    ^^^?;       X/V^^ 
Asm.  0  a/ g 

3 A  sin.  P»yg 
Again,  if  D  be  the  given  ±  distance  from  the  surface  to  the 
base,  we  have 

2cos.  g     /  .^^    ,  =  D 
V      sin.  8 


X  = 


sin.  0 
D«      sin.  B 


4P     COS.*  & 

the  whole  depth  of  the  fluid ;  which  being  substituted  in  the  above 
expression,  will  give  the  time  required. 


700.  Let  Z,  a,  r,  be  the  slant  'side,  axis  and  radius  of  the 
base  of  the  given  cone,  and  x  the  altitude  of  the  surface  of  the 
fluid  filling  any  portion  of  the  cone ;  then,  since  this  surface  is  a 
parabola,  whose  axis  and  base  are 

2r  a  /  a  c^   / 

we  have  (see  696) 

and  /  =        ^^         X  f(2ar  —  te)  X  ^{2ar  --h^dx 
3ra*A^g 


^10  DI8CRABQE  OF  FLUIDS. 

SrcfA^g        t^  «       "t  as 

See  Hirsch's  Integral  Tables,  pp.  130,  and  182. 

Let  X  = ;  then  the  time  of  emptying  the  whole  cone  ia 

obtained. 


701  •  Let  the  sluice  be  (as  sluices  usually  are,)  lectangolar, 
two  of  its  sides,  (a)  being  parallel  to  the  surface  of  the  fluid. 
Also,  let  H,  and  k  be  the  distances  of  these  sides  from  the  snrface 
of  the  fluid,  and  supposing  this  finite  orifice  ax  (H  --  A)  to  be 
composed  of  innumerable  indefinitely  small  ones,  a  x  dx,  distant 
from  the  surface  by  x,  the  quantity  of  fluid  run  out  in  the  time 
t  will  be  denoted  by 

Q  =  fadx  X  *  X  velocity 
=  atfdx  A/gx 

3 

on  the  supposition  that  the  velocity  through  each  small  orifice  is 
due  to  half  its  depth  in  the  fluid. 

Now  the  reservoir  being  supplied  at  a  given  rate,  suppose  tbe 
supply  to  be  the  given  quantity  Q  in  the  given  time  t ;  then  H 
being  also  known  by  the  question,  we  have 

h  =  (H^  -  —1—  X  Q)* 

2at  ^g  ^ 

and  /.  H  —  /<,  or  the  height  required. 


702.        Let  »  be  tbe  axis  of  the  paraboloid,  /3  the  radiasof  its 
base^  x  the  distance  of  any  horizontal  section  from  the  vertex ;  then 

X  =  ley^  ==  9fx 
p  being  the   parameter   of  the   generating  parabola.    Hence 
(see  696) 
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Let  X  z=  »,  a:  =  — ;  then 

3 

A  i  -  f  :  <' ::  2^  —  1 
the  proportion  required. 


703.        Let  a  be  the  common  altitude  of  the  cylinder  and 
cone,  and  r  the  radius  of  their  common  base;  then  since  (696) 


/"Xdx 
j/x 


5 


::  a     :    fL  ::  5  :  1 

5 

vheii  X  £=:  a,  or  for  the  whole  solids. 


704.  Let  a  be  the  altitude  of  the  cylinder,  2/*  the  diameter 
of  its  base,  and  A  the  area  of  the  aperture.  Also  let  x  be  any 
variable  height  of  the  surface  of  the  water ;  then  the  quantity 
discharged  in  l''  is 

A»Jgx 

and,  if  the  constant  supply  in  1"  be  A  V^  then  the  rate  of  eva- 
cuation is 


r 
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Also  by  the  evacuation  the  surface  descends  mth  the  velocity 


(rr2 

and  by  means  of  the  supply  it  ascends  at  the  same  time  with  the 
velocity 

*Jgni     X 


«r 


so  that  upon  the  whole,  the  descending  Velocity  is 


wr« 


Hence  the  time  through  x  is 


t  = 


and  putting  a;  =  a  and  j;  =:  m,  and  taking  the  difference  be- 
tween the  results,  we  have  the  time  in  which  the  influx  is  equal  to 
the  efflux,  viz. 

which,  being  infinite,  shews  that  there  can  never  exist  an  equality 
between  the. efflux  and  influx. 


705.  Let  9r^^  be  any  circular  section  of  the  vessel  whose 
altitude  is  x ;  and  A  the  area  of  the  orifice,  then  the  velocity  at 
the  orifice  is 


sjgx 

and  that  of  the  descending  surface  is 
/J  gx  :=z  const.  =:  c 

by  the  question. 

.-.  y*  =  A^5f  X  V^ 

cr 

the  equation  to  a  parabola  of  thetburth  order* 
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If  a  be  the  given  altitude,  then  the  radius  of  the  base  is 
which  gives  the  required  dimensions  of  the  vessel. 


706.  Let  r  be  the  radius  of  the  sphere,  and  x  the  altitude 
of  any  common  section  parallel  to  the  horizon  of  the  sphere  and 
cylinder;  then  (see  696) 

X  =  »r2,  and  X'  =  *y«  =  w  (2ra:—  x^) 

andsincetoc   /2^ 

J   V« 

:.t:i  ::  r«  fJ^  :  f(2r  -  x)  ^xdx 

::  2r^  Jx    :    —  rx^  ^  —  x^ 

3  5 

Let «  s  2r ;  then 

t  :  i!  ::  16  :  8, 

the  proportion  required. 


707.        Here  the  area  of  the  descending  surface  is  (2y  being 
a  side  of  the  generating  square  when  at  a  distance  x) 

X  =  (2y)2  ^  4,1/^  =r  ^px- 

from  the  equation  to  the  semicubical  parabola.    Hence  (see  696) 

AA/g  AVflr 

a  being  the  altitude  of  the  vessel. 


708.        Let  r  be  the  radius  of  the  sphere,  and  x  the  altitude 
of  any  horizontal  section  made  by  the  water ;  then  (696) 
X  =  wy*  s=  vl(2rx  -  x^) 
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and  X'  =  wy«  =  »(r«  -  af^) 
according  as  the  vertex  or  base  is  downwards. 

/.  t  :  t'  ::  f(2r  -  x)dx  :  rS^^LzJLl  r 

J  V* 

::  iL  x^  -  2x^  :  2rW^'  -—^'^ 

3  5 

Let  IT  =:  «'  =  2r  ;  then 

^  :  ^'  ::  8  :  3. 


709.  Let  a  be  the  axis,  and  20  the  base  of  either  parabola, 
and  supposing  them  to  consist  of  an  indefinite  number  of  orifioes 
Sy  X  dx,  (y  being  the  ordinate,  and  x  the  abscissa  of  the  parabola 
measured  from  the  surface  of  the  fluid,)  the  quantity  of  water  dis- 
charged in  the  time  t^  when  the  vertex  is  upwards  is 

Q  =  f^ydx  X  <  X  velocity  at  the  orifice  2ydx 
=  2tfydx  jjgx 

=  2t  jjpg  fxdx 

and  for  the  whole  parabola 
Q  =:  t  s/pg   X  a~. 

Again,  the  quantity  discharged,  when  the  vertex  is  downwards 
in  the  same  time  is 

Q'  =:  2tfydx  j^'gx 


But  in  this  case  y  =  >/p.(a— x) 
.\  Q'  =  2t  ^YgfiJiocx  -  x^)  dx 

2      ,  I 

vers.""i  —  x(  see  Husch's  Tables^  i^.  150.       J 

Let:e;  s=  a;  then 


«d 


Q'  =s  2t  ijpg  X  —  vers.-*2 


I 
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8 

•.  Q  :  CI'  ::  1   :   —  ::  4  :  8.14159. 

4 


710.        Let  fc  be  the  height  of  the  vessel  above  the  orifice, 
y  the  radiius  of  the  base ;  then  the  velocity  vith  which  the  water 

is  projected  from  the  vessel  is  due  to  —  parameter  of  the  para- 

4 

bola  described,  and  also  to  the  altitude  u ;  .*.  this  parameter  is 

4tt. 

Hence,  by  the  question,  and  the  equation  to  the  parabola, 
6"  =  4tt  X  a 

and  u  s=  f! •  .  .  0) 

4a 

IS  known. 

Again,  c'  =  pa,  where  p  is  the  parameter  of  the  parabola  de« 
scribed  at  the  end  of  the  time  t.    Hence  the  velocity  at  the  vena' 

conlracfa  is  then  due  to  ^  or  to  -2_  ;  so  that  the  surface  has  de« 

4  4a 

soended  through  the  space 

4a 
Bat  {Vince*8  Fluxions,  p.  268,) 

mjg  V  V  4a         V  4a/ 

=  JH^  X  (5  -  c) 
mjjag 

6-c 
the  aiea  of  the  base  of  the  cylinder  is  known ;  and  its  altitude  is 

u  +  a^'^  +  a:s:  — I 

4a  4a 

2  I.  8 
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and  the  required  content  is 


T  V  T  ^  "XTT 


711.        Let  a  denote  the  axis  of  the  paraboloid,  B  the  radius 
of  its  base,  and  p  its  parameter;  then  the  section  parallel  to  die 
axis  and  horizon  is  a  parabola,  whose  axis  is 
X  (20  —  x) 

P 

and  base  is 

X  being  the  distance  of  the  section  from  the  lowest  point.    HoKe 
(6W,) 

X  =  i-  X  !^iiif!  X  vCsgx^xO 

=  ±  X  (2|5a:  -  a?)^ 
3p 

Therefore  (696) 

=r_L_    X    f  21=^  -  ^)2(2P^X)UC 
SpA^g  \       5  8  / 

see  HirscVs  Tables^  p.  104. 

When*  =  0,<  =  0,andC  =  i£:5^  X  P^ 

15 

^      45pAss/g         ^ 
Let  X  =  2j3 ;  then  the  time  required  is 

45jp  Ay  5f 


712.        Let  AN  (draw  the  figure)  be  the  altitude  of  the 
orifice,  NP  the  horizontal  distance;  produce  NA  to  T making 
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AT  =  NA  and  join  TP.  Make  the  Z  TPS  =  Z  PTS ;  then 
since  SP  =:  ST,  and  TP  is  a  tangent  to  the  parabola  described  by 

the  fluid,  the  point  S  is  the  focus  of  the  parabola.     But  SA  = 

of  the  parameter  =  space  due  to  the  velocity  at  the  vena^con^ 
tracta  =  altitude  of  the  fluid  above  the  orifice  A.  Make',  therefore, 
AB  r=  AS,  and  we  have  NB  =:=  NA  +  AB  :=:  the  required  alti- 
tude of  the  fluid. 


713.  Let  y  be  the  radius  of  any  horizontal  surface  of  water 
in  the  required  vessel,  distant  from  the  bottom  by  the  interval  x  ; 
then  if  A  be  the  area  of  the  orifice»  the  velocity  of  the  orifice  is 

and  that  of  the  descending  surface  is 

j^gx  oc  X*  =  ex" 


iry* 


by  the  question 

the  equation  to  the  generating  curve. 
Again,  the  content  is 

A  X     n 

irf^dx  =  —  s/gfx^  '  dx 


2  A       .  3-g*         ^ 


3  — n  c 

Now  the  surface  being  supposed  to  begin  its  descent  with  the 
given  velocity  V,  we  have  (a  being  the  given  value  of  x) 

/.   c  =   —  is  known. 

a. 

Hence  the  content  is 

<     — ij  CJX      8        +  O. 


3— n 
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When  J?  ==  0,  the  content  is  0,  and  C  will  be  0,  —  —  X 

S 

*^^     kfg,  or  cc 
V 

according  as  n  is  <  =  or  >  than  _ . 

8 


714.  Let  A  be  the  area  of  either  orifice,  A'  that  of  the  de« 
scending  surface ;  then  the  surface  being  distant  from  the  upper 
orifice  by  the  interval  jr,  and  from  the  lower  by  a  +  x,  the  vdod- 
ties  at  these  orifices  are 


respectively.    Hence  the  .rate  of  afflux  is 
and  the  velocity  of  the  descending  surface  is  .*. 


/.  the  time  of  discharging  the  depth  x  is 

*:=_£_  X  r ^= 

AVS'  J  jjx  +  Va+« 


^^9  J  a 


dx 

J  €L 

2M 


.  X    {(a+x)^-a:*+CJ 


3 

Let  a:  =  0  ;  then  <  =  0  and  C  =z  —  a*. 
:.  when  j;  rr  a,  we  get  the  time  of  emptying  the  first  half  of 
the  prism,  m. 

t  g       ^^,       X    {(2a)*-2a^5 
Sa\^g  ^^    ' 

=  ^^X(V2-1). 

3A  V  g 

715.  The  semi-cube  thus  cut  off  may  evidently  be  a  rigbt- 
angled  triangular  prism,  whose  ends  are  each  equal  to  the  semi- 
side  of  the  cube.  In  this  case  there  will  be  no  difficulty  in  finding  the 
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time  of  discharge.  If,  howcTer,  the  bisection  of  the  cube  be  effected 
by  a  plane  passing  through  the  diagonal  of  the  cube,  and  equally 
inclined  to  the  pairs  of  faces  which  meet  at  the  extremities  of  that 
difigopal,  then  the  semicube  will  be  a  kind  of  nondescript  solid, 
haying  two  faces  rectangular  trapeziums,  two  others  equal  right- 
angled  A,  another  side  a  square,  (the  face  of  the  cube,)  and  the 
last  a  rhombus  made  by  the  cutting  plane. 

MoreoTer,  all  sections  parallel  to  this  rhombus  will  be  segments 
of  this  same  rhombus,  being  deficient  by  an  isosceles  A .  If  the 
student  cut  a  cubical  piece  of  an  apple,  or  any  other  substance,  as 
above  directed,  he  will  more  clearly  understand  the  form  of  this 
solid,  than  by  inspecting  any  diagram. 

Now  the  semi-cube  being  filled  with  water,  and  its  face  (the 
rhombus)  being  placed  parallel  to  the  horizon,  let  an  orifice,  whose 
ar^a  is  A,  be  made  in  the  lowest  point,  viz.,  in  the  solid  Z  sub- 
tended by  the  rhombus.  Again,  let  a  be  the  side  of  the  cube,  » 
the  distance  of  the  lowest  point  from  the  rhombus,  and  x  the  dis- 
tance of  that  point  from  the  surface  of  the  water  at  any  time  dur- 
ing its  descent ;  then  since  the  diagonals  of  the  rhombus  are  those 
of  the  cube  and  its  base,  they  are 

a^3anAa^2;  (1) 

and  .*•  the  sides  of  the  rhombus  are  each  equal  to* 

Also  the  area  of  this  rliombus  is 

aV  3  X  a^2  ^  a^  X  V  ^ (3) 

Moreover 

a  :  a  ::  'a^2  :  a^ 3  ::  ^/2  :  a/3 

•'••  =  «   y^ (4) 

and  the  leg  of  either  triangular  face  is 


A 


^-'■■)  =  -J (5) 


Also  the  part  cut  off  from  these  legs  by  the  water  when  de- 
scended to  Xy  is 

(«  —  or) 
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and  .'•  by  similar  A,  we  get 

the  defective  side  of  the  rhombus ;  wherein  db  is  used  according 
as  the  descending  surface  is  >  or  <  than  half  the  rhombus. 
Hence  this  descending  surface  is 

X  =  3l1L  ±  ^V«   X  5i  -  (I  T 


^)] 


=  aV«x(lf-i^-.) W 


or  = -L —   X  ^* 


«' 


according  as  +  or  —  is  taken, 
the  former  value  obtaining  from 

a;  =:  a  to  X  £=  ^ ,  and  the  latter  from 

2 

X  =  iL  to  a*  =  0. 


(6) 


Now  supposing  the  section   ^  *^    ,  where  the  descending  snr- 

face  first  changes  its  form  from  the  segment  of  a  rhombus  to  an 
isosceles  A  to  be  an  orifice,  the  time  of  the  descent  of  the  fluid  to 
that  section  is  (696) 


Let  a;  =  a  —  ^  =  iL ;  then  /  =  0  and  C  = 

2  2 


13 


15^2 

.'.  when  a?  =  06,  the  time  of  the  descent  from  jc  r=  «  to  ar  = 


2 


IS 


T  = 


X  (13  -2^2) 


ic) 
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Again,  the  time  of  the  flaid's  descent  iu  the  pyramidal  portion 
of  the  vessel  is  (696  and  (6)  ) 


r  =  L«  Vi  fj^ 


»"AV</ 


dx 


4a  V«     J 


5«*A^5f 


and  down  the'  iivhole  of  this  part  of  the  vessel,  or  for  x  :=  —.  it  is 

2 

Hence  the  whole  time  required  is 

T  +  r  =    ^y^    X    $-i-  X    13-2V8  +  V^} 

-     2aV^    ^   (8-  V«)- 


5A  V  3sr 


716.  In  the  first  place  let  iis  seek  the  locus  of  the  interseC' 
tions  of  the  parabolas  described  by  the  fluid  issuing  through  the  holes  in 
any  given  vertical  line  of  the  surface. 

Let  y  be  the  variable  ordinate  of  any  of  these  parabolas,  x  the  n 
corresponding  ordinate  measured  from  the  top  of  the  vessel^  and 
not  from  the  vertex  or  hole,  and  p  the  variable  parameter  of  all 
the  parabolas;  then  their  general  equation  is  {Vince,  Hyd.  prop, 
XXXIX.) 

^ 


Now  differentiating  this  equation  on  the  supposition  thatp  alone 
is  variable,  and  putting  the  result  =  0,  and  thence  deducing p  in 
terms  of  x,  substitute  ibr  p  in  the  equation,  and  the  transformed 
equation  will  belong  to  the  required  locus.  See  Appendix  to 
Vol.  II.  of  Simpson's  Fluxions,  pp.  339,  &c.,  or  pp.  47,  4S,  67,  68, 
of  Vol.  II.  of  this  work.     We  thus  get  for  the  locus  the  equation 

y  =:  X 
which  belongs  to  a  straight  line  inclined  to  the  horizon  at  an  Z  of 
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45^y  and  meeting  the  top  of  the  cylinder.    Hmioe  it  foUows,  that 

the  boundary  of  the  water  issuing  from  the  cylinder  is  the  surface 

of  the  frustum  of  a  cone,  the  radii  of  the  upper  and  lower  ends 

being 

r  and  r  +  a 

where  r  is  the  radius  of  the  base  of  the  cylinder,  and  a  its 
altitude. 


717.  Let  A  be  the  area  of  any  section  parallel  to  the  ho- 
rizon, a  that  of  the  orifice,  and  h  the  altitude  of  the  vessel ;  then 
the  time  of  emptying  is  {Vinc€*8  Fltix.  p.  3G8,) 

2A        /h 


9 


Again,  the  time  of  falling  through  2h  is 


718.        The  area  of  any  section  parallel  to  the  horizon  is 
wy*  ^  pvx 
p  being  the  parameter  of  the  generating  parabola,  and  x  the  ab« 
scissa  measured  from  the  vertex.     Also  if  A  denote  the  area  of  the 
orifice,  and  h  the  whole  height  of  the  vessel ;  then  the  vdocitj  at 
the  orifice  is 


when  the  vessel  is  quite  full ;  and  the  quantity  discharged  in  each 
second  is  (by  the  question) 

A^2g/i  =  nQ 
Q  being  the  given  supply. 

Hence 
and  since  the  water  descends  with  the  velocity 
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A 


wpX    \/  ^    ^8 

and  Iwcends  with 


A 


k 


v/^^ 


the  Telocity  of  the  descending  surface  is 


X   -^ ^ (1) 

npv  X  ' 


Hence  the  time  is 


J    V  ^*i/2gj  n^  x-^  jjh 


A.^2g 


^\l.x^  +  dJLx  +  ^±^  x  + 
is  n  n* 


2hi 


/.(nV^-V^)  +  C}. 


»3 
Let  /  £=:  0,  when  :c  =:  A ;  then 


+  ii  z.  v^-v^} (,) 

Now  when  the  descending  surface  becomes  stationary,  equation 
(1)  gires  us 

h 


X  =3 


and  the  time  of  arriving  at  this  position,  equation  (2)  informs  us 
is  infinite,  unless  when  n  =  1,  and  then  this  time  is  zero.  Hence 
we  conclude  that  unless  the  influx  is  equal  to  the  efflux  at  the  rery 
beginningof  the  discharge,  the  surface  of  the  fluid  will  neter  be 
quiescent. 

Although  this  conclusion  is  deduced  after  the  methods  expounded 
in  all  the  Elementary  Treatises  (see  Prony's  Architecture  Hydrctu^ 
Uque,  Tom.  I.   p.  342,  and  Bossut,  Vol.  I. ;   also  Leybourne's 


J 
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Mathematical  Repository,)  yet  it  must  be  confessed  it  is  far. 
from  satisfactory.  If  the  velocity  of  the  descending  surface  be 
thus  righily  estimated,  it  may  easily  be  shewn  that  the  expression 
for  the  time  of  reaching  the  statp  of  quiescence  "will  always  in- 
volve log.  (p),  or  be  oo,  whatever  may  be  the  form  of  the  vessel ; 
in  other  words,  no  such  state  of  quiescence  is  possible.  This  seem- 
ing contrary  to  experience,  we  intend  prosecuting  the  subject 
somewhat  farther  at  our  leisure,  and  shall  probably  insert  the  re* 
suits  in  some  Scientific  Journal. 


719.  Let  r  be  the  radius  of  the  sphere,  x  the  altitude  of 
the  fluid  at  any  epoch,  and  A  the  area  of  the  orifice ;  then  the  ve- 
locity at  the  orifice  being 

;/  2gx 
that  of  the  descending  surface  is 

vry^  ^  2rx  —  x^ 

=    yg^   X    I (1) 

«•  2riJ  x^xi 

•%  by  the  question, 

2r^  X  -^  X  tj  x^=-  maximum^ 
which,  by  the  rule,  gives 

2 

X  =  — r; 

3 

whence  the  position  of  the  surface  when  its  velocity  is  a  wmfMM 
is  obtained,  and  this  minimum  velocity  is 

2A  .JSg 

Although  this  velocity  is  a  mininmm,  yet  it  is  not  the  least  tc 
locity  of  all,  that  at  the  orifice  being  0. 

The  reader  must  observe,  that  at  the  orifice  the  descending  sar- 
face  is  =  orifice ;  for  otherwi^  it  might  appear  from  equation  (1) 
that  this  15  00  instead  of  0. 
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720.        Let  A  be  the  area  of  the  orifice  of  the  cylinder,  h  its 

'altitude,  and  r  the  radius  of  its  base ;  then  if  the  water  descend 

through  h^  X  during  the  time  ty  the  moving  force  at  the  end  of 

that  time  which  causes  pressure  and  an  increase  of  Telocity  at  the 

orifice  is 

vr"  (h  —  x) 

and  the  upward  accelerating  force  is  /• 

wr*  (k  —  a:)             h — x 
g  i £   =  g  . 

P  +  vra^  A+a? 

Hence  the  force  which  actually  accelerates  each  particle  of  the 
fluid  downwards  through  the  orifice  is 


h+x  h+x 

Hence  the  velocity  at  the  orifice  is  due  to  the  altitude 

2       ^^ 
h+x 

and  is  .-.  2>/</     /  Ji_ . 

Hence  the  velocity  at  the  descending  surface  is 

flrr»    ^  ^  V  h+x 

and  the  time  is  .'. 

'^        ..  Cj        /h+x 


2  A  j^gh 


=  x/,^^-±f («) 


«T«  ^, h        Jhx+x^+x 

=  X  {^hx+x^   +  T  ^-  ^T===^   +  C  } 


2A  jjgh  ^     '  jjhx+x^-^x 

and  which  being  taken  between  x  rz  6  and  a;  =:  A  gives 

T=:  !^!l_  X  {h^2  +  hl.{»j2+\)} 

2  A  ^  gh 

for  the  whole  time  of  emptying  the  cylinder. 
Again,  the  force  which  accderates  the  descent  of  P  is 
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'  k+x         dt^ 

Mrheire  df  is  the  element  of  space  described  by  P  in  the  time  A. 
Henoe  (see  ^.  a) 

d^s    _     y8r*         h-x 
dx^  4AU     *  T" 

and  supposing  c2i;  constant,  we  get 

ds  ir«r* 


dx         4A^h 


X  (Ate  —  0?  +  C) 


But  since  *  =  *    x  - 
dx        dt         dx 

«  :±SiL— (  =         o        =  0,  when 

yd.  of  descending  surface  Finite  q^. 

xzih)  :. 

Czzh"  h.L(h) 

:^^^'^4^(h^hA{K)^x+h.lx) 
dx        AArh 

and  integrating  again,  wc  get 

s  =  !fl!..{&- (I  -«.&)*  X  —  +  hxl.x  -  kx} 

4A'A     ^  23 

which,  when  x  sih,  gives 

-^((»-.)'.»-4} 

for  the  space  described  by  P  during  the  discharge  of  the  water. 

721.  Let  d  be  the  given  inclination  of  the  tube  to  the 
horizon,  a  the  altitude  of  the  orifice  of  the  yesseU  /?  the  obserred 
distance  at  which  the  water  strikes  the  plane  from  the  vertical 
line  passing  through  the  orifice ;  then  since  the  water  describes  a 
parabola,  whose  equation  is  (seep.  253,) 

«  s=  a?  tan.  A  — 2£ 
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Where  y  and  x  ore  the  yettical  and  horiaoatal  co«oidiiiileft  originate 
log  at  the  orifice,  andv  the  velocity  of  the  issuing  fluid. 

Hence 

-  «  =  /9  tan.  0  —   ^  /^  ,^ 

2v*  COS.  0 

But  if  A  be  the  required  altitude  of  the  fluid  abore  the  orificet 
we  have 

V*  ==  Bgh 
whence  by  substitution,  &c. 

k  =       g'       X  _L_. 
4  cos.'d        »  +  g  tan.  d ' 


722.  Let  p  be  the  parameter  of  the  generating  parabolat 
0  the  radius  of  the  base  of  the  paraboloid,  y  that  of  the  required 
orifice,  a  the  given  altitude  of  the  water  above  the  vertex,  and  S 
the  given  space  descended  through  in  the  given  time  T.    Then  at 

-.2 

any  variable  altitude  a;   —  iL  above  the  orifice,  the  velocity  at  the 

P 
orifice  is 


s/^g.i.^yl) 

and  that  of  the  descending  surface  is 


^x    vSF-|) 


Hence 


^^        p  r  xdx 


s- 


Hence 

<i+^)xy(.-s-^)| 
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which   being    reduced    and  resolved,  will  give   the    reqniied 
value  of  y. 

723.  Let  0  be  the  required  altitude  of  the  hole,  a  the  al- 
titude of  the  cone ;  then  since  the  equation  to  the  parabola  de- 
scribed is  (see  p.  253,) 

y  =  *tan.  d  -  ifL^ 

2v«C0S.'fl 

by  the  question,  we  have 

-  e  =  {jS  Un.  30®  +  —{a  -  j3)  }tan.30®-— — ?— -5 


X  (j5  tan.  30+  —  a-jS)*. 

4 

But  t)'  =  ggf  .  (a  -  0) 

Hence  by  the  solution  of  a  quadratic  equation,  0  and  /•  the  re- 
quired position  ipay  be  found. 


724.  Let  X  be  any  variable  altitude  of  the  water,  A  the 
area  of  the  orifice,  « the  length  of  the  axis,  and  P  the  extreme  or- 
dinate ;  then  since  the  area  of  the  descending  surface  is 

the  velocity  of  this  surface  is 
^      X  ^. 


Hence 

an  integral  which  can  be  taken  only  between  certain  Umits,  as 
between  a;  =  0,  and  j:  =:  00.    See  JVheweWs  Dynamics,  p.  15. 


725.  Let  2a  be  the  altitude  of  the  water  when  it  is  in 
eqnilibro,  2b  the  distance  between  the  axes  of  the  two  legs ;  then 
the  centre  of  gravity  of  the  water  in  the  l^s  in  the  state  of  equi- 
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librium  is  tbe  middle  point  of  the  line  joining  the  bisections  of  the 
water  in  the  legs.  Make  this  point  the  origin  of  the  vertical  and 
horizontal  co-ordinates  y,  x ;  then  supposing  the  water  to  have 
descended  down  one  of  the  legs,  it  will  rise  as  much  in  the  other, 
and  the  line  which  joins  the  bisections  of  the  axes  of 'the  fluid  in 
the  legs,  being  divided  in  the  inverse  proportion  of  the  altitudes  of 
the  water,  will  give  the  centre  of  gravity  corresponding  to  this 
position.  Hence  if  m  denote  the  distance  to  which  the  centre  of 
gravity  of  the  water  has  been  depressed  in  one  leg  and  elevated 
in  the  other,  it  is  easily  shewn  that 

y  \  X  i\  m   \  h 
we  also  easily  get 


.♦.  (4«.»!  +  6«)^=^'  +  y 

X*  x^ 

or  the  required  curve  is  the  common  parabola,  whose  principal 
parameter  is  6'. 


726,  Let  y  cs  jaf  be  assumed  as  the  equatioa  to  the 
required  parabola.  Also  let  a  be  the  common  altitude  of  the 
paraboloid  and  cylinder. 

Now  (by  696)  we  have 

*«_1—   X    C— 
AV%       J  V-^ 

But^  =  J^:=:wjfix^-i 

t  =r       *y'_    X X   «^+i 


2 

(4n+l)AV«^ 
ibr  die  whole  solid. 
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Again^  for  the  cylinder 

and  i  =  ?^^  X  V«. 

/.  <  :  /  ::  1  :  4»+i  ::  1  :  9j 

by  the  question. 

Henoe  n  £=  -^ 

4 

and  the  nature  of  the  parabola  is  given  by  its  equation 


727.  If  X  denote  the  distabce  of  any  element  of  the  on- 
fice  ydx  (parallel  to  the  horizon)  from  the  surface  of  the  fluid,  and 
Q  the  quantity  of  fluid  issuing  through  the  whole  orifice  in  a 
second,  we  have 

/.   Q  =:  2fydxjj2gx 
integrated  between  x  rz  0  and  x  ss  x,  the  altitude  of  the  fluid. 

Let  now  the  given  area  of  the  orifice  be  A,  and  that  of  the  de- 
scending sorfa<ie,  which  is  also  given,  be  M ;  then  the  vdoeity  of 
the  descending  surface  is 

A 

—  X  Q  a  «"  by  the  question 
M 

/.  fifdx    ij2gx  as  -_-  x  C  X  «* 

and  y  =  ^^  X  x      ^ 

«AV«^ 
or  the  required  curve  is  a  parabola.  ' 


728.        The  time  of  emptying  any  depth  x  of  the  fluid  is 
(696) 
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But  here 

X  =  «y"   =  w  —  .  (2ax  —  of) 

a  and  b  being  the  semiaxes  of  the  generating  ellipse. 


/.  t  = 


»6^ 


— .  X  f{2aij  xdx  —  x^dx) 


a^AiJ^g      AS  T  -^ 

Make  j;b=  a,  and  then  a;  =  — ,  and  the  difference  of  the  re- 

2 

suits  gives  the  time  required,  viz.y 


A^2g 


60 


729.         By  696 

A^2g        J    V^ 

But  since,  as  it  may  be  easily  shewn,  the  section  of  an  oblate 
spheroid  made  by  a  plane  JL  to  its  major  axis  at  the  distance  x 
from  the  Tertez,  is  an  ellipse,  whose  semiaxes  are 


—  ^2ax  —  jf*,  and    ^2ax  —  a? 
a 

a  and  b  being  the  semiaxes  of  the  spheroidi  we  haye 

X  =  «r   X  —  .  (2ax  —  «•) 

a 


Hence 

2irb 


r.^ir^-4) 


aAsj2g 

aAV%  ^«  ^  ^ 


^      16v6af 


for  the  whole  spheroid. 

2  M  S 
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730.        The  Telocity  at  the  orifice  is 

and  that  of  the  descending  surface  is  /• 


.  ^2gx    :=:  — 

'^^  y 

by  the  question 


or  the  solid  is  a  paraboloid. 


r 
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731.  Let  »  be  the  angular  velocity  round  the  axis ;  then 
when  the  water  and  cylinder  are  relatively  bX  resi,  the  surface  of 
the  water  will  be  that  of  a  certain  solid  of  revolution,  whose  ordi- 
nate, normal,  and  subnormal,  referred  to  the  axis  of  rotation,  will 
represent  the  centrifugal  force,  the  re-action  of  the  fluid,  and  the 
force  of  gravity,  respectively.  Hence  if  y  denote  the  ordinate, 
and  V  the  linear  velocity  of  any  particle  of  the  fluid  in  the  surface, 
the  centrifugal  force  is 

—  s:  — iL.  s;  »y 

y        y 

and  the  subnormal  is 


X  9y 


=  iL 


««         •'•'        -.« 


y  »' 

or  the  generating  curve  of  the  volume  of  the  part  evacuated  by  the 
fluid  is  the  common  parabola,  whose  parameter  is 

^9 


l9 


Hence,  if  r  be  the  radius  of  the  base  of  the  cylinder,  the  quan- 
tity of  water  thrown  out  by  the  revolution  of  the  cylind^  is  equal 
in  voldnie  to  the  parabobid,  whose  base  is  vr^,  and  attitude 
•V 


^ 


i  u  e.  to 


8  ^9  ^ 


and  this  taken  from  the  given  volume  of  the  whole  cylinder,  will 
leave  the  quantity  of  water  required. 


^34  HYDRODYNAMICS  IS   GENERAL. 

'  732.  Let  0  be  the  angle  required ;  then  (Vma^s  Hjfdroi' 
taticSi  Prop.  XXYIIL)  the  effect  oc  sin.'  d  cos.  0  =  max.  and  bj 
the  rule  for  maxima  and  minima,  we  get 


733.  If  p  be  the  parameter  of  the  given  paraboloid,  and  r 
the  radius  of  its  base;  then  the  angular  velocity  necessary  to 
empty  the  vessel  is  (731) 

Uid  therefore  the  time  of  revolution  is 


360    ^/JL 
V   2g 


734.  Let «  be  the  required  angular  velocity;  then  the  volume 
of  fluid  evacuated  is  that  of  a  paraboloid,  whose  baae  is  vr'  (r  be- 
ing the  radius  of  the  base  of  the  cylinder,)  and  fdtitude  (see  791f) 

•    Hence,  and  by  the  question. 


■vw^im^i^mtmi^ 


K  being  the  height  of  the  cylinder. 


•  • 


=  V%A. 


Ji5»       The  JemtmAmg  fiirce  is  Wf  «nd  the  veaiftaiMe  ii 
Zi-  s  X  V*  (Vince't  Hydrostatict,  Prop.  XXV.)  t  being  the  ^ 

dfic  gravity  of  the  flnid,  and»  the  vdodty.     .'.  the  Ibroe  iHueh 
aoeelerates  the  whole'apparatus  downmvds  is 


i 


X 


IJ 
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m  • 


vdv  s=  -  ¥dx  sz  -  dx  (w  -  l£!!L\ 


—  4vdv 


wscfv 
2 


rsd* 


X   J  I  (4tt;  —  trsdV)  +  C  \ 


Let  :c  ==  a,  when  t;  +  0.    Then 

.     .•.  ;r  —  a  c:  ^   X  I.  

rscr  4w 

/.    V  =  J^   X    /I   -    .^<— >l* 0) 

« 

Henc^ 

dx  .  d  X  ^  vs 


dt  = 


SV«oV   {1  -e-T^«'-^} 


Let  1  -  e-r^*—^  =  c**;  tbeo 

rf^  = L=,  X  z:£2^ 

Again,  let  e*  =  x ;  then 

8  -& 


d/  =: 


and<=  1 X  {  I  IZ^  +  C}.  (2) 

Let  X  =:  a ;  then  zcs  0  and  C  s  0. 

Now  the  greatest  Telocity  that  the  man  can  acquire  in  his  de^ 
scent  is  that  which  takes  place  when  the  retarding  force  =:  the 
accelerating  force.    Hence  the  velocitj  is 

V    ircPs  d  V  ws 

This  heing  substituted  in  eijuation  (l)  gives 
«  =  c*  =  1, 
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whence  by  equation    (2)    the    time  of  acquiring  this  Veloritj 

is  00. 

In  this  solution  the  resistance  of  the  air  upon  the  man's. liody  is 
not  considered ;  so  that  it  holds  good  but  for  the  descent  of  the 
solid  semicircle  or  cylinder  whose  weight  is  w. 


730.        The  resistance  cc  area  x  density  x  (vel.)* 
/.  R  :  R'  ::  A  X  D  X  V«  :  4A  x  sD  x  4V« 
::  1    :   48. 


737.  Let  r  be  the  radiiis  of  the  sphere,  y  that  of  the 
smaller  end  of  the  required  segment ;  then  if  R  denote  the  resist- 
ance on  the  circle  tft^^  that  on  the  hemisphere  is  {Vince*s Fluxions^ 
p.  277,) 

R 


¥' 


and  the  resistance  on  the  end  vy*  is 


.s 


J^!- xR  =  Cr. 

/.  the  resistance  on  the  segment  cut  off  by  sry*  is  (  VituBf  p.  277,) 

and  that  upon  the  convex  surface  of  the  frustum  is  /• 

2  2r«    /  »•• 

Hence  the  whole  resistance  upon  the  frustum  is 

r«  2y»/  r«.  2 

or  »L  X    fyl  +    1). 
2  Vr* 

« 

Hence  by  the  question 

2  \r*  ^        4 


I 
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ivhich  gives 

1 

and  this  is  sufficient  to  determine  the  required  segment. 

738.  The  sections  of  a  cylinder  made  by  planes  parallel 
to  the  base  are  circles.  Hence,  if  R  denote  the  resistance  upon 
the  diameter  (Sr)  of  one  of  these  sections,  and  a  the  axis  of  the 
cylinder,  the  resistance  upon  the  semi-surtace  of  the  cylinder  is 
{Vtnce*s Flux.  f.  277). 

i-Rxa 
3 

Also  the  resistance  upon  the  end  of  the  cylinder  when  it  moves 
parallel  to  the  axis  is 

•»r*  wrR 


aRx 


2ar  2 


/•  the  resistances  are  as  —  a 


8 


irr 


and  — ,  or  as  4aand  Bwr. 
2 


739.        Let  M  be  the  magnitude  of  the  body,  and  S  and  S' 
the  specific  gravities  of  the  fluid  and  the  body,  respectively ;  then 
the  descending  force  is  (yince*s  Hyd.  prop.  XYIII) 
F=MxS-Mx  SsM  x(S-SO 
which  being  constant  gives  by  the  question, 
a«  =  Fs  =  Mx  (S-SO» 

Ss8'  + 


c* 


•  • 


Ms 


740.  For  the  general  construction  see  the  note  192, 
Vol.  II,  otNewtorCs  Prin.  edit,  of  PP.  Lc  Seur  and  Jaquier,  From 
this  it  appears  that  the  resistance  (r)  upon  the  curve  KA  :  resist(R) 
upon  the  baseKC  ::  area  of  KQHEC  :  area  of  the  rectangle  KI^ 
Now  let  CI  ==  w,  CK  =  «,  CA  =  ft  KP  =  or,  PH  =  y' ,  PB=y, 
KB  =  s.    Then  since 


J 
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LB 

we  readily  deduce 

Hence 


::  •  :  »  f* — ^-j-r\ 


In  the  problem  {rince^s  Flux.  prop.  130) 

dy  a 

,  ^  j,/2ax  +  x» 


do: 


*t^dx 

X 


^f(a  +  x)dx  ^  f^ 

_   (g  +  xy    _  ^,  ^     a  + J?    _  «^ 
2  '        a  2 

2ax  +  ««  •  7    a  +  a? 


2 

Let  d;  =  ft ;  then  we  get 

:  r ;:»  :mx  J 1 —  ^  ^L  ^-^ — > 

C        2  a      3 


741.  Let  S,  S'  and  s  denote  the  gpeeifie  grmvities  of  the 
wood,  iron,  and  sea-water  respectirely.  Also,  let  2r  be  the  dia< 
meter  of  either  ball ;  then  since  the  volume  of  each  ball  is 

4»r« 


3 


the  weight  of  the  whole  apparatus  is 

«  3  3  ' 


■N 
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and  the  foroe  which  aceelemtei  the  deieent  of  the  balls  u  ( Vme^t 
Hyd.) 

l!ll.  (8  +  S'-«s)- 

3 

Again,  the  resistance  of  the  fluid  upon  each  globe  is  *(it  is 
:=  i  that  upon  the  great  0  ==  }  wt.  of  a  cylinder  of  the  fluid  of 

ivhose  base  is  vr^, and  altitude  —  I  -^    ;v 

2gJ 

1  v"  „ 

_   X   —   X   irr«  X  s 

2  2g 

V  being  the  velocity  with  which  they  are  moving  at  the  time« 
Hence,  the  balls  descend  with  the  force 


V* 


S        '  ^  2g 


and  vcb  =  l!ll.  (8  +  S' -  2s)  dx  -  J!!-i  t^dx 

s  being  the  space  described  from  rest. 
^^    Sg  n  2vdv 

,*'  ^  ^  f\l  6gr.  (S  +  S'  -  ^O-Sstj" 


—     9 


1*iW 


X   {C  -  /.  (85fr  (S  +  S'  -  S»)  -  8w«)} 


=  -J-.  X  /.         g^r.(S  +  S^  -  «g) 
A»  *    8^r.(S  +  S'  -  2s)  —  8«;' 


=  4.xi.    » 


A  B  — »• 

by  rappodtioik. 
Hence, 

Let  1  —  e"**  =:  t^ ;  then 


1    ^  r_?*L. 


'       AV8 

AV  B         I  -  « 
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there    being    no    correction,    since    when   a;  =r  o,  uzzo^  and 
<  =  0. 
Hence,  the  time  of  the  descent  of  the  balls  is 

AVB         i^^(i_e-^) 


X  I.  {1  +  VO  -«-^)}  + 


X 


Again,  when  the  iron  is  disengaged  from  the  wood,  the  woodeo 
ball  will  ascend  with  the  force 

3 

and,  if  v'  be  its  velocity  at  the  end  of  the  time  t\  having  tben 
described  the  space  x'  from  the  bottom,  the  resistance  of  the 
water  is  . 

Hence,  the   actual  force  by   which  the  ball  is  accderated 
upwards  is 

=:   —  r* .   ( o  —  *)  —  X  V  =  

8    .  4y.  dx' 

«r*         J    le^rr.  (S  -  «)  —  Sw'» 
=  j£.  X   {C-Z.  (16yr.Sir^-.W«)} 


wsr* 


=s  J?L   X   /.  16grr.  S  --  s 


\6gi\  S-*.  —  8«;'* 


■^—      -  •  •• 


A'         F-w's 
by  supposition. 
Hence,  as  before, 


and<'  =  ^,'    ,    X  I.  (1  +  V»  -  e"^'')  + 


*' 


and  for  the  whole  ascent  x,  we  have 
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Now,  since  by  the  question  the  whole  time  elapsed  diiring  Uie 
descent  and  ascent  is  given,  let  it  =s  T ;  then 

=     /^x   5 ' -  +  ^lx.+ 

^      8^  ^(S+S'-2s)i         (2xS-s)iS 

whence  x  may  be  found  by  approximation. 


742.  In  Newton's  construction  (Schol.  Prop,  XXXIV,. 
Yol.  II.)  since  the  Z  CQO  =^2  Z.  CSO  =  Z  S  at  the  vertex  of 
the  cone ;  therefore  in  the  limit  of  the  altitude  OD,  or  when 
CQO  =  9€P,  CSQ  must  be  45^ ;  /.  OCS  =  45^,  and  its  supple- 
ment =  185^. 

Now  in  the  solid  of  least  resistance,  whatever  the  nature  of 
that  solid  may  be»  the  resistance  upon  the  nascent  end  of  it,  cor- 
responding to  FG,  will  evidently  be  the  same  as  upon  the  Aascent 
truncated  cone  generated  by  the  tangent  at  that  end.  Hence, 
when  this  nascent  cone  is  of  minimum  resistance,  the  nascent  solid 

will  be  also  of  least  resistenee ;  and  the  surface  of  the  truncated 

« 

solid  of  least  resistance  makes  therefore  with  its  smaller  end  an 
angle  of  185^. 

743.  Let  AC  =  «,  CD  =  0,  and  let  the  co-ordinates  at  the 
Inquired  point  be  x,  y.    Also,  let  R  be  the  resistance  upon  the 

base  r/S* ;  then  the  resistances  upon  iry*,  and  «rAQ^  =  —  y*,  are 

4 
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respectively. 
Hence  the  resistance  ujKm  the  surface  of  the  fmstiaa  of  the  eoat 
generated  by  PQA  is  (Ftnce's  Fluxions^  prop.  13S) 

Moreover,  if  R'  be  the  resistance  upon  the  whole  plpraboUd,  it 
will  easily  be  shewn  from  the  above  cited  prop,  of  Vince  that 
the  resistance  upon  the  paraboloidal  frustum  is 


R'  -  y!  R  X 

188 


y'    ^1+^^ 


dy 
_  R/  _    2R        P    ydy 


■f-^ 

^  1  + 


e«      J  ,    .   dx* 


dy* 

Hence,  by  the  question,  we  have 


4a    p  +  *!t         4/3* 
_    2R        r     ydy 


f: 


muaiimm 


/.  by  the  rule,  we  get 

4«  (p  +  4x)*         «|8« 

But  since  y^  s=  pj^,  we  h^ve  by  substitution, 
spft  ^      pdx      +  £f  R_ 

4a       (p  +  4a:)*        4a 
R        pdar      .^  Q 


•  ■ 


a     p  +  4aj 

which  reduces  to 

<p  +  4a;)» --  4p(p  +  4x)  =  -  3p* 
and  this  being  resolved,  gives 
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2 

which  will  determine  the  required  potition  of  f. 

744.  If  R  and  R'  denote  the  resistances  upon  the  circle 
and  hexagon,  A  and  A'  their  areas,  and  0,  ^  the  inclinations  of 
the  directions  to  their  planes  ;  then  (Ftnce  prop.  98) 

R  :  R'  : :  sin."  0  x  cos.  0  x  A  :  sin."  V  x  cos.  fi'  x  A' 
But  hy  the  question,  sin.  d  =  sin.  SO  =:  j^  and  sin.  0'  ££  sin.  CO^si 

Jz. — .      Also,  A  =  irr"  (r  being  the  radius  of  the  circle)  and 

76 

2  2  2 

A  R:  R'::i.x-^  X  rr«  :  £xlxi^  t^ 

4         2  4       8         2 

::  2t  :  9; 

745.  Let  a  be  the  length  of  either  of  the  equal  sides  of  the 
trapezium,  d  their  inclination  to  the  other  sides.  Also,  let  m  be 
the  length  of  that  parallel  side  which  is  resisted  by  the  fluid ;  and 
suppose  A,  the  resistance  on  a  when  moving  parallel  to  m,  A' 
the  resistance  when  moving  perpendicularly  to  m,  and  M  the  resist- 
anoe  upon  m.  Moreover,  let  R  be  the  resistance  when  moving 
X  ly  to  the  fluid.    Then 

A  :  R ::  sin.»  6  :  i 
R  :  M ::«  :  m 

/.  A  :  M  ::asin.3  0  :  m. 
Again, 

A' :  ¥::  a  X  cos.»e ;  m 

A  2A'  +  M  :  M  ::  2a cos.'  ^+m  :  m 
BntH  :  A  ::  m   ;  asin.'  0' 

/.  «A'  +  M  :  A  ::  2a  cos.^  0  +  m  :  a  siu.«  0 
the  analogy  required. 


ri 
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746.  The  reason  is  because  of  the  oscillatory  motion  of 
the  waves.  They  rise  arid  fall  in  the  manner  of  a  p^dnlim. 
(See  Newton^  VoL  II.,  prop.  44). 


747,        The  facesi  are  inclined  to  the  diagonal  of  a  cube  al 
the  angle 

6  =  sin.         ^ 


V3 

A  If  R  denote  the  resistance  upon  the  face  when  its  directioD 
is  J.  to  its  surface,  the  resistance  when  the  direction  is  parallel  to 
the  diagonal  is 

RX  sin.Mrr    ^ 


But  there  are  three  faces  thus  resisted ;  therefore  the  whok 
resistance  is 

^ .  Q.  E.  p. 


V8 


L 
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748.  Let  &  be  tiie  capacity  of  the  barrel,  r  that  of  the 
receiTer ;  then  since  the  defect  from  the  standard  altitude  has 
become 

and  density  oc  defect  {Vince,  Prop.  LXVII.) 
we  hare 

A  :  /i  —  a  : :  density  at  first   :   ditto  after  ft  turns 
::  (26  +  r)*   :   (6  +  r)« 

'    .•.  26  +  r  :  6  +  r  ::  A^  :  (A  —  a)» 

and  &  :  r  ::  A»-(A-d)«   :   «  (4  —  a)»  —  AT 

749.  Let  X  denote  the  space  through  which  the  elasticity 
of  the  air  in  the  tube  depresses  the  mercury ;  L  the  length  of  the 
tube,  A  the  standard  altitude,  and  a  the  depth  of  the  air  in  the 
tube  before  inversion ;  then  iyinct's  Hyd,  Prop.  LXL)  we  have 

A:a?::aj  +  d— A:a 
/.  x»  +  (/  —  A)  X  or  =  ail 

and  x=  -q  -  ^)±  yg  -  A)'+  4aA) 

2 

one  value  of  which  indicates  the  space  through  which  the  air  de* 

presses  the  mercury,  and  the  other  the  altitude  of  mercury  it 

would  support  if  placed  above  it,  by  its  pressure  against  the  top  of 

thetnbe» 

In  the  problem  A  =r  30 

L  =r  40,  and  a  =  20 ;   •*• 

X  =  7}  inches, 
Hence 

A  —  X  =  22i  inches, 
the  altitude  required. 
Toi.,  u.  2  N 
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750.  Let  s  be  the  specific  grayity  of  the  air  at  the  Earth's 
surface,  A  the  area  of  the  given  plane,  supposed  to  bear  no  pro- 
portion to  the  great  circle  of  the  earth,  and  r  the  radius  of  the 
earth ;  then  91s  is  the  weight  of  a  cubic  foot  of  the  given  mdlbm 
medium  at  the  earth's  surface,  and  by  the  law  of  gravitation,  its 
weight  at  the  distance 

R  +  X 
from  the  earth's  centre  is 
R* 

(RT^-^" 

Hence  the  increment  of  the  pressure  or  weight  of  the  mediiuB 
upon  the  plane  is 

TK sS  >^  ^^ 

(R  +  xy 

and  thi^t  pressure  or  weight  is 

^'^  ^  (i  -  WT^) 

\  i\  MX  "T  ^/    • 

Let  X  :=  00.  Then ==  —  =  0. 

R  +  X        00 

attd  the  pressure  required  is  measured  by 
nsAR. 

Hence  it  appears  that  the  pressure  of  the  infinitely  high  cehuMi 
of  any  substance  whatever  is  equal  to  the  weight  of  a  cohoKh  cf    . 
the  same  base^  and  whose  altitude  is  equal  Jo  the  radius  of  the  earth 


751 .         Generally  y  let  the  com/pressing  force  oc  [densUyf  OC  I>i 

and  thefbrct  of  gravity  V  a ,  <t  _ ;  required  thevariatim 

(dist.)  q        f * 

Let  ^  be  the  density  at  the  surface  of  the  earth,  and  R  the  ir 
dius  of  the  earth ;  then  since 

dCocc^QxFoc-IWex— Ocalso  D^c© 

P' 
M  being  as  yet  undetermined. 


J 
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H«&oe 


9-1  p-l 


.   P~l 


.  (pt-*  -  B,^)  =  M  X  (D^  -  a^O- 


9-1 

and  its  valiie  is  that  with  which  this  fraction  vanishes  when  for 
f  and  D  we  put  R  and  ^.  Hence  bj  the  rule  for  estimating  such 
fractions 

and  we  get 


752.  Let  y  =  a  X  a'  be  the  equation  to  the  Dentity'- 
Curve^  (see  Vince'i  Hyd,  p*  82),  y  representing  the  density  at  the 
distance  x  from  the  surface  of  the  earth,  and  ^  the  density  at  the 
surface.  Then  if  A  be  the  height  of  the  homogeneous  atmospherty 
as  determined  by  the  barometer,  we  have  (see  Yince)^ 

dy  la 

whieh  gives 

a  e=  e"  * 

/.  y  =:  *  X  e  *    . (l). 

Let  D  be  the  density  of  meveury,  determined  at  the  time  tUf 
Ibimala  it  applied,  and  ft  the  height  at  which  it  then  stands  in  the 
tube  of  the  barometer ;  then 

•'  T  '  D 

and  the  equation  (1)  becomes 


X 


y  =  *  X  e     »»     (8), 

8  ITS 
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Hence  the  distance  from  the  surface  of  the  earth  of  the  oenlre 
of  gravity  of  the  cylinder  whose  altitude  is  x,  is 

^^   fxydx   fxevD'dx 


—  i  —t 


^     —  xebD'     —    eTp'  +  C 

.-   ebD'  +  C 
i 

CAD  '  —  :C   —    1 


4 

eW   —   1 


To  verify  this  result,  we  should  have  «  r:  0,  when  jf  =  0. 
But  we  then  have 

0 


0 


If,  however,  we  find  u  by  the  rule  for  Vanishing  Fractions,  ve 
have 


''^  d.c^'  ' 


when  X  =  0. 


753.  Let  W  be  the  weight  of  the  balloon  and  all  its  appen- 
dages, ^  the  specific  gravity  or  density  of  the  atmosphere  at  the 
surface  of  the  earth  when  the  barometer  stands  at  b  feet,  and 

—  that  of  the  gas.    Also  let  y  denote  the  density  of  that  stratam 
n 

whereat  the  balloon  will  cease  to  ascend,  and  let  c*  be  the  eapacitj 
of  the  balloon  in  cubic  feet.  Then  since  the  weight  of  the  air 
displaced  by  the  gas  is 

c"  X  y 
and  that  of  the  balloon,  its  appendages  and  gas,  is 

W  +  c»xi. 
n 

/.  by  the  question  (Vince.  Prop.  XIV.) 
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c'Xy=W  +  c«   X   — 

n 

which  gives 

Heuce,  and  hy  the  last  question, 

<r  n 

which  gives 

the  height  required  in  feet, 

Ex.  1.  Let  thegas  behydrogeo,  or  n  =  IS ;  h  =30  inches  = 
—  feet ;  D  =  14019  (water  being  supposed  to  have  the  density 

of  1000) ;  and  I  =  —.    Then 

6 

X  =  42057  X  /.         ^^^ 


65  W  +  6(^ 

Let  it  further  be  supposed  that  W  =  so  stone  =  4480  ounces, 
and  c*  =  200000  cubic  feet.    Then 

X  =  42057  X  /.  l^^^"" 


=  42057  X  I 


14912 

4875 


466 

=  42057  X  2 .  34768  feet  nearly. 
See  Barlow's  Tables. 

:.  X  =  98736  feet 

=  32912  yards 

=  18  miles  1232  yards'. 

This  prodigious  altitude  is  owing  to  the  disproportion  of  the  bal- 
loon to  the  weight  of  the  load  and  materials.  The  surface  of  such 
a  machine,  even  under  the  form  of  a  sphere,  is  about  24000 
square  feet,  and  the  weight  of  that  surface  would  consequently  be 
considerably  greater  than  the  weight  here  attributed  to  it. 
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Ex.  2.  Oiven  W  =  20  stone f  and  the  other  dements  (u  before,  to 

determine  the  magnitude  of  the  balloon  nccessMry  just  to  lift  that 

weight  from  the  ground. 

Here  x  ==  0.    ConsequeDtly 
78c3 


65x4480  +  6c^ 


=    1 


.     8  _   65X4480  _   ....      L-    r    * 
/.  c"  =2  =:  4044  cubic  feet. 

72 

I 

Hence  if  r  be  the  radius  of  a  spherical  balloon  of  this  capacitji 
we  have 

1^  =  4044 
3 

and  r^  :=  looo  nearly. 
/.  r  =  10  feet  nearly. 

Even  such  a  vehicle,  it  appears,  would  be  bulky  and  expensife. 
Its  exterior  would  require  upwards  of  1200  square  feet,  or  13S 
square  yards  of  silk. 

Professor  Playfair,  (p.  254,  ToL  1,  of  OutUnes  of  Natural  PhOo- 
4op&y,)  has  erroneously  treated  this  subject  The  weight  tff  the 
gas  is  there  wrongly  computed. 


754.  Siujce  the  altitudes  ^  fluids  in  a  tube  aie  ioTeradly 
as  their  specific  grayities,  if  a  be  altitude  of  the  water  sustained 
by  the  air,  we  have 

«J[ —  :  so|  ::  .^  :  a 

13568  '      1000 

.*.  a  =:  413.824  inches, 
and  the  required  length  is  .*. 


I  =  — - —  =  2a  s  827.648  inches, 
sin.  30° 


755*       Grenerally,  we  have,  by  749^ 

.t«  +  (/  -  A)^  =5  ahy  .%  Ac=  ^±if , 
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whtre  a  is  the  depth  of  air  in  the  tube  before  ioTersioti,  h  the  stand- 
ard altitude,  and  x  the  defect  from  that  altitude,  caused  by  the 
elasticity  of  the  air. 
But  by  the  question, 

X  ts  38  --   (  —  +  28)  =  4  A  inches 

/  :=  33  inches,  and  a  =^  inch. 
Therefore 

h  =*S5  _  inches. 

20 


756.  Let  E  denote  the  elasticity  of  the  fluid  when  occu- 
pying a  given  space  vr*h,  r  being  the  radius  of  the  base  of  the 
tube ;  then  its  elasticity,  when  occupying  the  space 

wr^x 

is  E  X  A. 

X 

H«ace  if  W  denote  the  weight  of  tbt  pislen,  tlM  maf  ing  feroa 
upon  it  is 

W-E.A 

X 

and  the  farpe  whidi  accelerates  its  descent  is 

Hence  (vdv  =  —  Fdr) 

t,"  =  2  J-^  X  te  -  a:  J  +  C 


=•[ 


w 

Let «  =  A  -  S 
Then 

I  W  A  J 

which  gives  the  velocity  required. 


I 
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If  the  fluid  be  atmosjAeric  air,  its  elasticity  in  a  natural  stale, 
OF  when  the  barometer  stands  at  30  inches,  is  about  15lb.  vpoa 
the  square  inch,  and  we  have 
E  £=  flrr«  X  16  lbs. ; 
and  if  in  addition  to  the  piston  there  is  pressing  upon  it  the  whok     . 
atmospherical  column  of  air,  for  W  we  must  put  W  +  «t*  x  1^}    ^ 
and  we  then  get 

If  the  time  of  acquiring  this  velocity  be  required,  we  have 
/7/  —  ^  —      ^  <ir 


«      V«  (,_^,.,  +  ^^_,y 


757.        In  the  condenser,  the  density  of  the  air  in  the  re- 
ceiver after  t  turns  is  {Vince,  p.  112,) 

a  =  D  X  tt!^ •  (1) 

D  being  the  density  at  first,  and  r  and  b  the  capacities  of  the  re- 
ceiver and  barrel. 

Again,  in  the  air-pump,  after  t  turns  the  density,  is  (Fibioe, 
107,) 

I«t  b  s=  — ,  ^  =:  3 }  then  we  have 
10 

*  =  D  X  12±^  =  D  + 


(«) 


SD 


10  10 


or  the  density  has  increased  —  ths. 

10 

Alsoy  =  D'  X   *^' 


=:  D'-iy  X 


183 

853 

1684 

35S 


or  the  density  has  decreased         ths. 

1684 
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758.        Let  R  be  the  radius  of  the  body  of  the  pump,  r  that 

of  the  sucHon'tube,    Also  let  H  be  the  height  of  a  column  of  water 

whose  weight  =  weight  of  a  column,  having  the  same  base,  of  the 

atmosphere,  s  the  length  above  the  water  of  the  8nction*pipe,  p  the 

play  of  the  piston,  u  the  height  of  a  column  of  water  equivalent  to 

the  pressure  of  the  air  below  the  piston,  and  x  the  elevation  due  to 

•  the  first  stroke.     Then 

iF  +  tt:=:H (1) 

Also 

Hence 

...  s:.  i-{H+  ^p  +  .  ±  y(H+^V,).-4^pH} 

by  supposition. 
Hence 

i*  =  ±{2H-AqFVA'-B-} 

Again,  let  z,  be  the  elevation  of  the  water  in  the  tube  at  the 
end  of  the  second,  and  ti,  the  elastic  force  of  the  air  within  the 
pump  at  that  period ;  then  as  before 

X,  +  tf a  =  H 
and  «a  =  tf   X  -rr hilr      N 

.  R*?  +  r»  («-a;t) 

Hence 

X.  =  J-{  A?  ±  4/A*-B-*x  (H  +  »— «)} 

m  =  ±{8H-A::pVA*-B-4«(H  +  s-x)} 

and  so  on  to  x^  and  t<.. 

Since  x  and  u  must  be  both  less  than  H,  it  follows  that  the 
lower  sign  of  the  root  is  alotie  applicable. 


554 
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759.        If  D  be  the  denmtj  of  the  air  $X  ii^t,  and  i  that 
after  m  lunui  of  the  aif^pmnp,  we  have  (Fiiice,  p.  107,) 

(8A+r)- 

=  Dx(!±I)-..  ..........(,) 

Again,  let  x  be  the  required  depth  of  air  in'  the  tube  at  finf, 
and  y  the  standard  altitude ;  then  {Vince^  p.  92,) 
y  :  y  —  a  ::  I  -^  a  I  X 

/.  xy  =  (^  -  a)  (y  -  o) (2) 

I  being  the  length  of  the  tube. 

Also  if  y*  v^enote  the  standard  Utitude  when  under  the  re- 
ceiver, we  have,  by  the  same  rule 
y'  :  y'  -  6  ::  Z-  6  :  jp 

But  y  ai  y  -f^  .    Therefore 

xy  =  ^(/-6)(y^-6) («) 

Hence 

which  gives 

.  -    bD.(l-b)  +  a»(l-a) 
'  JJi-b) 

_    ft.(n-f8)-(/-5)  +  o(n+  !)•(/- a) 

(n+l)*(a-i) 
Hence 

y 

'       ""        ^        '       6(Z-6Xn+2r+a(/-a)(«+ir 


760.  Let  D,  d,  be  the  densities  at  first  of  the  two  airs, 
and  1  that  of  the  atmosphere  when  its  elasticity  is  S.  Also  let 
ly,  d',  denote  the  densities  at  any  other  time  ^ 


I 
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« 

Now  since  die  fluids  are  elastic,  they  will  always  fill  the  vessels ; 
hence  the  velocity  with  which  the  denser  air  would  rush  into  a 
vacuum  at  the  end  of  this  time  is 


==       S/^^    X    i; 


A  being  the  altitude  of  a  cylinder  of  water  equivalent  to  the  weight 
of  the  atmosphere. 

But  the  moving  forces  with  which  this  would  take  place,  and 
with  which  the  same  fluid  would  rush  into  the  vessel  .containing 
the  rarer  air,  are  respectively 

\  xD',and^  X  (ly-dO 
aiid  these  moving  Aroes  are  as  the  squares  of  the  velocities 

Again,  if  C,  c,  denote  the  capacities  of  the  TesseU,  m  hare 
Cxb  +  cxdssCD'  +  cX'i' 

D'-£.(D-D')-.d 

0 

:.  v*  =  2gh^  X   g? 


C  +  c  .  F  -  erf  +  CD 

which  gives  the  velocity  for  any  degree  of  density  of  the  denser 
medhim.  If  D"  be  eliminated,  a  similar  formula  will  be  obtained, 
giving  the  velocity  corresponding  to  any  density  of  the  rarer 
medium. 


761.  Generally,  supposing  the  basin  and  tube  cylindrical, 
let  R,  r,  be  their  radii  in  inches,  and  when  the  mercury  in  the  tube 
shall  have  descended  x  inches,  let  that  in  the  bMin  ascend  through 
X inches;  then 

»r>  X  a?  =  (irR*  -  rfr»)  X 
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.-.  X  =    '••^ 


R«-.r« 


Hence  the  real  depression  of  the  mercury  is 


X  +  a;  :p 


R«-^ 


In  the  problem  R  =:  3r 

.    X  +  :c  _      9r»     _    0^ 


< 


762.        The  spaces  decrease  in  Harmonical  FrogressioD, 
(Vinccj  Prop.  LXX).     Hence  if  a;  be  the  space  after  the  first  de- 
scent, we  have  (by  the  question  and  the  nature  of  the  progression} 
12  :  6  ::  12  -  a?  :  a:  —  6 

/.    18a?  =  2  X  T2 

« •    ISC  J2S  o 
11  1 

.%  —  —  —  ==  —  —  is  the  common  difference  of  <hc  re- 

12  8  24 

procals  of  the  spaces,  so  that  the  n^  space  is 

I   "T  r-r   +   --    — 


12  24         f}+2 


763.  Let  X,  a/,  be  the  depressions  after  immersion,  the 
standard  altitude  being  then  So  inches.  Then  (749)  and  by  tbe 
question 

a:»  +  (a  -  30)x=306 
.  x'*+(a'''30)x':=  306' 
whence 


-  (a  -  30)   +    V  (a  —  S0)*+ 1206 

""         ■         .  2  "• 


-  (g'  -  30)  +   V  (a'- 30)'+ 1206' 

X  ns  '    '  '  '  ■"  "^  A' 

2  ^  ^ 


a    known. 


^^ 
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Again,  let  A  be  the  new  standard  altitude,  then  we  hare 
(x  +  1 )'  +  (a  -  *)  (x  +  1)  =  hh 

:.  k  =    (x+iy+a,(:r+l)    ^  A+^  ^  ^^^^^,j 

6  6 

is  known.    Hence  if  y  denote  the  corresponding  depression  in  the 
second  tube,  we  have  (749) 


-  (a'  —  /*)  +  V(a'-  A)*  +  ^hJb' 

y  = z 


Q.E.I, 


764.        The  nnmber  of  degrees  in  Fahrenheit's  thermometer 
between  the  freezing  and  boiling  points  of  water  is 
;812  — 32=  ISO. 

Hence  if  the  diminution  of  bulk  be  .i-.th  of  the  whole  for  each 

n 

of  these  degrees,  Sr  the  diameter  of  the  tube,  and  B  the  maguif  tide 
of  the  bnlb ;  then  the  several  dinunntions  will  be 

B  +  iliawV    B+    ^"'"''''. 

180  180 

,  Stc. 


n  '  n 


,  and  the  whole  diminution  is 


n 
180    «    .       vr^a     _  ,«^    .   «,,.n    180   _      . 


B  +     ""  **     X  (32  4-  218)  l^Z^  =  v^ 


a 


n  nXlSO  *  2 

.%  B  =:  _-!  X  (n  —  122)  cubic  inches. 
180 


766.  Generally,  let  R  be  the  radius  of  the  sphere,  r  the 
radius  of  the  tube ;  then  the  surface  of  the  segment  of  the  sphere 
is  {Vinc^s  Fluxions,  p.  110,) 

S  =  4irR»  -  2»R  X  V  2R''  -  ^' 
MoreoTcr  the  centre  of  gravity  of  this  surface  is  distant  from  the 
centre  of  the  base  of  the  segment  by  (Fance's  Fluxions,  p« .  1 1 8,)  ' 
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G  =  JL  .  (2R  -  V2Rr  -  r»)  +  V^Rr  — t* 

t=:   R    +   ±  V  SR*-  -  '*. 
2 

Hence  tbe  preBsure  upon  the  surface  of  the  ball  is 

P  =  S  X  G+To  X  density  of  the  fluid 
=  weight  of  a  volume  S  x  (G  +  10)  of  the  mercury. 
Now,  when  the  mercury  just  fills  the  segment  of  the  sphere,  let 
the  weight  of  a  cubic  inch  of  it  be  t£; ;  then  since  the  TolnmeoT 
the  segment  of  the  sphere  is  (  Vince's  Fluxions^  p.  95) 


M 


=:  ,r  (SR  -  ^/2Rr-r•)'  X  (R  -  ^ELzJJ^iLUl) 

8  / 


the  weight  of  a  cubic  inch  when  the  mercury  has  risen  10  inches 

in  the  tube  is 

M 


10 


M  +  lOirr' 
and  the  required  pressure  is  finally  ei^presaed  by 


P  =  —J^ X  S  X  (6+10). 

M  +  lOwr* 


766.  Let  ^  be  the  density  of  the  air  at  first,  h  the  height 
of  a  homogenous  atmosphere ;  D  the  density  of  the  water ;  then 
the  water  would  rush  into  the  yessd,  compl^ely  empty,  with  t 

velocity  / 

V=v^2sfa 
and  with  a  moving  force  measured  by 

M=1A  +  Da.  '  ! 

and  when  the  water  shall  have  risen  through  the  space  x,  the 
moving  force  will  be  | 

M'  =  W  +  Do-l!:!l  X  ^ . X» 


3 

4r3— a;«(3r  — x) 

But  M  oc  square  of  the  velocity.    Hence  the  velodty  at  this 
stage  of  the  filling,  viz. 


1 
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"-^''yM -rfl"* IhT^ J 

is  known. 

Let  J?  be  0.    Then  at  first  the  water  rashes  into  the  globe  with 
theielocity 

«=«  /  ^  «gp^  . 

V     JA  +  Do 

f 

Again,  when  t;  =  0,  we  have 

a:*.  {3r  —  j:)  =  Da  (4r'  -  a*  8r  -  x) 


1  +  Da 

Hence,  the  portion  of  the  sphere  whidi  the  water  then  occu- 
pies, is 


By  the  resolution  of  a  cubic  equation  x  also  may  be  found. 


767.  Let  a  be  the  altitude  and  r  the  radius  of  the  base  of 
the  cylinder,  and  A  the  area  of  the  orifice.  Also  let  S  be  the 
density  at  first  of  the  air,  E  its  elasticity  at  first ;  z  its  density, 
and  e  its  elasticity  at  the  end  of  the  time  U  Also,  let  V  and  v 
denote  the  initial  and  subsequent  velocities  of  the  issuing 
medium. 

Now,  supposing  Q  x  S  the  mass  of  air  expelled  when  the  piston 
has  descended  through  a  —  a;,  we  have 

Q  X  S  =  irr"  X  aS  -  vi^x  X  « (1) 

and  since  the  expelling  force  at  first  and  afterwards  are 

£  and  i.  x  E 

S 

•*•  we  have 

1 :  *    ::  SV":«;t 

since  the  moving  forces  are  as  the  quantities  of  motion  generated 
in  a  giv^  time. 
Hence,  t?  =  V  or  it  is  constant. 
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Again,  the  quantity  digcharged  in  the  time  dt  is 

V  X  A  y  «  X  rf^ 

and  it  is  also  measured  by 

—  irr*  a  X  «fe 

••'"""  AT*  T 

AV  $ 

AVt 

/.  «=  S  X  c""** 
which  being  substitnted  in  (l)  gives  the  quantity  of  air  expelled 
during  /",  viz.  ^^^ 

Qs=flrr*S  x(a  -are  "TJaJ' 
X  being  a  known  function  of  t'. 
Let  a:  ss  0.    Then 

the  whole  content,  as  it  ought. 


m 
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768.  If  qy  q\  denote  the  distances  of  ibe  object  and  its 
image  from  the  centre  of  the  reflector  whose  radius  is  r,  we  hare 
(see  Coddington's  OpticSj  p.  8) 

q  q  r 

Also,  when  the  object',  0,  is  Yery  small,  compared  with  the  radios 
of  the  reflector}  it  and  its  image  o'  may  be  considerBd  circular  arcsi 
and  in  the  limit,  we  haTe 

o:o'::q:q' 

^      r+2q 

::r+2g:n 
Bnty  if  0,  ft'  be  the  angles  subtended  by  0^  0'  at  the  Tertex,  we 
get 

o:o' ::  (r  +  5)0 :  (r-^')*' 

:.r  +  2q:r  ::  (r  +  2q)^:rV 


769.        If  A ,  *  A  "  denote  the  distances  of  the  object  0  and 
image  of  from  the  lens ;  then  (Coddtngton's  OpHcsy  p.  ISO) 

0  : 0' ::  A  :  A" 

But  in  the  lens  {Coddingtony  p.  61.) 
vox..  II.  2  o 
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F  being  the  distance  of  tbe  principal  focus 

A  0  : 0'  ::  A  :  -£^  ::  a  +  F  :  F. 

A  +F 

Now,  by  the  qnestioni  0  :  0' ::  1  :  2,  and  since  the  image  is  to 
be  erect,  the  object  and  image  are  on  the  same  side  of  the  leos, 
and  the  distance  of  the  principal  focus  on  the  other  side  is  oegatiTe 

A  1 : « ::  F  -  A  :  F 

••   ^  —  -r-  —   —   X    —7-  f 
2  2  rr 

When  rssr' 

A  =  (lit  —  1)  r. 


770.       The  principal  focal  length,  measured  from  the  centre 
is  {Coddirtgtonj  p .  60) 


F=- 


mr 


2(?»  —  1) 

Therefore,  by  the  question, 

mr 


2(m  —  1) 

and  m  a=  !!5li?51^!?£L  r=  2. 
sin.  refraction 


771.  Let  a  be  the  distance  between  the  object  and  the 
eje,  and  x  the  distance  of  the  lens  from  the  object ;  then  {Cod- 
drngtofif  p.  120)  the 

Visual  angle  0  oc  ? 

^  (F-  A)x{A''  +  k) 

But  JL,  z=  i  —  i.  {Coddingtan,  p.  61.) 


.*.  0  aa 


(F- A)ife+ A  X  F 

and  bj  the  question 

(F—  a)*+AxF=:  minimum 
But  A  =  07,  and  A  =  a  —  x 
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•*•  ai*  —  aa:  +  aF=  min. 
/•  Sopcfr  — a(2r  =  0 

and  xss2^ 

2 

which  gires  the  position  required. 

772.  Since  the  angle  of  deviation  increases  with  the 
ang^e  (f)  of  incidence,  (see  Wooc^'^  Optics,  p.  46*)  the  rod  will  be 
most  hent,  when  this  latter  angle  is  a  maximum.  Now,  the  angle 
of  refraction  being  90^,  is  a  maximum,  and  then 

sin.  f  s=  m  X  sin.  90  =  m 
•*•  generally  the  maximum  deviation  is 

90°  —  sin.     fn. 
In  the  problem  ms  — ,  and  the  deriation  is 

90°  -  sin.  '^—  =s  90°  -  48«  S6' 

4 

=  41°  -  84'. 


773.  Let  r  be  the  radius  of  the  base,  and  h  the  height  of 
the  cylinder.  Then,  if  f ,  f'  be  the  angles  of  inddenoe  and 
refraction,  we  have 

sin.  fzzm  sin.  ^'  s=  —  sin*  f' 

3 

But  sbi.  f  =         ^ 


V(4r«  +  h*) 


.%  sin.  9'  =:  ±.     ^,    ''     ^^  ......  (1) 

Therefore  by  the  question, 

r  +  «  X  tan.  f'  :2r  ::x  :h 
X  being  the  required  depth. 
Hence, 

hr _        h  ^/(7f*  +  4*«) 


xzz 


8r  --  A  tan.  f'         2-/(7r«  +  4A«)  -  3h 
2  o  2 
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774.        The  density  of  the  sun's  mjs,  or  ih^  brightness  of 
his  image  ivhen  yiewed  with  a  reflector  or  refractor  oc 

area  of  aperture  X  power .  ^^^  ^^       ^^y 
(Focal  Length)*  '  f         / 

Hence,  supposing  the  power  tb^  simie  in  both  tl)o  r^fl^^tof  awl 
lens  we  havei  by  the  question 

p        p« 

Sr,  S/  being  the  linear  apertures,  and  F,  F  the  focal  lengths. 
But  F  =  SF  (IFootf,  pp.  190,  9&0 


2 


116.  Since  the  object  0  is  Tery  small,  it  may  k 

considered  an  arc  of  a  circle  concentric  with  a  vertical  sec- 
tion of  the  cylinder.  Hence  the  image  0*  will  also  be  a  cironkr 
arc  concentric  with  the  obj^t,  and  if  9,  9'  denote  their  radii,  ive 

have 

0:0' ::  9  '.({. 

But  iyf^wa.  Prop.  48,  Cor,  \.) 

/being  the  focal  distance 
.-.  0:0'::  9-/:/ 
which  gives  the  magnitude  of  the  image,  when  9  and /are  known. 


776.  In  the  sphere  the  angle  of  incidence  at  the  second 
surface  is  always  equal  to  the  angle  of  refraction  at  the  first  sur- 
face. Hence  it  will  readily  appear,  upon  drawing  the  figure,  that 
the  angle  of  incidence  at  the  first  surface  is  equal  to  the  angle  of 
refraction  at  the  second,  and  therefore  the  ray  Intercepted  be- 
tween the  surfaces  will  be  the  base  of  two  opposite  isosceles  A» 
whose  vertices  are  at  the  centre  and  intersection  of  the  first  and 
last  directions  of  the  ray.  Kow,  when  the  distance  of  the  centre 
from  this  radiant  chord  is  given,  the  chord  itself  is  giveui  and  tbe 
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angle  it  subtends — ^wbich  call  $ ;  and  then  denoting  by  ^,  p'  the 
angles  of  incidence  and  refraction,  we  have 

2  2  * 

sin.  f  Sim  sin.  qf  zsitn cos.  —  • 

Hence,  the  angte  of  d^ation,  or 

2(^  _  ^')  —  2  sin.     (»icos._j  —  #  +  |8 

which  is  constant.  Q.  In  D. 


777.        If  F,  F  be  the  focal  lengths  of  the  AtOi^  IsiiiieStand 
9  that  of  the  compound  lens ;  then  {tjoddington^  p.  68) 

*    .  F  ^  T 

Bat  by  the  qnestioa  F  —  F,  And  {CoMngton,  {>.  6!^ 

when  r  =  / 

.1  4(m  —  1) 

^  r 


7t8.  The  apparent  image  is  the  caustic  fbrmed  by  the 
inleneetiotis  of  the  refracted  rays  proceeding  from  the  eye  as  n 
radiant  point  to  the  linear  surface  of  tl^e  water,  which  is  in  the  sAme 
plane  with  the  given  straight  line. 

Let  x§  y  be  the  co-ordinates  of  this  caustic  measured  along  the 
X  upon  the  surface  from  the  eyei  and  originating  in  the  inter- 
section of  the  JL  and  surface ;  also,  let  9,  V  be  the  inclinations  of 
any  incident  and  refracted  ray  to  the  J.,  and  p,  the  distance  of 
the  eye  from  the  surface ;  then  (Coddmgtotij  p*  SI) 

X  tan.  y  —  A  tan.  0  +  y  =  0 

X —    A    ' —  =  0 

cos."  0  cos.'  9 

and  rin.  0  =s  m  sin.  0'. 
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Hence 

d^   ^   X      cos.'0    __  wtcoSyO* 

5?   ^    a"    COS.*  0'  COS.  d 

COS.  d'    \    a:   / 

\   a:    /  m 

B«t  tan.  «•  =  ±2l^  =  ^L=^ 

COB.  fi*  A      Bin.' 9 

—  sin.  8 

V«»*  —  sm.*fi 

\   X   /  m 

Hence  we  find. 

tan.«  =  J!i   X  y^Zfi^ 

a?*  iii«  -  1 

which  being  substituted  in  the  first  equation,  give 

the  equation  to  the  caustic,  which  being  traced  by  the  known 
ndes  for  describing  curves  in  general,  the  problem  will  be  coia- 
pLetely  resolved. 

779.  Let  2t  be  the  thickness  of  the  lens,  26  its  bread*, 
and  r  the  focal  length  ;  then,  since  the  focal  length  is  equal  to  the 
radhis  {Wood,  Art.  171),  by  the  nature  of  the  circle  we  have 

&•  =  2r  «  -  <" 
But  i  being  very  small,  <*  =  0  nearly 

.-.  6*=:r  X2^  a  E.  D. 


780.        If  ^  be  the  distance  of  the  focus  of  incident,  and  (f 


i^\  \ 
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that  of  the  emergent  rays  from  the  centre  of  the  sphere;  then 
{Coddxngtonj  p.  66) 


J-  =  i-  -  8.  ^^  ^ 


9  ^  mr 

/•  the  focal  length  is 

?  = —2 -—  =  nr 

fnr  —  2(in  —  1)  y 

by  the  question.    Hence 

9(2»  +  1)  —  nr 
the  ratio  required. 


781.       If  A'  be  the  real  and  apparent  ±  depths  of  the 
object ;  then  {Coddmgt(m<i  p.  46)  ' 

A'=  A  X  w 
m  being  the  given  ratio  of  refraction.  Hence,  having  fonnd  the 
real  situation  of  the  object,  let  a  JL  be  let  fall  from  the  situation 
fired  from  upon  the  line  joining  the  object  and  image,  and  call 
this  ±  p.  Also,  let  the  distance  of  this  ±  from  the  surface  of 
the  water  be  dy  and  0  denote  the  inclination  of  the  required  direc- 
tion to  the  surface  of  the  water  ;  then 

p  :d+  A  ::  1  :  tan.  0 

/.tan.O  =  l±!^ 

P 

which  gives  the  Z  required. 


782.  If  a  circle  be  described  passing  through  the  two 
extremities  of  the  flag-staff  and  touching  the  horizon,  the  Z  sub* 
tended  by  the  flag-staff  at  the  horizon  will  be  the  greatest  possi- 
ble; because  all  others  must  fall  without  the  circumference  of 
this  circle. 


y' 


783.        Let  a  be  the  given  distance  of  the  object  from  the 
reflector,  6  that  of  the  eye,  and  a:,  y,  the  co-ordinates  of  the 
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required  locus  measured  from  the  extremity  of  the  reetiliiiear 
locos  of  the  object ;  then,  from  the  conditions  of  the  problem,  and 
the  nature  of  reflection,  it  is  easUy  seen  that 


a« 


X  =  0?'  +  a?"  =  >/a'  -  —  jf«  +  V^*  -  y* 
or  the  locus  is  an  ellipse  whose  semi-axes  are  b  and  a* 


784.        Let  a,  fr,  c,  be  the  length  of  the  three  objects,  eaeh 

subtending  at  the  eye  the  same  Z  0.    Also,  let  x  be  the  first  side 

of  the  angle  subtended  bj  a,  and  ^  its  opposite  Z  ;  then  we 

haTe  ' 

a  :x  ::  sin.  d  :  sin.^ 

a  +  b  ixi:  sin.  SO  :  sin.  ((p  —  0) 

a  +  b  +  c:x::m.s^ :  sin.  (f  -  £0) 

which  give 

sin.  20   ^    a  +  i  sin.  (f  —  0) 

sin.  0  a  sin.  f 

a6d   "'^^  ^Q  ^  g  +  fc  +  g   ^  sin,  (fi  —  20) 
sin.  d  a  sin.  f 

Hence,  by  expanding  the  iines  of  the  multiple  ares,  we  get 

cot.  ^  =  SZl .  cot.  0 
b+a 

and  cot.  f  =:  goos-'Q(^  +  c-a)->(6-he) 

2(a  +  ^  +  c)  sin.  0. COS.  0       / 

:.2{a  +  b  +  c)  .  ^Zf  .  cos."fl  =  2  cos.»0  x  (^+0— o)-6+c 

ft+a 

which  gives 

cos.o«±x    /Ji±iL(«.+iL 

2  V  oc 


/!sin.O  =  ±      /4^-(ft-f0(a  +  6) 
2  V  ac 

.-.  cot.  8  =     /    (fr  +  c)(a  +  *) 
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b-^a     ,^         /  b+e 


A  cot,  f  = -JZfL   X        / 


/tt+^         ^  4ac-(6+<j).(a+*) 
Hence 

sin.  fi  =  —  .      /(a+6)(4flc  -  6+^.  JTI) 

«         ^  O  (CO  -*») 

8in.  B 

^         /a€.(a+b) 
^    V     flc-6' 

which  detennines  the  position  of  the  e  je. 

785.  Describe  a  circle  passing  through  the  two  extremities 
of  the  giren  object^  eUd  tolicfaing  the  circle  (see  p.  Ti  yoI.  i.)  ;  the 
point  of  contact  gives  the  masinmra  Qt  mniaiHn»  aooofding  al  the 
dfcles  touch  with  their  convexities  or  oenoavities. 


786.        The  focal  length  is  {Coddington^  p.  68) 

F=  JL-. 

But  9ft  s^  1.5. 
/.  P=2«r 


787.  The  image  of  the  ring  will  be  equal  to  tike  ohjecti 
and  equally  distant  from  the  surface  of  the  reflector.  Let  «,  /?, 
be  the  visual  angles  of  tbe  diameter  8r  of  the  object  and  image,  a 
the  distance  of  tbe  centre  of  the  objtet  from  the  reflector,  and  b  the 
distance  of  the  eye  from  that  centime ;  then 

r  s=  6  tan.  — 

add  we  easily  get 

*■  —  r"  +  4a" 


cos.  /?  =: 


V{6*  +  (8o«+2f»)6'+C4a*- »*)•}. 

Hence  a  and  0  may  be  found  by  the  table,  and  the  apparent 
magnitudes  of  the  object  and  iniiage  may  foe  compared^ 
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788.  Since  the  image  is  always  at  the  same  distance  bm 
the  reflector  as  the  object,  the  reflector  will  always  bisect  that 
part  of  the  revolving  line  which  is  intercepted  by  the  given  fixed 
lines.  Hence,  if  r,  i^  denote  the  distances  of  the  axis  of  revobitioD 
from  the  two  given  lines,  measured  along  the  revolving  line,  when 
in  such  a  position  as  to  be  equally  inclined  to  both  of  than ;  ZP  be 
the  inclination  of  the  given  lines,  and  d  the  angle  described  from  r, 
and  f  the  radius  vector  of  the  required  locus,'  it  may  easOybe 
9hewn  that 

—  ^^'^    y    ^  ^^'  (P+  ^)  +y^  COS.  (g—  e) 

'  ""     2  cos.  {0+^).  cos.  (fi  -  e) 

orr:  £2!d!  .  {r  sec.(fi- 0) +r' sec.(|5  +  0)} 

which  is  the  polar  equation  to  the  required  locus. 

The  student  may  amuse  himself  with  deducing  other  eqaatimff 
to  the  curve,  and  by  tracing  it  through  all  its  ramifications. 


789.  Since,  by  hypothesis,  the  object  is  veiy  distant 
compared  with  its  magnitude,  it  may  be  considered  a  circular  arc 
concentric  with  the  reflector.  Hence  also  the  image  is  a  circular 
arc  similar  and  concentric  with  the  object,  (FTood,  p.  113,)  and  if 
0,  0'  be  the  absolute  magnitudes  of  the  object  and  image,  we  ha?e 

0  t  0*  ::  q  :  q' 

*  q  and  /  being  the  radii  of  the  object  and  image. 

Again,  let  the  given  distance  between  the  eye  and  image  be  d, 
and  «,  a  the  known  A  at  the  eye  subtended  by  the  object  and 
image,  and  x  the  distance  of  the  object  from  the  eye,  and  r  the 
radius  of  the  reflector ;  then  from  the  great  distance  of  the  objed 
from  the  eye  it  may  be  considered  a  circular  arc,  having  the  ^ 
for  its  centre, 

'  .*.  0  =  or  X  » 
V=i  d  X  a' 
.\  a:  X  a  :  d  X  of  ::  q  :  ^ 
Buty  :  j'  ::  OF  :  EE  ::/-  q  :/ 
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f-i 


Hxsnxsnst  (^Coddington,  p.  55,) 


•  « 


9  =  ^  


/""9        mr — m— l.f 

. /-O-m) 

••9'-r-(m-l)/ 

Hence 

Bat  {Coddrngion^  p.  56,) 

.\  X  X  »  :  d  X  a   ::  rm  +  mr  :  r  +  mr 

::  2m  :  m  +  I 

A   4?.=   -IZ-    X    —  ci 

Hence 


^Tzq  +  d^x  =  ^ 


whiph  detennines  the  magnitude  of  the  reflector. 
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Hence 


g   =    _!2L.(i-x) 
m— 1 


andx—  9  is  therefore  known,  which,  being  the  distance  of  tk 
centre  of  the  reflector  from  the  eye,  gives  the  position  of  the  re- 
flector. 


790.       Let  a  be  the  altitude  of  the  cylinder,  r  the  radios  of    1 
its  base,  also  let  m  be  the  ratio  of  re&actiou ;  then  the  depth  of 
the  image  of  the  centre  of  the  base  is 

a 

m 

and  if  f  denote  the  inclination  of  the  line  joining  the  eje  and  edge 
of  the  cylinder  to  the  yertical,  ^e  hayfe 

r  =  iL  tan.  0 
m 

.-.  tan.0  =  2r 
a 

which  gives  the  direction  of  vision.  Again,  let  h  be  the  height  of 
the  eye  above  the  fluid,  and  x  the  distance  of  the  penon  from  the 
vessel;  then 

:c=Atan.Gr=  !^. 

a 


791.  The  rays  of  light  ptoceeding  from  the  wick  form  a 
frustum  of  a  cone,  whose  axis  is  parallel  to  the  wall,  and  smaller 
end  the  top  of  the  cover.  This  coue  of  light  being  ot  indefinite 
length  is  cut  by  the  plane  of  the  wall,  which,  being  parallel  to  the 
axis,  the  section  will  be  the  common  hyperbola. 

If  the  top  of  the  cover  be  not  horizontal,  the  luminous  figure 
on  the  wall  will  be  an  ellipse. 

792.  Changing  the  notation  to  that  of  the  problem,  and 
making  r  positive  and  r'  negative,  we  have  {Coddmgtomf  P-  i^) 
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1-1 


n 

elZf.  LL  +  ^  +  n^.^l  Mtfly. 
n        y  r  r  rf 

the  tenns  inYolTing  <*,  (?,  &c.  I^^iiig  o^gl^l^bMiiiae  of  tbeirfioni' 
pamtiye  wnalliiess. 


793.        Generally,  (Wood,  pu  118,) 

PR  :  pr  ::  QF  :  FE 
•\  by  the  question 

7  :  1 .::  OF  :  FE 
and  6  :  1  ::  QE  (  =  5  feet)  :  FE 

/.  FE=  i-feet. 

6 


794.        He  must  use  a  double  concaye  lensi  whose  focal 
length  is  {Wood,  p.  183,) 

P  =  ^^  =  ii2L!«  8feet9±inches. 
Qg  11  11 


79S.  Let  0  be  the  Z  of  incidenoe  of  the  giTen  ray,  r  the 
ladlw  ^^i>^  reflBctoTf  iind  x  the dist^iceof  tha  raiected  ray  from 
the  centre;  then 

d  :  r  ::  sin.  ^  :  sin.  (60-*^) 

and  X  :  r  ::  sin.  f  :  sin.  (60  -f  f). 

From  the  first  proportion  we  get 
tan.  ^  =r     ^^^ 


8r  +rf 
and  this  being  substituted  in  the  second,  gires 


r+d 
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Hence,  since  the  geometrical  focus  bisects  the  ndius,  the  di 
tance  of  the  reflected  ray  from  it  is 
r  ^     rd 


2    •    r+d 

'according  as  the  focus  of  incident  rays  is  nearer  to  the  refleeter 
than  its  centre  is,  or  not. 

796.       Generally  {CoddingUm,  p.  $6y) 
mr 


/  = 


8  (m  - 1) 


Bntherems^  — ,andr  =  — 

3  10 

.-,/-=£  X  —  =  i-efanincb 


797.       Generally,  (CoddingtoJh  p«  ^h) 
1     _  J^  ^    1 

A"    "*"    A    "■  T 

But  by  the  question 

A  s  4,  and  A"  s=  9 

/.  F  =:  2!  =:  7  i-  inches. 


798.  The  density  of  the  rays  in  the  sun's  image  oc  as  the 
area  of  the  aperture  directly,  and  inrersely  as  the  focal  length  of 
the  lens.  If,  therefore,  c{,  cf  be  the  densities  for  the  sphoeof 
water  and  the  plano-convex  lens  of  glass,  we  have 

d  :  diiJL    ;   ± 
f        f 

But,  {OMxngion^  pp.  66  and  68,) 

1        o»  —  Ijl         m'—  1 
—  s=  2 . and  _-  =:  ; — 

/  mt  f  if 

and  by  the  question 

m  =  — ,  m'  s=  —  and  r'  =  %t 
'8  « 
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•    if    ••  •  ••1*9 

2r  r 


515 


799.       The  glass  [most  be  a  doable  ooncaTe  lensy  whose 
focal  length  is  (Wood,  p.  133,) 

Q?  9 


800.  Grenerally,  required  the  ratio  of  the  dne  ofincidenco  to 
thatqfrefractionf  when^  the  cyUnder  being  the  pit  part  fidly  the  eye 
(placed  80  as  to  see  the  farther  extremity  of  the  vessel  when  empty  f) 
shcdljust  see  the  centre. 

Let  r  be  the  radius  of  the  cylinder's  base,  f ,  f '  the  angles  of 
incidence  and  refraction  from  the  eye  into  the  medium,  and  x  the 
distance  of  the  centre  of  the  base  from  the  ±  at  the  point  of  inci- 
dence; then 

sin.  f  :  sin.  ff  ::  r  +  x  :  x 

andr +  ^  :  2r  ::  —  :    1 

P 

/,  x  =  ...  (2  *  p) 
P 

•'.  sin ^  :  sin.  f'  ::  s  :  2  —  p. 
In  the  problem  p  =:  — . 

/.  sin.^  :  sin.  f'  ::  3  :  1.    - 


801.        When  the  object  is  between  the  principal  focus  and 
the  centre  of  the  leua,  the  image  is  erect.    (  Wood^  p.  1 14.) 

Also  since  the  object  and  image  are  concentric  and  similar  arcs, 
we.have,  by  the  question 

1  :  3  ::  QE  :  E9  ::  QF  :  FE(Tr(MMf,p.99,) 
::  FE-QE  :  FE 

•.  FE  =  i.QE=r  l-x4=:6  inches. 

2  2 


576  OPTICS. 

802.  Let  X  be  the  distance,  of  tbetsentre  of  the  base  firon 
the  vertex  of  the  segment  of  the  sphere  whose  suxface  is  the  xtk 
part  of  the  whole  surface ;  then  {Vince's  Flux.  p.  1 10,)  this  partial 
surface  is 

2vrx  =  —  .  4irr* 
n 

by  the  question. 

.*.  a?  =  — 
n 

Again*  since  die  extieme  rays  piooeedmg  frou  the  iqpktre  to 
i|ie  eye  wlU  touch  the  sphere,  we  easily  prova  that  the  reqsM 
^Usti^ioe  firamthe  Ytrtex  of  the  sphere  to  the  eye  is 

rx  2nr 


d  = 


r  -!-.«?       ii-^» 


803.  The  image  recedes  from  the  reflector  aa  ftst  aidie 
reflector  from  the  fixed  object,  and  in  the  same  direetioD.  There- 
fore the  image  recedes  twice  as  fast  from  the  object  as  the  refledor. 


804.  The  rays  proceeding  from  thecircnmferaiceof  tlie 
circle  to  the  eye  form  an  oblique  cone,  which  being  produced,  will 
be  cut  by  a  vertical  plane,  and  the  section  thus  made  will  be  a 
circle  when  it  is  the  subcontrary  section  of  the  cone.  (See  p.  18, 
and  Fig.  15.)  Hence  the  eye  must  be  in  such  a  position  that  die 
subcontrary  section  of  the  cone  may  be  vertical. 

Let  a  be  the  distance  of  the  given  locus  of  the  eye  from  the 
centre  of  the  given  horizontal  circle,  whose  radius  call  r,  and  x  the 
required  altitude  of  the  eye.  Also  let  d,  d'  be  the  A  subtended  at 
the  circumference,  by  the  rays  proceeding  from  the  extremities 
of  the  diameter  which  meets  the  given  locus.  Then  if  the  sec- 
tion be  vertical  we  must  have 
d'  =  90  +  0 
and  X  =:  (2r  -f  a)  tan.  0  ==  a  tan.  (ISO  —  90  --  A) 

=:  a  .  cot.  6 
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:.  tan."  0  =  — t — ,  and  tan.  0  =  ^  / — 2 — 

2r  -{-  a  \^  2r  +  a 

Also  X  =  ^  a(2r  +  a) 
which  determines  the  required  position. 

805.  Let  r,  /  be  the  radii  of  the  spheres,  and  r  +  f^  +  d 
the  distance  between  their  centres ;  then  if  any  point  be  taken  in 
the  line  joining  the  centres,  and  from  it  tangents  be  drawn  to  both 
spheres,  the  surfaces  S,  S'  visible  at  that  point  will  be  the  por- 
tions cut  off  by  planes  through  the  extremities  of  the  tangents  J. 
to  d^  Let  x^af  he  the  abscissse  measured  from  the  vertices  of  the 
spheres  along  d,  of  these  portions ;  then  (Fince*s  Flux.  p.  110,) 
S  =  2wrxy  S'  s=  2v/x' 

.'.  2wrx  +  2flr/j/  =  max.    • 

A  rdx  +  r  da?'  =  0. 

Again,  it  is  easily  shewn  that 

d  =  j^  +  ^ . , (1) 

and  this  gives 

dx       ,        ds!      ^  ^ 


-.  -;:=^  =  y-  •  •  • («) 

r  —  «  V    r 

Hence,  and  from  equation  (1),  we  get 


x  r: 


r  +  r'  +  d 

r^^-\-d 
and  thQ  distance  from  the  required  to  the  surface  whose  radius 

is  r,  is 

VOL.  II.  2  P 


1 
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806.  Let  a  be  the  height  of  the  person's  eye,  6  the  length 
of  the  mirror,  whose  top  is  supposed  to  be  od  a  level  with  the  eje^ 
and  X  the  variable  distance  of  the  person  from  the  glass ;  tba 
since  the  image  is  equal  and  similar  to  the  object,  and  at  the  saae 
distance  from  the  reflector's  surface,  if  P  be  the  length  visible,  we 
have  (by  similar  A) 

V  :  b  :t  Mw  :  SB 

P  a  2*. 


•  • 


807.  Let  m  be  the  given  ratio  of  the  sines  of  inddcaei 
iud  rrfraetion,  r  the  radius  of  the  sphere,  w!  the  givai  noioof  At 
rays  included  by  the  sphere;  also  let  ji,  p'  be  the  UDknowadir 
tances  of  these  rays  from  the  centre  ef  the  gpheie ;  then  it  nay 
easily  be  shewn  that 


P' 


which  give 


,   1  -  Hi's 


/ 1  - 

the  distance  of  the  incident  ray  from  the  centre. 


808.  Let  a  be  the  i.  distance  of  A  from  CP,  (see  Rg.  to 
the  Enunciation,)  or  of  B  from  CQ ;  also  let  &  be  the  distance  of 
C  from  these  perpendiculars,  and  suppose  ^,  x'  the  distances  of 
Pand  Q from  the  ±  from  A  and  B,  and  0,  V  the  if  of  i 
at  A  and  B ;  then  we  easily  get  these  equations 

X  ss  a  tan.  0 

x'  =  a  tiMi  V 

6— X  ^  cos.  (C  —  V) 

5--J?  COS.  0 

b'-af  _  COS.  fC-a') 
J+3  ""        COS.  6' 


opncfi.  *W 


H^ioe  are  readily  derived 


*"~^  ^  ^a  n      *     sin.  C 
,  =:  COS.  v-r  —  a?  .  ■ 


a 


and*z£=:c«i.C-*'.JJiL£ 
0+x  a 

and  by  further  elimination  and  reduction,  we  finally  obtain 

^^  asin.C— ft(l— cos.C)       _.  ofcsin.'C+^'sin.C— !8ai 
1  —  cos.  C  sin.  C.(l  — cos.C) 

which  being  resolred  gives  the  positions  of  P. 

The  problem  may  be  resolved  more  easily,  although  not  so 
strictly,  by  considering  the  symmetry  of  the  loci  of  P  and  Q  with 
Inspect  to  the  points  A,  C,  B*  It  is  evident,  although  tM  very 
easily  demonstrable,  that  6  =  0',  and  x  ^  a/. 


809.  The  caustic  is  the  common  cycloid,  whose  base  ii' 
equal  to,  and  coincident  with,  the  base  of  the  given  8^flu*cycloid» 
{Woody  Prop.  100.) 

Again,  let  dx  denote  the  constant  element  of  the  base,  and^cis 
the  corresponding  variable  element  of  the  arc  of  the  caustic ;  then 
the  densities  of  the  rays  of  light  upon  these  elements  will  be  in* 
versely  as  their  magnitudes;  that  is,  since  the  light  will  be  nni* 

form  upon  the  base^ 

denrity  «  ±. 
ds 

But  if  y  be  the  ordinate  of  the  reiector  paialltlta  thamjSi  If 
the  nature  of  the  curve,  we  have 

dy  :  dx  ::  vers,  d  :  sin.  6 
and  dy  +  (if  =  0.    {Codd.  p.  88.) 

sin.  0 


.".  Density  a 


vers.  0 


It  does  not  therefore  €C  as  in  the  enunciatios. 

St  9  % 
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810.       The  whole  number  of  images  is  (CocW.  p.  »*,) 


360®  _ 


tfo 


s=  6. 


811.  -     The  focal  length  of  a  doable  convex  leng  is^  (CWrf- 
p.  e«0 


Tf^ 


wCr  +  O 
A  by  the  question 


8r  =  _L 


and  9n  s  — ^  tlie  ratio  required* 

4 


812.       The  distance  of  the  focus  of  refracted  rays  from  the 
snrface  of  a  spherical  refractor  is  {Codd.  p.  66,) 


A'== 


mr 
m— 1 


4 

But  for  glass,  m  =  —  • 

.%   A'  =2  Sr, 
so  that  the  parallel  rays  will  just  reach  in  their  oonyergence  the 
plane  reflector,  and  be  reflected  back  again,  couyerging  to  the 
spherical  surface. 


813.  Let  a  denote  the  inclination  of  the  two  mirron,  and 
0  )&ai  orthe  first  incident  and  second  reflected  ray  intersecting  at 
the  luminous  point ;  then  it  may  be  easily  shewn  that 

Again,  let  a  be  the  distancfe  of  the  given  point  at  which  the  rty 
is  always  reflected  from  the  intersection  of  the  two  mirrors,  and 
suppose  the  radiant  point  moving  in  the  arc  whose  radius  is  or,  lo 
be  now  in  the  middle  point  of  that  arc ;  then  it  easily  q^pears 
that 
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w  — 2« 


:  a  ::  sin.  ( JLZlfL  +  ±.\  i  sin. 
::dn.(^-|.):ri..(^-.) 


::  COS. 

■  • 

2 

COS. 

a 

'  A  0?  =  a  X 

cos. 

* 

f 

C08< 

.  « 

Ibe  radius  reqniied. 

814.  Let  9  be  the  distance  of  any  section  of  tbe  (^linder 
J.  to  the  coincident  axis  from  the  centre  of  the  reflector,  ^goA  q' 
that  of  the  centre  of  the  image  of  the  circumference  of  this  sec« 
tion,  also  let  R,  R'  denote  the  radii  of  the  section  and  image; 
then 

RrR'::?:^' 
::  R'oci. 

But  in  the  couTex  reflector  {Coddingtouy  p.  8) 
JL  —  JL  —  -1 

<(  q  T 

r  +  «<?' 


.\  K  oc  LJ-CL  cc  also 


r  r-29 

Let  q  s:  a  (the  distance  of  the  end  of  the  cvUnder  from  the 

reflector),  then  q*  s=  ;  also  when  q  ^  oo^q'  -^  ...^ . 

Consequently  the  rertex  of  the  image  is  in  the  principal  focus, 
and  the  distance  of  any  section  of  the  image  from  this  yertex  being 

put  =  €2,  we  have  d  c=  9  +  — ; 


r  +  2X(d-il') 
R'  a ?_L  «  d, 


hence  R'  oc ^  ^   cc  d,  which  is  the  property  of  the 

r 

cone. 


S©  omcfi. 


The  ba$e  of  the  cone  has  a  radios  R'  sz  R.  , 

r  -^20 


I 


and  its  altitude  is  —  ^ 


r  ra 


8  r  ^ta 

815.  If  I,  y  denote  the  distances  of  the  foci  of  inddeBce 
and  reflection  of  any  pencil  of  rays  from  the  point  of  inddenoe 
i,  ^/  their  next  values,  and  D,  D'  values  of  them  ibr  a  given  pdnt 
of  the  reflector;  then  x  being  the  length  of  the  caustic  betwees 
these  two  points  of  incidence  we  easily  prove,  (Wttod,  Prap^  97) 

dx  =  ^  +  y  -  (^,  +  i^')  =  rf  (^)  +  (i  (y) 
/.  A  =  ^  +  y  +  c  =  ^  +  y  -  (D  +  ly). 

In  the  problem  ^  —  D  =  ordinate  (y)  of  Ihe  cude,  and  C  s  0 
for  the  beginning  of  the  caustic, 

/.  X  =  y  + 


Also,  (Woody  p.  244)  y=zJLy 

2  ^ 


816.  Since  the  image  is  always  at  the  same 
from  the  reflector  which  produces  it  as  the  objeot,  and  on  tbe 
opposite  side  of  it,  that  part  of  the  distance  between  the  eye  and 
image,  which  i^  included  between  the  image  and  reflector  is 
equal  to  the  distance  between  the  object  and  point  of  incideiioe. 
The  remaining  parts  of  the  ^ths  of  the  object  and  image  to  the 
eye  coincide.     •'•  the  two  paths,  are  equal. 


817.        The  Z.  between  the  incident  and  emergent  rays  is 
(Wood  Prop.,  93) 

2  (rt  +'  1)  d'  -  20 
d  and  0'  being  the  A  of  incidence  and  refraction.     But  when  tbe 
rays  emerge  parallel  to  the  direction  of  incidence 

2{n  +  1)  fi'  —  2d  =  0 

.'.  fi :  6* ::  n  +  1  : 1.         .  Q.  E.  D. 
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818,        The  longiindiiiftl  ab«mtioa  is  {C^d4ingt<mt  p.  14) 
r  vers.  0 

i 

r  being  the  radius  of  the  refleelor,  and  6  s  —  the  aperture. 

To 

Hence,  if  »  denote  the  lateral  aberration,  we  have 
•  ilI^ILi  ::  rsin.O:^ 

8  2 

.\  »  =-:  r  sin.  §  X  vers.  9. 
But  the  diameter  (d)  of  the  least  drde  of  aberration  is  half  the 
lateral  aberration  neaHj*  and  the  diameter  ((f)  of  the  aperture  is 
2r  sin.  0.    Con3equently  we  haye 

^,^       rsin.0XTers.fl,g^^.^^ 

2 

d"     df*  \      2      J 

the  required  proportion  between  the  densities. 


819.        Sin.  Ism  sin.  R,  and.  sin.  i  s^  m  sin.  r,  and  the 
angle  of  deviation  is  {CodcL  p.  48) 

I  +  I  —  a 

a  being  the  angle  of  the  prism ;  also 

R  +  r  ?=  «. 

But  the  deviation  is  to  be  a  minimum 

/.  dl  +  di=zO. 

Also  dR  +  dr=iO 

J    dl  COS.  R     ^^j   di cos.  r 

and  -— -  =  m         .f  t  and  _  as  w    — ^ 

cZR  COS.  1  dr  cos. « 

.     COS.  R    ^     COS.  r 


•  • 


COS.  I  COS.  i 

•     ^  —  w>* COS.* I    __  1  — m"cos.*i 
COS.*  I  ""        cos.*i 

vrhich  gives  cos.  I  =  cos.  t 
and  .*.  I  =  t. 
Similariy  R  c:  r. 
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820.        If  Q  be  the  distance  of  the  focus  of  refraction  at  the 
first  sorface,  we  have  {Codd,  p.  Sei) 

1  n  n       ^      r  ^  nd 


Also 


Q         (»  +  1)  a        (n+  l)r        (n  +  l)rd 

1    _  n+l   _  2L 
"7  "^  ^S+t         r 

^       T  rd"        (n  +  1)  r"d* 

^  r— 2nd    ,       (nd  —  r)* 
rd"         (n  +  1)  r«d« 

Again,  (Cbdd.  p.  61,) 

-L=:  — —  +  — 
^  r  d 

?'  y  (n  +  Ijr^d' 


821.  This  problem  may  be  simplified  by  enomicmg  it, 
Given  the  posiiion  of  a  horizontal  straight  liney  and  of  a  vertical^am 
mirror  J  required  the  inclination  of  another  mirror  to  the  former,  thai 
the  angle  at  a  given  point  of  the  line  subtended  by  the  image  oftk 
line  in  the  image  of  the  former  mirror  may  be  zero. 

Let  0  be  the  angle  required,  and  «  the  giyen  inclination  of  tbe 
straight'line  to  the  surface  of  the  given  reflector;  then  if  ^  denote 
the  inclination  of  the  second  image  of  the  line  to  the  given  mhwr, 
we  easily  get 

But  by  the  question  9  =  0. 

•    fl  —    * 

2 
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822.  If  p  be  the  number  of  reflectioiis,  A  the  Z  of  in- 
cidence,  and  B  that;  of  refraction ;  then  the  Z  between  the  inci- 
dent and  emergent  ray  is  (Wood^  Prop.  XCIII.) 

20  --  8  (p  +  1)  ft'. 

Also  for  the  rays  to  emeif  e'  parallel,  we  must  hate  {Woodi 
Prop.  XCIV.) 

tan.  0  :  tan.  d'  ::  p+  1  :  1 


4 
and  sin.  0  =s  m  sin.  (f  s=  —  sin.  V. 


,  1         tan.  0    _    sin.  0 


COS.  ^ 


tan.  V         sin.  4'      cos.  A 

—  4    COS.  y 

F  '  COS.  9 
Hence,  and  by  the  question, 

fi  -  ±V.^LL  =  max.  or  min. 
3       cos.  0 

and  patting  its  differential  =:  0,  we  get 

dd  _  4  cos.  0  (cos,  y  -  y  sin,  y) 
5?  ""  3COS.S6  -  V  .cos.O'8in.O 


But  since 

sin.  6  = 

3 


sin.  6  =  —  sin.  V 


we  hare 

d^   ^    4     cos.  y 


dV         3    cos.  0 
Hence,  by  substitution,  we  get«  after  the  proper  redactions, 

3  COS.*  d  _,  cos.«  y 

sin.  6  sin.  y 

.     3  COS.*  d    ^  sin.  0^4 

cos.  2  y        sin,y  ^  T 

.     cos.  0 ,2 

•  •    ■  '     ■■  ■  r  —  I  —  • 

cos.  y         3 

Hence 

^  3       cos.  y 

andp  =  ±2—1=1. 
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823.  Xiet  r  be  the  radius  of  the  hemisphere,  x  and  jr  the 
co-ordinates,  measured  from  the  edge  of  the  bowl,  of  the  iieiiat 
point  which  comes  into  view  when  it  is  filled  with  water ;  Ihoi  it 
readily  appears  that  the  depth  (d)  of  the  image  of  this  point :  r 
::  «  :  r. 

.•.  d  =  i. 

Hence 

d  :  y  y.  sin,  V  :  sin.  0  ;:  8   :  4 
6  and  V  being  the  angles  of  incidence  and  refraction. 

4    .         4 

.*.   y  =   — ;  a  =:   —  ,  X 
^8  3 

But  «•  =  Srj?  —  a:*  cs  —  a;* 
^  0 

.%  —  a:  =  2r 
9 

18 

:.  X  ^  —  r 

25 

.  4  S4 

andyrr— ors-^r 

3  85 

the  depth  required. 


824.        If  A  and  A'  denote  the  distances  of  the  foci«f  in- 
cident and  refracted  rays,  we  have  {Coddington^  p.  M) 


m  -^  n    .       n 
+ 


A '  mr  m  A 

/.   A'  -   A    =    ,■    ■    r ; —  —  A  =  max. 

(m  —  n)  A  +  «r 

and  putting  its  differential  ==  0,  we  get 

mr ^    (m  —  n)  mr  A     _  |  ^q 


(ot  — «)A+nr        (m— «.A+nr)« 
which  gives 

A    =  '''^'* 


A^m  +  V** 


I 
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and  this  substituted  in  the  expression  for  the  nuudmum  gives 

4/m  4-  v» 


825.  Since  the  object  Is  SHiall  it  may  be  considered  a 
circnlar  arc  concentric  with  the  sphoe,  and  its  image  after  reflec- 
tion will  therefore  be  a  circular  arc,  also  conoentric  with  the 
sphere,  and  similar  to  the  object,  (Wood,  Pr(yp.  XY.) 

Again,  if  A  denote  the  distance  of  the  image  from  the  lefraeter, 
in  order  that  its  image,  caused  by  refraction,  may  be  distit^tt  we 
most  have  (Woody  Prop.  XXXIX.) 

A  —  r  :  r  : :  sin.  I  :  sin.  R  ::  4  :  8 

•  •    Zi   =s  — .  r 
3 

Hence  the  distance  of  the  image  by  reflection  from  the  reflectisg 
surface  is 

«r  -  Z.  r  =  -  -L 
3  3 

and  it  is  /.  exterior  to  the  sphere ;  and  the  distance  of  the  object 
from  the  same  surface  is  .*•  (TFoocf,  p.  S0,) 

r  r    ^   iO 

T      T 

Hence  the  distances  of  the  object  O  and  image  O'  by  refleeti<m 

from  the  centre  are 

8r     ji      ,    r 
r  —  —  and  r  +  — 

10  3 

t 
$ 

:.  O  :  (y  ::  L  :    A  ::  21  :  4o. 

10        8 

and  C  «  12.x  O (l) 

21 

Again,  since  the  distance  of  the  image  by  reflection  from  the 

RAriinor  Burfac^  is 


reflecting  surface  is 
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the  dutance  of  its  image  caused  by  refraction  from  that  cinrftoeis 
got  from  the  expression 

1  m  -  1 


A'  r  A 

3r         7r  ^    2lr 


which  gites 


A   ss  —  r. 
6 


Hence  the  distance  of  this  imagCi  which Js^ concentric  and  8iaii« 
hur  to  the  former,  from  the  centre  is 

6 

and  if  O"  be  its  magnitude,  we  have 

CsCx— Xrx—  ;?:—  xl^XSXO 

5  4r        21         10 

=  5^0. 


Nowletabe  the  distance  of  the  eye  from  the  centie ;  theniH 

distance  from  C  is  —  r-^  a 

5 

and  the  fisual  angle  is 

5x52xO 


0  = 


7  X  (2Qr^a) 


Also,  since  the  distai^ce  of  the  principal  focus  of  the-spbeie  from 
the  centre  is  {CoddxngtoTij  p.  66,) 
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•*•  the  visual  angle  of  the  object  when  at  the  principal  focus  is 

a  +  2r 
.".   0  :  0'  ::  o  +  2r   :  250  X  7  .  (26r  -^  a). 

> 

826«  From  the  centre  of  the  reflector  let  fall  a  ±  upon 
the  rectilinear  object  produced;  then  taking  this  as  an  axis,  the 
image  will  be  a  portion  of  a  conic  section,  whose  major-axis  coin* 
cides  with  that  J.,  and  whose  focus  is  the  centre  of  the  re- 
flector. Let  0  be  the  traced  angle,  and  p  the  radius  vector  of  this 
conic  section,  c  the  distance  of  the  foot  of  the  object  from  the 
centre,  and   r  the  radius  of  the  reflector;  then  {Coddington 

p.  »«0 

J.  =  -i  +  —  COS.  e 


r  c 

1 


a(l-c«)        a(l-c«) 
where 

e  s  «— ,  a  s= 


COS.  6 


2c  4c«  -  r« 

Hence  minor  axis  is 


6  =  a  VI  —  c«  = 


cr 


V  (4c«— I*) 
and  the  equation  between  its  rectangular  co-ordinates  is  knowUim* 

Again,  let  a  be  the  inclination  of  the  object  to  the  given  axis, 
d  its  length,  and  n  the  part  of  it  produced.  Also  let  f  denote  the 
inclination  of  the  tangent  at  any  point  of  the  image  to  its  major 
axis;  then 

tan.^)=:^='A  .  -Z^ 
dx         a        sja*—x^ 

a  y 
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let  y  c:  n;  then  the  inclination  of  the  image  of  the  given  objeet 
to  the  major  axis  is  had  from 

a  n 

and  therefore  the  inclination  to  the  given  axis  is  knows,  ou.. 

The  portion  of  the  image  due  to  the  given  object  is  the  are  of 
the  conic  section  intercepted  by  the  straight  lines  drawn  firom  tlN 
eatremities  of  the  given  object  at  right^angles  to  it« 
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827.  SiNC^  the  day  is  given,  the  son's  place  in  the 
ecliptic  is  known,  and  therefore,  hj  the  tables,  its  declination ; 
which  suppose  D.  Also  let  L  denote  the  given  latitude  of  the 
spectator.    Hence  the  meridian  altitude  of  the  sun  is 

«  =  90^-L±D 
+  or  —  being  used  according  as  the  given  time  is  in  summer  or 
winter.    This  is  the  Z  ^subtended  by  the  tower;  consequently  its 
altitude  is 

A  s  a  X  tan. «  s  a  x  eot.  (L  qp  D). 

828.  Once  for  all  let  us  investigate  a  general  formula  for 
the  aberrcUic  curve. 

Let  p  and  p  denote  the  radius  vector  and  J.  upon  the  tangent 
of  the  given  orbit ;  /  and  p'  the  corresponding  ones  to  the  aberratic 
curve.  Also  let  d  be  the  Z  described  by  p ;  A'  the  Z  described 
by  e  •  Then  since  the  angular  velocity  of  p  ==  the  angular  velocity 
of  ^'  (WoodhauBe's  Aht  2d  edit.,  p.  304,)  we  have  (see  443) 

dViM::±:± 
P      9 

Again,  ^  a  velocity  of  the  earth 

oc  i.  =  i. 
P         P 

'   P         t       , 
But  in  all  curves 

# 
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p p 


which  gives 

e         e  I 
Also  e'  =  -i  I 

These  two  equations  will  give  the  equation  to. the  abemtie 
curre. 
Ex.  (1.)   In  the  question 

4 

L  being  the  principal  parameter  of  the  parabolic  orbit ; 


p        VI*      ^  ^ 


4c 


But  if  a  be  the  distance  of  the  centre  of  polar  co*ordinate6  firom 
the  centre  of  a  circle,  its  equation  is 


p^r*-df+t 


* 


2r 
and  consequently  when  that  pole  is  in  the  circumference 

2r 

Hence  it  appears  that  the  aberrative  curve  is  a  cixde  whose 
radius  is 

L 

Ex.  2.    Let  the  orbit  be  an  ellipse  whose  equation  is 

2a  —  q 
Then 

2a  — ^ 


ASTRONOMY.  *93 

••  p  —  — ^ 

2ac 


fio  that  the  aberratic  eonre  is  a  circle  whose  radius  is 

ac 

and  tiM  distance  of  whose  centre  from  the  centre  of  ooHirdiiiates  is 

» 

Ex.  3«    Let  ibe  orbit  be  the  logarithmic  spiral  whose  eqpa« 
tion  is 

Then 


cm 

♦l—  ^    —    ^^ 

7 

=  «v'. 

'7      « 

m 

Therefore  the  aberratic  cimre  is  also  a  logarithmic  spiral.    . 

829.  Let  a^  a  be  the  altitudes  when  the  sun  is  due  east 
and  at  six  o'clock^  L  the  latitude  of  the  place,  and  D  the  declination 
of  the  sun ;  then  from  the  two  right-angled  A  whose  sides  are 

90«>  —  L,  90®  -  D,  90  —  a 

and  90®  -  L,  90®  -  D,  90  -  «' 

we  easily  get 

r  sin.  D  ss  sin.  L  sin.  « 

r  sin.  m  =  sin.  L.  sin.  D 

and  eliminating  sin.  D, 

.    ar        r'sin  of 
sm.  "L  =  — 

sm.  a 
which  gives  the  latitude  of  the  place. 

Vol.  II.  « <l 
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830.        Let  a,  b  denote  the  semi-axis  of  the  planet's  orint; 
then  its  area  is  vab 

Hence  if  a  circle  be  taken  Mrhose  radins  is 

r  =:  v'  {aby 
its  area  will  be  equal  to  that  of  the  orbit ;  and  if,  with  an  nDifom 
motion,  a  body  be  supposed  to  go  through  the  whole  circnmfo- 
enoe  in  the  periodic  time  of  the  planet,  the  Z  so  descrihed  Ij 
the  radius  in  an  hour,  will  measure  the  mean  horary  motkm  (c) 
of  the  planet  in  its  orbit. 

Agai&  if  d^  denote  the  true  tL  described  by  tba  radial  ym^i 
in  the  same  hour,  by  Kepler's  law  of  the  equable  ^descriptiou  of 
areas,  we  hare 

Area  described  by  p  =  J. — 


r«» 


2 


and  area  described  by  r  s: 
/.  p'rfd  =  r*«  =  aba 

i 

which  is  the  true  horary  motion  of  the  planet  in  its  orbit. 

Let  the  planet's  orbit  Np  (Fig.  106.)  and  teliptic  Nm  intersect 
in  the  ndde  N*  then  make 

"^  "T" 

and  desdribe  the  ai«s  PM,pM,  IV  ±  NM  and  pm.     Now  since 
Pp  h  very  small  eompared  i^ith  the  ^hole  eSLtent  «f  the  mW 
T?pr  may  be  considered  rectilinear,  and  we  hUve 
Pr  :  Pp  ::  sin.NPMsi 

TAmiPri:  I  :  cos.  PM 
/•  Mm  :  Pp  ::  sin.  NPM.  cor.  PM  :  cob.*¥NL 

::  COS.  N  :  cos. 'PM 

p  COS.  'PM 

which  giTes  the  horary  motion  required. 
In  like  manner  the  horary  motion  in  latitude  is  SkumI  to  be 
pr  s  Fp  X  tan.  PM.  cot,  NP 
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Now       _     aba_   ^^  pj,    ^^  jjp 
totb'  P 

r 

831.  Let  L  be  the  given  co-latitude,  D  the  sun's  co-declina- 
tion, and  X  his  co-altitude  at  the  time  required.  Also  let  the 
hour  angle  from  noon  be  measured  by  the  Z  0 ;  then  L,  x  and  D 
make  a  spherical  A ,  which  gives 

,  ^ ".  A  _    cos.  X  —  COS.  L.  cos.  D 
COS.  8  =r       ■ 1 

sin.  L.  sin.  D. 

:.  dx  ss  M.  !!!Li.  sin.  L.  sin.  D («} 

sin.  X 

But  from  the  same  A  we  have 

sin.  0  :  sin.  (azimuth)  ::  sin.  x.  sin.  D 

/.  dtp  s:z  dQ  X  sin.  L.  sin.  azimuth. 

Hence  the  variation  of  the  sun's  altitude  is  greatest  when  hii 

azimuth  is  90%  or  when  he  is  crossing  the  prime  vertical. 

Again,  in  this  case 

ccuimuth  =:  COB.  D  -  COS.  ^  COS.  L  ^  ^ 

sin.  X.  sm.  L 

COS.  D 
gives  008.  xsz  ■''     *^ 

COS.  L 

A^A     -    ^..    A  _    OS.  X  —  COS.  D.  COS.  L 

Ana  •  •  cos*  9  s:  

sin.  D.  sin.  L 

—   COS'  D  X  (1  -  COS.  *L) 

sin.  D.  sin.  L  cos.  L. 
^  COS.  D       sin.  L 

sin.  D      COS.  L 

SI  tan.  L.  X  cot.  D 
wUch  gives  6  or  the  time  from  noon. 


832.  Let  the  moon's  horizontal  parallax  be  P ;  her  pe- 
riodic time  t ;  the  apparent  and  real  semidiameters  of  the  sun  « 
and  /,  the  radius  of  the  earth  r ;  the  length  of  the  sidereal  year  i', 
and  the  distances  of  the  sun  and  moon  from  the  earth  f  and  /; 
then  we  have  (see  453) 

8  a  9 


/ 


/ 


r 
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/A  and  f*'  being  the  quantities  of  m^ 

respectiyely. 

But 

r  =  ^  Bin.  P,  /  =  g'  sin.  « 

'•  ?sb?? '  ?«lin7r 

But  if  dy  d'  be  the  densities  of  the  earth  and  sun, 

[x  :  f*'  ::  r'd:  r  V 
.-.  d:d'  ::  if*mn.*»:  <*sin.  "P. 

833.  In  consequence  of  the  daily  reyolution  of  the  earth 
about  its  axis,  the  sun  appears  to  describe,  with  an  uniform  mo- 
tion, a  circle  whose  plane  is  parallel  to  that  of  the  equator.  I^t 
S,  ff,  S",  S  (Fig.  107,)  be  the  intersection  of  Ae  sun's  path  with 
the  surface  of  the  earth,  P  F  being  the  earth's  axis,  Q  ISQ'  the 
equator,  and  PSP  the  meridian  of  the  place.  Then,  at  the  hours 
of  12,  1,2,  if  the  sun  be  supposed  to  be  in  positions  correspond- 
ing to  S,  S',  S",  and  the  earth  to  be  hollow,  the  shadow  of  the 
axis  PC  will  be  thrown  upon  the  equator  in  the  directions  CQ, 
Cl,  C2,  which  are  the  intersections  of  the  circles  of  latitude  pass- 
ing through  S,  S\  S'  with  the  equator ;  and  since  the  motioD  of 
the  sun  is  uniform,  those  circles  will  be  at  equal  intervals,  and 
will  consequently  give 

'      Ql  =  12  =  &c. 

Hence,  if  at  Z,  the  place  of  the  spectator,  there  be*  placed  a 
circular  plate  qq  with  its  plane  parallel  to  the  equator,  and  with 
a  gnomon  cp  ±  to  it ;  the  shadow  of  this  gnomon  will  nniformlj 
describe  the  circumference  of  the  plate,  and  will  therefore  indicate 
the  time  of  the  day  according  as  the  graduation  may  be  effecled. 
If  hours  merely  are  to  be  noted,  at  q  write  12,  take  ^1  =  15^  = 
12=23,  Sic,  Then  when  the  shadow  is  at  </,  1,  2j  &c.,  the  hour 
will  be  12,  1,  2,  &c.,  respecliTcly. 

This  is  called  the  Equatorial  Dial. 
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Now,  instead  of  the  shadows  being  cast  upon  the  plane  parallel 
to  the  equator,  which  is  the  simplest  case,  let  them  fall  upon  the 
horiaon,  as  in  Fig.  107.  In  this  case  Hi,  IS,  23,  &e.,  are  nqjt 
equaL  Their  magnitudes  must  be  calculated  by  the  resolution  of 
the  right-angled  A  PlH,  PsH,  Sec. 
Let  L  be  the  known  latitude  of  the  place ;  then 

PH  =  L 
And  Z  IPH  =  16^ 
Hence,  by  the  rules  of  spherical  trigonometry 
tan.  Hi  =  sin.  L.  tan.  15^ 
tan.  HS  =  sin.  L.  tan.  2  x  15^ 
tan.  Hs  =r  sin.  L.  tan.  8  X  15^ 
&c.  =  &c. 
which  give,  by  the  tables, 

Hi,  H2,  H3,  &c. 
and  therefore  the  hour  ^  HCl,  lC2,  SCS,  &c. 

XJpon  the  horizontal  plate  khf  let  hh'  be  the  meridian  line,  cp 
parallel  to  the  earth's  axis,  and  from  the  centre  c  draw  cl,  c2j 
c3,  &C.,  making  the  A  ;ftcl,  lc2,  &c.  =  HCl,  iCs,  fcc.  The 
shadows  of  the  gnomon  cp  will  indicate  the  hours  of  the  day. 

To  construct  a  Vertical  North  or  South  Dial. 

The  hour  circles  Fl,  F2,  &c.,  (Fig.  108,)  will  intersect  the  prime 
▼ertical  ZN,  making  the  seyeral  right-angled  A  FNl,  FNs,  &c., 
and,  as  before,  we  haye 

tan.  Nl  =  sin.  FN.  tan.  15^  s=  cos.  L.  tan.  15° 
tan.  N2  s=  COS.  L.  tan.  2  x  15°. 
&c.  =  &c. 
whence  the  A  NCl,  lC2,  &c.,  or  the  A  ncl,  lc2,  &c.,  may  be 
foond,  and  the  dial  constructed. 

If  P  be  the  north  pole,  the  figure  represents  the  position  of  the 
gnomon  for  a  dial  facing  the  south.  The  construction  for  the  Vo^ 
tical  North  Dial  is  nearly  the  same. 

To  construct  a  Vertical  East  or  West  Dial. 

Let  cp  (Fig.  109,)  parallel  to  the  earth's  axis  be  the  gnomon, 
and  a,  1 1  the  dial  plate  parallel  to  the  meridian  of  the  place,  also 
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let  cp  be  on  the  eastern  side  of  the  plate ;  then  the  sfaadours  vpoo 
the  plate  will  eyidently  be  all  parallel  to  the  gnonom  and  to  one 
another.  Moreover,  at  six  o'clock  the  isun,  being  due  east,  wHI 
cast  the  shadow  perpendicularly  upon  the  dial,  and  the  Z  p011 
therefore  is  a  right  /.     Hence  we  have 

67  =  p6  X  tan.  15  =  a  X  tan.  16** 

68  =  a  X  tan.  2  X  15® 
&c.  =  &c. 

which  gire  the  positions  of  the  hour  lines. 

Similarly  may  be  constructed  a  Vertical  West  Dial. 

Jn  the  problem  we  are  required  to  find  the  Z  between  ihe  hour 
lines  of  12  and  3  in  the  horizontal  died. 

We  have  already  found  that 

tan.  H3  =  sin.  L  x  tan.  4d''. 

=  sin.  L 

which  gires  the  Z  required  by  the  tables. 


834.  By  the  preceding  problem  we  have 
6  11  =  a  tan.  5  x  15^ 
and  6  10  =  a  tan.  4  x  15®. 
.\  S  =  11   10  =  a  X  (tan.  5  x  15®  -  tan.  4  X  15® 

wliteh  gires 

8     Sa/S  —  I 

a  =;  —       ^ 


V^-2 


835.  Let  C  (11)  (Fig  108)  be  the  position  of  thenbstjk. 
then  by  the  question  in  the  right-angled  A  NP  (11),  NF  (k 
co-latitude  and  Z  NF'  (11)  =  15®  are  known,  and  we  iMij  there- 
fore find  the  Z  FN  (11),  which  is  the  inclination  of  the  dial  to 
the  meridian.     By  trigonometry  we  have 

cos.  FN  =  cot.  15°  X  cot.  FN(li) 

or  sin.  L  =  cot.  15®  x  cot.  I. 

.     .       J        cot.  15® 
.•.   tan.  I  =   — ; — -r-, 

sin.  L 

which  gives  the  required  posit  i . 


ASmONOMY. 


fiS9 


836.  Tbe  sun  being  due  eas|  apd  due  west  «t  6  o'clock 
A.M.  and  P.M.,  will  not  shine  upon  a  Vertical  South  Dial  before 
the  one  time,  nor  after  the  other,  in  any  latitudci  gr  on  aay  day. 
Consequently  the  greatest  number  of  hours  that  can  \^  indicated 
by  such  a 'dial  is  twelve ;  and  this  evidently  happens  at  both 
equinoxes,  or  when  the  sun  rises  and  sets  at  6  c^clodc ;  and  from 
this  time  during  the  whole  summer,  since  the  sun  never  reaches 
the  east  and  west  points,  except  when  under  the  faorinn,  the 
number  of  hours  indicated  by  the  Terticai  South  Dial  wffl  be  the 
same  as  thi^  of  daylight. 

837.  By  833,  we  have 

tan.  H4  s  sin.  L  >c  tan.  4  x  15^ 
and  tan.  H3  =  sin.  L.  tan.  3  X  15° 

tap.  HS  s=  sin.  L.  tan.  B  x  15? 
•  tan  IS  4^  =  tan.  (H4)  -  tan.  (Hs) 

_  sin.  L  X  (tan.60°-tan.45'^ 
"*  1  +  sin.  'L  tan.  6(f.  tan.  45** 

_  Sin.  L  X  (2^  8-1) 
2  +  sm.'L  X  J/B 

Also  !».(«,  9)  ==  Bin.  L  (tan.  45  -  ty».  80) 
iwa  f  i»i    '  i+8in.*L.  tan.4S.Jan7S& 

=  3in.  L  (V  8  ->  i) 
2(V  S.+  sin.  "L) 

.*•  by  the  question 

•      ..       2v^8-l       .  ^8— g 

'^''^  "  2+^nsmJL'  fK^3  +  m.%) 
which  gives,  when  reduced. 


sin.  L  =    I  — i ) 

VWS  —  mJ 


838.  Let  the  Z  2PH  =  0  (Fig.  10)  and  generally  sup- 
pose the  difference  between  fhis  \  jL  and  the  ^  10  FH  =  «  a 
given  quantity.    Then  by  883' we  get 
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tan.  HS  s=  sin.L  x  tan.  80^  =  JIEiL  =  tan.  (H  10) 

which  giyes 

Ha  =  H  (10)  =  m 

by  supposition* 

Again,  let  Pd  =  a:,  P 10  =  y 
then 

sin*  X  :  sin.  m]::  sin.  H  :  sin*  d 
sin.m  :  sin.  y  ::  sin.  (d^a)  :  sin.  H 

,      sin.  X    ^  sin.  (•  —  «)  ^^ 

sin.  y  suL  0 

Aim 

^^^    A  _   COS.  Wl  —  COS.  J?  COS.  L  /-fcX 

cos.  e  =   : ; [2) 

sm.  X  sin.  L. 

cos.  (0-«;  =  : r^ W 

Bin.  y.  sin.  L 

A  J TT       COS.  ar— COS.  m.  cos.  L  _       cos.  v — cos.  m.  cos.  L 

And  COS.  H  =  : : — =  -  2 _- — 

sm.  m.  Sin.  L  sm.  m.  su.  L 

Hence 

COS.  X  +  COS.  y  s=  2  cos*  m.  cos.  L  .  .  •  .  (4) 
Whence  by  the  arithmetic  f{  sines 

Xy  y  and  0 
may  be  found ;  and  these  being  known,  it  is  easy  to  find 

90®  —  Z  PH« 
which  will  giro  the  dip  required. 


839.        By  883,  we  have 

tan.  (H8)  £=  sin.  L  X  tan.  8  X  15^ 

c=    sin.  L 

Again, 

tan.  (H6)  =  sin.  L  x  tan.  6  x  15 

tan.   H4  =  sin.  L  x  tan.  4x15 

...  tan.  (4,  6)  ^  ^t«"-  H6  -  tan.  H  4 
'       1 +tan.  H«  X  tan.  U4 
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--     «P'  L  X  (oo  —  tJS) 
l  +  Vd*Xooxsiii.*L 

1 


sin.  L  X  V  ^ 
Hencei  by  the  question 

sin.  L    = 


sin.  L  X  V  ^ 


•*•  sin.  L  =:  — 

si 


840.  Let »  be  the  angular  distance  of  the  shadow  of  the 
gnomon  from  the  meridian  at  a  second  past  4  o'dock,  and  j9  that 
at  4  o'dock ;  then,  by  SSS,  we  hare 

tan.  »  =  sin.  L.  tan.  (4  x  15^  +  _L.  | 

«40/ 

tan.  fi  =  sin.  L.  tan.  (4  x  15^) 

••.  tan. (—13)  =    tan.>--tan.g 
^  1  +  tan. «.  tan.  |3 

tan.  (60 -i—^  ^- tan.  60® 
.     ^  240      / 

==  sin.  L  X 


l+sio.'Lxtan.60.-i—  xtan.60® 

240 

Bot  by  the  question  the  angle  due  to  a  second  at  noon  is 

2 


A  t«n.!l — z  cs  sin.  L  X  tan. 


2  240 

2  tan.  mi 
2 
And  tan.  («— g)  s= ^ 


2  sin.  L  X  tan. ° 

240 

==  sin.  L  X 


l-Bin."Lxtan.«-lL^ 

240 
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tan.  (60  — L-  I  —  tan. 
^       240  / 


60* 


1  +  sin.  'L  X  tan.  60 ><  tan.  60 

240 

which  gives 

(T+t)  (2T+0 
T  and  t  being  put  for  tan.  60°  and  tan. 
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£41.  IM  ZHZ'  (Flgi  no,)  be  the  meridi^a  of  the  ylaee, 
PF  the  earth's  axis^  QlQI  the  equator,  SS-  the  peth  of  the  sum 
and  HH'  the  horizon,  whose  intersectioa  with  8W  is  i.  TMl 
sPH  measures  the  time  of  sunrise,  from  midnight.  Let  PH  the 
latitude  be  denoted  by  L,  Ps  the  co-declination  of  the  son  bj  D, 
and  bj  the  rules  of  trigonometry,  we  h^ye 

COS.  (,PH)  =  }^ 

tan.  D 

which  gives  sPH  or  th^  time  required . 

849.        8y  the  preceding  problem 

COS.  sra 
^  i2^-=^2xtan.L 

COS.  46^       ^ 

which  gives  the  co-dedination  of  the  star,  and  therefore  the 
declination* 


843.  We  will  premise  the  solution  of  this,  problem,  with 
a  general  investigation  of  the  nature  of  the  curve  traced  hy  the 
shadow  of  a  pointy  elevated  above  the  horizon^  upon  ike  horizontal 
plane. 

Let  A  (Fig.  Ill,  a,  b)  be  the  given  point,  4-C  J.  horiBm, 
CB  the  shadow  at  noon,  and  CP  for. any  azimuth  f.     From  P 
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!•!  fkll  PM  ±  CB,  and  make  CM  s  x,  PM  es  y,  CA  ss  h,  2P  «r 
co-lat.  of  the  place  =  L,  P8  =  co-declination  of  the  sun  es  D,  and 
ZS  s=  co-altitude  of  the  sun  =  a ;  then  by  trig. 

«/v«  ^  —  cos.  D  —  cos.  a  X  COS.  L 

COS.  (p  SS  .- 

sin.  ax  sin.  L 
But  ; 

CA 
COS.  a  = 


AP       V(**  +  ^  +  y*) 

and  COS.  ^  s: f 

Hence  we  get 

COS.  Da/  (A*  +  jp*  +  y")  =5  a  COS.  L  +  a?  sin.  L  ....  (a) 
which  gives 
y'cos.'D  +  a^  (cos.'D  -  sin.*  L)  -  orxi  sin.  iL  *f  &*(oos.'D- 

co8.'L)  =  0 (1)  the  equation  to  a  conic  section,  which  is 

a  parabola^  an  tStjMe,  or  hyperbola^  according  as  cos-.'  D  —  cos.'  L 
is  aero  positive  or  negatire. 

The  transrerse  axis  8a  is  found  by  making  y  =  0 ;  for  then 

g   _  h  sin.  2  L  —  _  A"  ^'^  *  ^  ""  ^^'*  ^ 

COS.*  D  -  sin.«  L      ^  cos/D  — 0in.'L 

and  a:  = J^     .  X  (tin.  «D  ±  sin.  8L) 

Scos,«  D-'Sin.'L) 


and  da  =  sum  of  these  values  of  x 
_        A  sin.  «D 


(2) 


cos.*.D  —  sin."L 

Alsa  the  other  axis  is  twice  the  maximum  value  of  y,  which  being 
foimd  by  putting  the  differential  of  the  value  of  y^  co&*  P  ^ua} 
to  Oy  thence  getting  x  and  substituting  in  equat.  (1),  gives 

^^cos.*D  — sin.2  L) 

The  curve  traesd  on  the  horiion  being  ihns  determined,  let  us 
proceed  to  deduce  from  it  the  curve  traced  on  any  plasie  ^pC*  wkMi 
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is  ±  to  the  ineridian  ACB,  and  indined  to  the  horison  at  the  Z 

bCB  =  Z  pCP  =  j9. 

Let  pm  (which  is  ±  Cb)  —  =  y' 

cm  s:  of. 
And 


J?  =  a/    X 


sin.(g  +  M) 
sin.  M 


•  • 


s=  0?'  X  {sin*  ff.  X  cot.  M  +  COS.  /S} 

of 
=5  ---  X   {xBin.B  +  hcoB.B} 
h 

X  =     ^^^«'g (4) 


Also 


AM  :  A«  ::  y  :  y' 

Am   X    h   V.  COS. /3  ;  sin.  (j9  +  H) 


.-.  AM  :  A   ::  1. 


y  .  sin.(|3+M) 


•  • 


y  COS.  fi 

JL  :  COS.  M  tan.  /9  +  sin.  M 


tan.  0  + 


y'         AM  .  '     AM 

:.  ^  =  a;  tan.  /?  +  A 

=  /^r:^xtan.g  +  A 
A  — 0?  Sin.  g 

These  valnes  of  x  and  y  being  substitnted  in  equation  (I)  gite 
y'*  cos.«D  +  x"^  {cos.« L  -  sin.«  j9  -  8in.*D  +  2  sin.  g  x 
sin.  L  (1  +  sin.  &  sin.  L)  }  -  Aj/  {cos.  &  sin.  2L  +  8  sin.  g  X 

(cos.«D  -  COS."  L)  }  +  A*(cos."  D-  cos.*  L)  =  o» (6) 

the  equation  to  a  conic  section,  which  is  a  parabola^  an  dlipse,  or 
an  hyperbola,  according  as  the  coefficient  of  x'*  is  2ero,  positive  or 
negative. 

The  semiaxes  of  this  curve  may  be  found  in  the  same  vraj  as 
those  of  the  horizontal  trace  were  determined. 


ASTRONOMY.  605 

Inthe  proUem  it  is  lequired  to  find  0  when  the  tract  whose 
equation  is  (6)  is  a  parabola. 
In  this  case 

cos.'L-sin.'j9— sin.'D+Ssin.iS.  fiin.L(l-f8in.0  .  sin.  L)c:  0 
which  gives 

sin,  L ±  V(l -  ^^^  -  sin.«D  .COS. «L) 

sin./S=  ? : 

COS.  iL 


844.  Let  D  =  the  declination  of  the  sun  (it  =  2SP  28' 
nearly,)  when  in  either  tropic,  90^  —  H  the  hour  angle  from  mid- 
night at  which  the  sun  rises  at  one  place,  and  H  +  A,  that  at  which 
the  sun  rises  at  the  other  place,  and  let  the  required  latitudes  of 
these  places  be  called  L,  U.  Then  from  the  two  right-angled 
sjAierical  A  whose  legs  are 

D,H;  D,H  +A 
and  whose  ^  opposite  to  D  are  90^  —  L,  90^  —  U,  we  easily  get 
tan.  D  =:  sin.  H  x  tan.  (90®  -  L) 
tan.  D  =  sin.  (H  +  A)  x  tan.  (90®  -  L') 
.-.  tan.  L'  =  cot.  D  x  sin.  (H  +  A) 

=  cot.  D  X  {  cos.  h  sin.  H  +  sin.  A.  cos.  H} 
=  .cot.  D  {cos.  h  .  tan.  D  .  tan.  L  '+  sin.  h  x 
v'  (1  -  tan.«  D  tan.«  L)  } 
which  giTes  the  latitude  of  one  place,  when  that  of  the  other  is 
known  ^ 


845.  Let  A»  A'  be  the  right  ascensions  of  the  stars,  D,  D' 
their  co-decUnations,  and  x  the  required  distance,  measured  on  a 
great  circle  of  the  sphere.  Then  we  have  a  spherical  A  whose 
sides  are  D,  V  and  or,  and  the  angle  between  D  and  !>  is  A  ^  A'. 
Consequently 

•  A       Ai\      cos.  X  —  COS.  D  .  COS.  ly 

COS.  (A-^  A)  = --=- — : — =- 

^  •  sm.  D  .  sm.  D 

and  COS.  0?  =  sin.  D  .  sin.  IX  x  cos.  (A-^-A')  +  cos«  D  x  cos.  D" 
which  gives  or. 
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The  rectilinear  distanoe  may  also  be  obtainedt  being 
2  sm.  — . 

2 

la  fact  we  easily  deduce  from  the  aboire 

sin.«iL  =  sin.«£±J5!  -  8in.D .  niLiy  x  co8.^1:!-i 
2  2  2 

=  Bin.«  E±H  -  8in.«  M 

==sin.  (^»±^  +  M).8iii.  (2±D:.1I) 
lin.*  M  being  put  for  the  second  term. 


846.  To  avoid  unnecessary  prolixity  in  thia  sal^jeet,  kt  v 
once  for  all  give  a  general  view  of  what  is  termed  by  some  writsn 
the  doctrine  of  the  sphere. 

In  the  spherical  A  whose  sides  are  the  codecUnoHou  D,  the  colatiiudfi 
of  the  place  L,  the  zenith  distance  Z,  and  two  of  whose  A  are  the  htmr 
Z  from  noon^^^  and  azimuth  m ;'  if  any  three  of  these  quantities  be 
given,  the  other  two  may  be  found  by  the  rules  and  formuhe  of 
trigonometry. 

Case  1.  Given  D,  L,  Z,  tojlnd  H,  «, 
Let  S  ss  P  +  I-  +  Z      j^i^j^y  Woodhow's  TrigoMmdr^f 


we  get 


sin.«ii  s   sin.(S-D)sin.(S-L)    .^j 

8  sin.  D  •  sin.  L 


andsin.*^  =   Bi«>  (S  -  D »'p- (S  -  Z)    ,,. 

2  sin.  L  X  sin.  Z 

Case  2.  Given  D,  L,  H,  tojind  Z,  a. 
Here  we  have 

sm."  —  =  sin.  I  — -L —  +  M) .  sm.  ( J„     —  M). . .(S) 

M  being  such  that 
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sin.*  H  s  sin.  t)  .  sin.  L  .  cos.'  — • 

2 


and  thtBce 


siii.»r=  .^!L^  X  8in.H ..(4) 

sin.  Z 


Case  8.  Gftven  D,  L,  «,  /o^d  2,  B. 
Since 

_  COS.  D  —  COS.  L  .  COS.  2 

COS.  «  =    :  — : —~ 

Sin.  L  .  sm.  Z 

we  thenoe  deduce 

^^^  »      cos.D.cos.L±sin.Lcos.«Jfsln.T)— Bin.*L(l+cos.«)}  ,.v 

1  —  sin,'  li  sin."  h 

and  to  Slid  H  we  then  hate 

sin.  H  =  ^!^  X  sin.  a (6) 

sin.  D 

Case  4.  Owen  L,  Z,  H,  tojind  D)  a. 
This  case  in  like  manner  gives 
^«  Ti— cos,Zco8.L±sin.Lsin.Hi/  (sin.'Z— sin.*L(l  +cos.H)}  ^«^ 
"*  1  —  sin.*  L  siii«'«  "^ 

Also 

sin,  »  =s  iJ2l5.  .sin.D («) 

sin.  Z 

Case  5.  Given  L>  Z,  «,  <o/nd  D,  H. 
Here 


sm 
wherein 


in.^  5^  =s  sin-  f  h±^  +  NO  sin.  (  L+*-N')...(») 


sin.'  N'  r=  sin.  L .  sin.  Z  cos.'  JL; 

2 


Also 


,in.HesiI2l£sin.a (10) 

«n.D 
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Caae  6.  Oiven  D,  Z,  H,  to  find  L,  «. 
Here 

8m.H 


sin.  «  s  sin.  D  x 


(") 


sin.  Z 

and  similarly  to  case  (3)  we  get 

^«  T  —  co8.D.eo8.Z±sin.Zcos.H>C  v^{sin.*D-sin.*Z(H^eogyH)}^4^ 
008.1- i-sin>Zsin.«H ^  '^ 


Case  7.  Gftt;en  D,  Z| »,  <»>Snd  L*  H. 
Here  we  hare 

Bin.H=5  4^  X  sin.  Z (18) 

sm.D 

and  as  in  Case  (3) 

T  ^  oos.D.cos.Zj:sin.Zcos.»V{sin.*D^sin.*Z(l+eoBui)}  y,^\ 
^  l-sin>Zsin.'«  ^  * 

« 

Case  8.  Gtven  D,  H,  «p,  /o^nd  L,  Z. 
Equation  (13)  will  give  Z  ; 
and  then  L  is  obtained  from  (14). 


Case  9.  Oioen  L,  H,  »,  to  find  D,  Z. 
Bj  Napier's  Analogies^  we  have 

«  —  H 

D  +  Z  _  ^' 


tan. 


tan.il 

2 


tan. 


D-Z 


cos. 


sm. 


sm. 


2 

2 

-H 

g      tan.il 
+  H        » 


2 


(15) 


Case  10.  Given  Z,  H,  a,  to  find  D,  L. 
Here 

D  is  given  from  (13) 
and  then  we  get  L  from  (12). 
The  problem  is  resolved  by  Case  5. 
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847.  In  Tycho  Brake* s  System  of  the  Worlds  the  sun  is 
supposed  to  move  round  the  earth  at  rest,  and  the  planets  to  move 
round  the  sun.  Now,  generally  speaking,  a  planet  will  appear 
retrograde,  in  any  system,  when  moving,  in  that  part  of  its  actual 
path  which  is  convex  to  the  earth.  {Woodhouse^  p.  658.)  Hence 
if  that  path  be  any  where  convex  to  the  earth,  the  planet  will  haye 
retrogradation* 

Let  P  be  the  periodic  time  of  the  Sun  round  the  earth,  p  that  of 
Venus  round  the  sun,  and  R,  r  the  distances  of  the  sun  from  the 
earth,  and  of  Venus  from  the  Sun :  then  at  the  inferior  conjanction, 
the  actual  orbit  of  Venus  will  be  convex  or  concave  to*  the  Earth, 
according  as  (see  467,) 
Rp*  -  rP 
is  negative  or  positive. 

But  if  R  ==  1,  we  know  from  the  tables  that  r  =  .  723682« 
Also  P  =365.25  and  p  =  224.7.    These  quantities  being  sub-, 
stituted  in  the  above  formula,  give  a  negative  result.    Conse- 
quently, Venus  will  appear  retrograde  in  the  Tychonic  system. 

848.  The  difference  of  the  meridian  altitudes  of  the  two 
stars  is  =  the  difference  of  their  declinations.  Call  this  given 
difference  dy  and  let  d'  denote  the  difference  of  the  altitudes  at  one 
o'clock,  and  »  the  given  difference  of  the  azimuths  at  that  time, 
and  90  —  L  the  required  latitude.  Also  let  z,  z'  denote  the 
zenith  distances.  Then  from  the  spherical  A  whose  sides  are  z,  z' 
and  dj  we  have 

cos.  d  —  COS.  Z  COS.  z 
cos.  a  =  : : ; 

sm.  z .  sm.  z 

But  z'  —  z  =  rf'. 

.'.  COS.  z'  ==  COS.  (z  +  d') 
and  we  get  by  substitution  and  the  arithmetic  of  sines 

COS.  2z  —  tan.  d' .  sin.  2z  =  A, 

wherein 

A    — .    ®  COS.  d  —  COS.  d  (1  +  COS.  a) 
COS.  d'  (1  '—  COS.  a) 

Hence 

1  —  8in.'22  =  A'  +  2A  tan.  d'  sin.  22+tan.*c2'  sin.'  2z. 
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l+tan.«tr  1+tan.V 

which  being  resolved  gives  z,  ftnd  thefofore  z'  s  2  +  d'. 

Hence  is  known  the  Z  between  (z,  d) ;  for 

sin.  (2,  (2)  ;  sin.  »  ::  sin. «/  ;  sin.  d. 

But  sin.  L  :  gin.  {zyd)  ::  sin.  2  :  sin.  15^ 

//sin.  L  :  sin.  a  ::  sin.  2; .  sin.  z  I  sin.  d.  sin*  15^ 

•   ^'^   T         sin.  m  X  sin.  z  .  sin.  sf* 
.%  sin.  L  =  : — ; — -— - 

8in.  d  X  sin,  16^ 
which  gives 

90°  -  L. 


849.  Let  the  sun's  apparent  diameter  be  D,  his  cQ-dedina* 
tion  be  x,  and  the  latitude  of  the  place  be  90  -  L.  Also  let  A  be 
the  hour  angle  corresponding  to  the  time  of  rising;  then 
(Rg.  110,) 

8  (  =  <7(r')  ;  8s'  :;  1  :   sin.  x 
3»'  :  D  (  =  ns)  ::  1  :    sin.  (nsV) 

D 


/.  fi  = 


in.  X  X  sin.  nsF 


sm 


But  cos.  (nsP)  =  -£?^  ^ 


••.  fi 


sin.  X 


^(sin.'a:  —  cos.'L) 
and  D  is  therefore  a  minimum  when  x  =  90°.j 

850.  Let  L,  L  be  the  latitudes  of  the  places,  D  the  co-dedip- 
ation  of  the  sun,  and  H,  H'  the  hour  angles  measured  from  noon 
at  the  time  of  setting ;  then  by  means  of  the  spherical  right-asgkd 
A,  two  of  whose  sides  are 

L,D;andL',  D; 
we  get,  (by  Napier's  Rules,) 

tan.  L  =  cos.  H  x  tan.  D, 
and  tan.  L'  =  cos.  H'  x  tan.  D* 
utH  --  H'  =  difference  of  longitude  s:  ft  a  given  quantity* 
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A  1.P-  =  cos»  (H'  +  A)  =  COS.  H'  COS.  h  —  sin.  H'  sin.  h 

— «««  »    '     tan.  1/            ,    ,,,      tan.*L'\ 
=  COS.  h  X  =c-  —  sm./i  V  (1— ?T  I 

/.  V(tan."D-  tan.»LO=  i2!ll  x  tan.  L'  -.  ^"•^. 

sin.  /&  •         sin.  h 

m 

:.  tan.«D  =2  tan.»L'  4-  — L-  x  (cos. Atan.L'  -  taii.Ly 

sin.  h 

_  tan.'  U  +  tan.'  L  —  2  cos.  A  tan. L. tan.  L'    •• 

5n?l 

"which  will  give  the  co-declination  D. 


851.  On  any  two  days  in  the  yeary  which  are  equally  dis- 
tant fiom  the  time  of  the  equinox,  it  may  easily  he  shewn  that  the 
time  of  daylight  on  the  one  day  is  equal  to  the  duration  of  dark- 
ness on  the  other ;  and  the  same  is  true  for  all  other  days  equally 
remote  from  that  epoch.  Hence  the  truth  of  the  problem  is  ma* 
nifest. 


852.  Since  the  declination  of  the  sun  when  in  either  tropic 
is  22P  27'  30",  it  is  evident  that  to  people  living  under  the  equi- 
noctial, he  must  rise  23^  27^  Sd*  from  the  east  towards, the  north, 
when  he  is  in  the  northern  tropic. 


853.  Let  O  denote  the  obliquity  of  the  ecliptic,  D  the 
sun's  declination,  and  A  bis  right  ascension  at  the  required  time  ; 
then  from  the  right-angled  spherical  A  whose  legs  areD  and  A, 
w^easQy  derive' 

tan.  D  =  tan.  O  x  sin.  A  «•.,..,«,.,  t  (l)     - 

A    .  •    ,  ■  =  tan.  O  X  d.  A  cos.  A 
cos.'D 

Biity  by  the  questiont 

2  ft  2 
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A  cos,  A  X  tan.  O  s  1  +  tan.'D  =  1  +  tan.*0  x  siit*0 
which  gives 

COS.*  A  +  cot.  O  COS.  A  =:  1  +  cot.*  O 

.-.  COS.  A  =    "CotO±/C4  +  5cofO) 

2 

< 

and  therefore  A  is  known. 

Again*^  if  /  denote  the  longitude  of  the  finn,  or  its  distance  fion 
Aries,  we  hare  by  the  same  A 

tan.;=i?IIlA, 
cos.  O 

which  gives  the  sun's  place  in  the  ediptic. 


854,  Let  f,  f',  be  the  distances  of  the  earth  and  satoni 
from  the  sun,  and  x  that  of  the  moon  from  the  earth.  Then  when 
satum  shines  with  a  full  orb,  the  exterior  angle  of  elongatioa 
being  a  right  angle,  his  distance  from  the  earth  is 

R  =  V(«*-f-). 

Also  when  the  moon  is  in  the  full,  her  distance  from  the  sun  is 

Again,  the  intensity  of  the  light  which  bodies  receive  fromt 

luminary  oc   ^ (see     ITood's    Of^x%) 

(dist.)^  from  that  luminary  , 

Hence  the  real  intensities  upon  the  moon  and  satum  are  smo* 
sored  by 

—^  and  — 

These  intensities,  in  the  progress  of  the  light  reflected  to  the 
earth  are  diminished  in  the  ratio  of 

_,  to 


_,«    '  Ola 

X-  p*-c- 

and  the  apparent  brightness  oc  magnitude  of  the  disk  x  inteostr. 
Hence,  by  the  question, 
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3  »««  _  irt«« 


«  and  m  being  the  ndii  of  the  disks  of  satnm  and  the  mooa. 

t 

whence  by  the  solution  of  a  quadratic  x*  andf  /•  x  may  be  found. 


855.        Let  D,  ]>,  be  the  given  oo-declioations,  A,  A',  the 

right  ascensions,  » the  common  azimuth,  z  the  given  zenith  dis- 

tance,  and  z'  the  one  not  given,  and  L  the  co-latitude  of  the  place. 

Then  from  the  spherical  A,  whose  sides  are, 

z,L,D\zLjy       . 

we  have 

cos.  D  —  COS.  z  ,  cos.L  ,,v 

COS.  «  =:  : ; — (1) 

sm.  z  .  sm.  L 
cos-IX— COS.  z'.cos.  L  /a> 

dOS.  a,  =  .^    .      .      y ......•(«) 

sm.  z  •  sin.  li 


Also 


cos.  (A'  -  A)   =  cos.(^-z)-cos.Dxco8.iy 

sm.  D  .  sm.  D 


.•.  cos.  (z'-  z)  =  COS.  D .  COS.  Jy  +  sin.  D  .  sin.  TV  cos.  (A'— A) 
and  this  gives  (see  Woodhouse's  Trigofnometry,) 

Bin^'lzl  =  sin.  (E±E  +  M)  sin.  (2±H-.  M) (a) 

wherein 

A'  —  A 

sin.*  M  =  sin.  D .  sin.  D"  cos. '  >  . 

2 

Hence  is  found  af  -^  z,  and  therefore  z  which  being  substituted  iu 
equation  (2)  will,  by  means  of  equating  (l)  and  (2),  give  the  value 
of  L  in  terms  of  D,  !>,  and  A'  —  A. 


856.        Let sn  =  A  (Fig.  110,)  the  horizontal  refraction; 
then  9'  9  measures  the  required  acceleration. 
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But 

A  =:  s/  X  sin.  ss'n  zz  si  .  cos.  Latitude, 
=3  rer  .  COS.  dec  COS,  Latitude, 
whence  (t^  is  known. 


857.  Let  «  be  the  given  Z  subtended  by  the  diameter  of 
the  sun  at  the  mean  distance  a,  and  0  the  angular  distance  fion 
perig^  then  at  the  distance 

^  ^        1  +  ccos.d/ 
the  apparent  diameter  is 

p  1  — «« 


858.  The  distance  (2)  of  the  pole  of  the  ecliptic  firom  tbe 
zenidi  of  the  place  ±2  the  inclination  of  the  plane  of  the  ecliptic  to 
the  horizon.  Hence,  if  L  denote  the  co-latitude  of  theplane,0  the 
obliquity,  then  it  is  evident,  upon  inspecting  the  A  whose  sides  iie 
z,  O,  and  L,  that  z  is  least,  when  the  pole  of  the  ecliptic  is  in  thene- 
ridian.  Hence  in  this  case  there  are  situated  in  the  circumferenoe 
of  the  meridian  the  poles  of  the  equator  and  ecliptic,  which,  there- 
foreintersect  in  the  pole  of  the  meridian,  (see  CreswdCs  S^keries:) 
that  is,  Aries  rises  in  the  east  or  west  point  qf  the  compass  when  the 
ecliptic  is  least  inclined  to  the  horizon. 


659.        Let  the  given  sum  of  the  sun's  co-altitude  (t),  and 
eo*declination  (D)  be 

Also  let  H  be  the  hour  Z  firom  noon,  and  L  the  oo*latitiide  of 
the  place ;  then 

^.^  n  ^   COS.  z  ^  cos.  D  •  cos.  L 

sin.  D  •  sin.  L 


• 


t 

^.     COS.  (j»  —  D)  -f  COS.  D  .  COS.  L 
Sin.  D  .  sm.  L 

irhichy  by  the  arithmetic  of  sines  will  give  D»  and  therefore 

«(  =  m-D.)  .  ^ 

860.'  If  the  moon's  velocity  were  augmented,  her  periodic 
time  would  be  diminished,  and  the  monthly  motion  of  the  node  of 
her  orbit,  which  is  due  to  the  disturbing  force  of  the  sun,  would 
also  be  diminished  But  the  difference  between  the  sidereal  and 
synodical  periods,  is  owing  to  the  motion  of  the  nodei*  Therefore, 
&c.  &c. 

861.  Let ;;,  2^  be  the  two  giyen  zenith  distances  of  the  sun, 
and  «,  a  the  given  azimuths ;  also  let  L  denote  the  co-latitude,  and 
D  the  co-dedination,  which  is  supposed  to  undergo  no  variation 
between  the  times  of  observation.  Then  from  the  Ik  whose  sides 
are 

we  have 

coB.Ds=co6.  z  .  cos.  L  +  sin.  z  .sin^L.  cob.  « 
COS.  D  =  COS.  z  .  cos.  L  +  sin.  z' .  sin.  L  .  oos. » 
/•  cos.  z  +  sin.  2. COS.  « .  tan.  L  =  cos.  z  +  sin.  /  .cotf. «  x tan. L 
,    .       I-  ^^  COS.  z  —  cos.  z* 

sm.  z  .  COS.  »  —  sin.  z  .  cos.  a, 

which  gives  L,  and  therefore  90®  —  L. 

862.  Let^,^'  be  the  distances  of  the  sun  from  the  earth 
and  Jupiter;  then  the  apparent  magnitudes  of  the  sun's  diameter 
areas  .      v 

^ ,  _ ,  or  as  p',  p. 


863.        Let  a  denote  the  earth's  mean  distance,  a  ^  ae  his 
'  least  distance ;  then  since  the  apparent  diameter  Oc  inversely  as 
the  distance,  by  the  question,  we  have  * 
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a         a  —  ae 
5 


::  2  ;  6  ::  1-e:  1 


Hence  the  semi-axis  major  is 


and  —  =  — 
a  S 

the  proportion  required. 


864.  Let  L  denote  the  co-latitudeof  the  place ;  D,  F  the 
co-declinations  of  the  stars  subtending  their  common  azimuth  of 
90^ ;  h  the  given  difference  of  their  right  ascensions ;  and  H, 
H  +  h  the  hour  angles  from  noon.  Then,  by  Niger's  Rules  ibr 
the  resolution  of  right  angled  spherical  A,  we  get 
tan.  L  =  COS.  H  .  tan.  D 
tan.  L  =  COS.  (H  +  h)  tan.  Jy 

Hence,  by  the  arithmetic  of  sines,  H  being  eliminated,  we  get 

i^Il^, .  tan. L=cos. Atan-L+sin.A. V(tan.*D-tan.«D) 
tan.  D 

Miureover,  if  a  be  the  given  distance  of  the  stars  when  on  the 
prime  vertical  from  the  A ,  whose  sides  are  D,  V  and  that  distance, 

we  get 

.       COS.  a  —  cos.  D  COS.  ly 

COS.  n  =  : — 5- — — 

sm.  D  .  sin.  D' 
and  this,  together  with  the  above  equation  involving  D,  D*,  will 
give,  when  reduced,  the  declinations  required. 


865.        Let  the  given  sum  of  the  azimuth  {a)  and  hcmr  Z 
from  noon  H,  be 

m  =:  »  -f  H. 

Also  let  Dy  and  z,  be  the  giYcn  cQ-dedjiAation  and  aepith  distance 
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of  the  ran,  and  L  the  ooolatitnde  of  the  place.    Then  firom  the  A , 

nrhofle  sides  are  D,  z,  L,  ure  hare 

.wv-  Tj  —  COS.  %  —  COS.  D .  COS.  L 
COS.  Jti  =: _^..-._ 

sin.  D  •  sin.  L 

andcos.«=r  oo"- P  "  cob.  » .  cos.  L 

sin.  z  .  sin.  L 

But  COS.  H  s=  COS.  (»n  —  «)  s  cos.  m .  cos.  «  +  sin.  m  •  sin.  iai. 
.     COS.  z  —  COS.  D  .  COS.  L      _„      ^  cos.  D  —  cos.  z  .  cos.  L 

••    : tT"^ f —  COS.WIX : ; 

sin.  D .  sin.  L  sin.  z  .  sin.  L 

+    !^°'^.^,  {  sin.»2  .  sin."  L  +  cos.  D  --  cos.  «  .  cos,m* 
sin.  z  sm.  L  . 

ivhich,  being  reduced,  will  give  L. 

866.        Let  h  be  the  difference  pf  the  times  of  setting,  H, 

H  +  &  the  hourj^  from  noon,  D,  "O  the  co-dedinatioas  of  the  two 

stars,  and  L  the  co4atitude  of  the  plane ;  then  from  the  A  whose 

sides  are 

90^D,  L;  OO^iy,  L 

.  we  have 

««o  XI  —  cos.  90°  —  cos.  D .  cos.  L  ^       «^*  n    ^4  r 
,    cos.  U  =  ,-^ s=  —  cot.  D  .  cot.  L 

sin.  D .  sin.  L 
and  COS.  (H  +  A)  ==  —  cot.  IX  .  cot.  L 

/.  cot.  ly  cot.  L  =  COS.  h  .  cot.  D  .  cot.  L  +  sin.  h  ,  /J{1  — 
cot.*D.  cot."L);  which  being  reduced  and  adapted  to  logarithmic 
computation  will  give  L,  and  therefore  the  required  Tatitude. 


867.  If  /  denote  the  longitude  of  the  sun,  t  that  of  the 
star,  and  ^  its  latitude ;  then  (JVoodJiouse^  p.  299)  the  aberration 
in  latitude  is 

20' .  25  X  sin.  {t  -  t)  sin.  x 
which  is  therefore  0  when 

which  makes  known  the  longitude  of  the  sun,  and  therefore  the 
day  of  the  year. 
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But  andetlie  longitudes  of  the  sun  and  star  aJte  equal  on  tka 
day,  their  right  ascensions  are  also  equal,  and  they  oonfleqaeotff 
cross  the  meridian  at  the  same  moment,  or  at  twelve  o'clocL 

The  problem  may  be  easily  generalized ;  by  stating  it,  Rtqmd 
at  what  time  of  the  day  a  staVftphose  bngiiude  and  latitude  are  peenj 
crosses  the  meridian^  on  that  day  of  the  year  when  its  aberration  h 
latiiude  is  a  given  quantity  «. 

In  this  case  the  longitude  of  the  sun  may  be  fomd  from  Ik 
formda 

■ 

«  =  20' .  85  .  sin.  (f  —  0  ^^^  ^ 
and  thence  the  right  ascension  of  the  sun  (A)  from 

tan.  A  =  COS.  O  x  tan.  /, 
O  being  the  obliquity  of  the  ecliptic 

Moreover,  the  right  ascension  (A!)  of  the  star  is  obtained  from 
tan.  A'  =  COS.  O  x  tan.  f 
and  A  "^  A'  the  time  required  measured  from  noon  is  therefoie 
known. 


868.         This  problem  relates  to  navigation^-to  oUi^ 
sailing. 

Since  the  vessel  is  steered  constantly  to  the  same  point  of  the 
compass,  her  path  along  the  surface  of  the  sea  cuts  the  meridiaiB 
at  the  same  Z,  viz.,  45^  Hence,  if  ds  denote  the  constant  incre- 
ment of  her  route,  the  corresponding  increment  of  latitude  is 

ds  X  cos.  45^  =  — i- 

which  is  also  constant. 

Henoe  the  whole  path  described  from  the  equator  to  the  pole 

is 

90°  X  ij2. 

Again,  to  find  the  difference  of  the  longitude^  suppose  the  degree 
of  longitude  to  be  of  the  same  length  for  every  parallel  of  latitude^ 
(as  in  Mercator's  Projection,)  then  the  degrees  of  latitade  waX 
increase  as  the  secant  of  the  latitudes. 


1 
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Hencey  if  x  denote  the  latitude,  its  increment,  ia  order  to  make 
that  of  the  longitude  the  same  for  all  parallels,  must  be 

cos.^ 

•••'^'=  /!:S^  =  %•  *«^- C*«"  +  t) CO 

t/  cos.  A  8  / 

Hence,  if  x'  be  calculated  for  any  two  latitudes  of  the  fessel, 
w«9  X,  fft,  the  differenoe  of  the  longitodes  will  evidently  be 

Ds:  (x'  -  ix*)  tan.  ft* («) 

d  measuring  the  distance  of  the  point  of  the  compass  from  the  north 
or  south,  or  the  constant  inclination  of  the  route  to  the  meridians. 

In  short,  all  problems  of  this  kind  are  resolved  by  the  two 
formulae 

R  =  X  sec.  0 

tan.  (4^0  +  AV 

andD  =  {. ^  X  tan .9 

tan.  (45'+  JLj 

R  being  the  length  of  the  route. 

Ex.  1.  In  the  problem,  x  =  0O<',  fA  =  0,  and  d  =:  45. 
.•.  R  =  90®  X  V  ^>  *s  before, 
and  D  =  ^  X  tan.  90^  =z  I,  oq  =00. 

So  that  the  ship  would  never  ajctudUy  reach  the  pdef  alth(mgh  she 
would  go  on  for  ever  approaching  more  nearly  to  it. 

Ex.  2.  Generally,  let  x  =  90%  f«  =  0.    Then 
R  £=•  90P.  sec.  0, 
tan.  90"* 


and  D  =  /  •   ^-^      X  tan.  e  J 


tan.  45 

which  shews  that  in  whatever  direction^  other  than  direct  north  ot 
south,  a  ship  might  sail,  she  wotdd  never  hy  possibility  reach  the  pole. 

If  she  steer  to  the  n^rth  or  south,  then  we  haye  (  =:  0  and  •'. 
R  =  ^O** 


I 
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andDgtan.ox/.  ^°'^^ 

tan.  45 

=:  I.  (tan.  90**)*^ •  s=  /.  (oo> . 
s=  /•  1  2=  0, 

correct  results. 


869.  Let  the  incUnationof  the  plane  >o  the  horizon  be  s, 
and  its  inclination  to  the  meridian  0.  Then  taking  a  place  whose 
horizon  is  parallel  to  the  plane,  it  is  evident  the  sun  will  begin  to 
shine  upon  the  plane  when  it  rises  at  this  assumed  place.. 

Let  L  be  the  given  co-latitude,  L'  the  assumed  one*  Then  fitw 
the  A  t  whose  sides  are  the  distance  of  the  teniths  of  the  places* 
(viz.  a),  and  L,  L',  we  get 

a         COS.  L'  —  cos.  L  .  COS.  a 
cos.  0  =  : . : ^ 

sm.  1^  •  sin. » 

and  •*•  cos.  L'  =  cos.  L .  cos.  m  +  sin.  a  .  sin.  L  .  cos.  /3y  which 
gives  (when  adapted  to  logarithms)  L'. 

Hence,  if  D  be  the  co-dedination  of  the  sun,  we  get,  from  the 
right  angled  A ,  whose  ±  and  hypothenuse  are  90°  —  L^  and  D, 

cot.  H  c=  cot.  L'  X  cot.  D, 
where  H  is  the  hour  angle  from  the  meridian  of  the  assuaed 
place. 

But  inclination  of  the  meridians  of  two  places  s=  inclination  of 
their  horizons.    Consequently 

H±« 
the  time  required  is  known. 


870.  Let  L  be  the  co*latitude  of  the  place,  D  the  declina- 
tion of  the  sun  on  one  day,  D'  that  on  another,  and  d  the  difference 
of  the  lengths  of  the  meridian  shadows  of  the  tower,  whose  altitude 
is  X.    Then  since  the  meridian  altitude  of  the  sun  is 

L±D, 
we  have 

a?  =  Z  tan.  (L  ±  D)  =  (i  +  d)  tan.  (L  ±10 
{  being  the  actual  length  of  one  shadow. 
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Hence, 

I  —  rf  X  ten.  (L  ±  DQ 

^  ten.  (L  ±  D)  -  ten,  (LilK) 

and   •  j:  -  <&"■  (L  ±  D  -  ten.  (L  ±  IT) 
'  •      ""  ten.  (L  ±  D)  -  tan.  (L±Ty) 
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87 1 .  Let  L  he  the  latitude  of  the  place,  D  the  co-declina* 
tion,  and  A  the  right  ascension  of  the  star.  Also  let  IX  be  theco- 
declination  of  the  son,  which  is  known  from  the  tables  for  the  ^tv^ 
day.  Then  from  the  right-angled  A ,  whose  ±  and  hypothenuse 
are  L  and  ly,  we  have 

cos.  H  r=  tan.  L .  cot.  IX, 
H  being  the  hour  Z  from  midnight,  and  indicating  the  hour  of  sun- 
rise.   The  time  when  the  star  rises  is 

H±A. 


872.        A  writer,  m   Leyboum^s  MatheTnaHcal  Sepa»tory 
gives  the  following  solution  of  this  problem : — 

**  The  greatest  apparent  distance  cff  a  star  from  the  nortl)  pole, 
arising  frpm  aberration  and  nutetion  together,  is  when  the  sun's 
longitude,  and  also  that  of  the  D  's  ascending  node,  are  three  signs 
before  the  ^^  reckoning  according  to  the  order  of  the  signs ;  and 
that  apparent  distence  will  be  greatest  of  all  when  the  star  is  in 
the  solstitial  colure ;  but  it  does  not  appear  that  the  period  can 
be  accurately  determined  when  such  an  event  will  take  place,  for 
any  proposed  star.  We  can,  however,  calculate  the  time  winch 
seems  to  be  required  by  the  question,  if  it  falls  within  the  limits 
of  some  proposed  revolution  of  the  ^  's  nodes,  or  if  it  is  restricted 
to  a  given  year ;  thus,  for  instance,  let  the  year  be  1809,  and  sup* 
pose  the  star's  right  ascension  s=  108%  and  its  declination  OO^ 
north.  Let  a  great  0  be  drawn  to  the  £  from  the  star  ±  to  the 
meridian  through  the  star,  and  it  will  meet  the  ecliptic  in  2B^  41' 
of  Libra,  ^ich  is  the  0  's  place,  when  the  aberration  in  declination 
southward  is  a  maximuiO;  (obliquity  of  ediptic  being  2Sf*  HT  44^ ; 
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this  answers  toOetaber  19,  at  London.  On  that  day  the  star 
comes  to  the  meridian  at  2B^'  before  six  in  the  morning.  The  Ion* 
gitude  of  the  D  's  node  at  that  time  is  6"  SS""  45',  and  the  other 
is  0"  2S^  26' ;  the  star  is  therefore  very  nearly  at  its  maximmi 
distance  from  the  north  pole,  which  distance  will  not  sensibly  vaiy 
during  three  or  four  days  at  that  time." 


873.  Let  D,  ly  be  the  co*declinationj3  of  the  stars,  Lthe 
latitude  of  the  plaoe,  and  H,  H  +  &  the  angular  distances  fiom 
the  meridian  a(  the  moment  of  rising,  h  being  the  difference  of  the 
given  right  ascensions ;  then  from  the  right-angled  A|  whose  ± 
and  hypothenuses  are 
D,LjiyL, 
we  get 

cos.  (H  +  ^)  =  tan.  L  .  cot.  D 
COS.  H  =:  tan.  L  .  cot.  IX, 
and  eliminating  H,  we  hare 

tan.  L  .  cot.  D  =:  cos.  h  tan.  L  cot.  ly  '^  sin.  h  X  V  i^  " 
tan.*  L .  cot.«  D'} 
which  gives 

^4iT  _  cot."D  + cot.*iy  —  2cos.*.cot.D.cot.iy    . 

COt.'JLi  =  ■.'■,, 

sin.'  a 


674.        Let  Af  D,  be  the  right  ascension  and  oo-declination 
of  the  star;  A',  jy  the  right  ascensionand  oo-declination  of  the 
nm ;  also  let  L  be  the  latitude  of  the'  place,  and  H,  IF  the  hoof 
angles  for'  die  star  and  sun  when  riring ;  then  from  the  right* 
angled  A,  whose  hypothenuses  are  D,  D",  we  hare 
COS.  H  ==  tan.  L .  cot.  D 
«      oos.  H'  =:  tan.  L  .  cot.  ly 
BtttH'^-HsA'-*  A, 

:.  eos*  H' .  COS.  H  +  sin.  H  .  sin.  H's  cos.  (A'  -  A) 
.%  COS*  (A'  -  A)  =  tan.*L.cotD.cot.  IX  +  V{(1- 
^lu*  L .  cot »  P)  .(l  -  tan.*  tcot^*  V]). 
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Again,  if  O  be  the  oUiquity  of  the  ecBptic,  it  is'  eaiily  bImwh 
tliat 

cot.  D'  s  tan.  O  sin.  A' (1) 

wUi^  being  substituted  in  the  shore  equation,  gives 

COS.  (A' -  A)  =  tan. » L  cot.  D.  tan.  O  x  sin.  A'  +  ^/{(l  ^. 
tan.»  L  cot.«  D)  (l  -  tan.«  L  tan.«  O  x  sin-'AO  } .  which  being 
reduced  and  resolfed,  wiU  give 

.A'. 
Hence,  by  Equat.  (1)  is  known 

\y 

and  therefore  by  the  tables  the  day  of  the  year  i$  kntnoru 
The  time  of  rising  on  that  day  is  known  from 
cos.  H'  =  tan.  L.  cot.  D*. 


875.        *•  To  delineate  the  phases  of  the  moon^"  (see  Wood- 
house's  Astron.,  p.  552.) 

**  To  find  the  A  which  the  Une  Joining  the  moovfe  eu^  make 
with  the  horizon  at  any  time,  we  will  premise  the  following, 

Lemma.  Required  the  inclination  of  thepbtne  passing  through 
the  centres  of  the  earth,  sun^  and  moon,  to  tie  ed^tic. 

Let  S,  fi,  m'  (Fig.  lis,)  be  the  intersection  of  these  pknes^ 
S,  H,  E  being  the  positions  of  the  sun,  moon,  and  earth.  Draw 
Mm  ±  ecliptic,  mm'  ±  SB,  and  join  Em, EM,  m'M ;  then  the 
inclination  required  is  measured  by 

Z  Mm'm. 
But  Mm  =  mm\  tan,  iSm'm  =  Em  tan.  MEm. 

Eta 

•%  tan.  Mm'm  sr  tan.  MEm  x  -— -• 

mm' 

_    tan.  MEm 
sin.  S£m 

^      tan,  (i'b  geocentric  latitude) 
sin.  (  )  's  elongation  in  longitude) 
which  giyes  the  Z  Mm'm. 

Again,  let  MM'  (Fig.  113,)  the  line  joining  the  moon's  cuspa 
be  produced  to  meet  the  horizon  in  H',  and  let  Mm',  the  plane 
passing  through  the  earthy  sun^  and  moon,  intersect  the  ecliptic 
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MW,  which  also  outs  the  horizon  in  H,  in  the  point  m'.   Then,  by 

the  nature  of  phasb,  (see  Woodhouscj)  the  Z  M  =  90^ ;  the  Za' 

is  given  by  the  Lemmoy  and  the  Z  M'HH'  being  measured  by  the 

aUUude  of  the  tumagesimal^  is  found  from  Woodkousc^  p.  741 ;  cos- 

aequently, 

Z  H'  =  180°  -  M'  -  ii 

=  180°  —  H  -  (M  +  w*) 

=    90°  -  (H  +  m') 
is  known. 


876.  Let  A  be  the  sun's  right  ascension,  L  the  latitude  of 
the  place,  D  the  sun*s  declination,  and  x  the  ascensional  diflereuce. 
Also  let  O  be  the  obliquity  of  the  ecliptic  then,  in  the  first  place, 
from  the  right-angled  A  (D,  A)  we  have 

tan.  D  =  tan.  O  x  sin.  A 
which  gires  D. 

Again,  from  the  right-angled  A  (D,  x)  we  have 
sin.  X  =  tan.  D  x  tan.  (Z  opposite  x) 
c=  tan.  D  X  tan.  L 
=  tan.  O  sin.  A  x  tan.  L 
whidi  is  a  general  inyestigation  of  the  ascensional  difference. 

877.  From  the  A  (p,  90°  -  /,  90®  —  c),  we  have 
^   .       sin.  a  ^  sin.  I  cos.  p 

COS.   t  =    ;    ^ 

sm.  p  COS.  / 
/.  vers.  <  =:  1  —  COS.  /  = 

sin,  p.  COS.  I  +  sin.  L  cos,  p  —  sin,  a 
■  sin.  p  cos.  / 

^  sin.  (p  +  i)—  sin.  a 
sin. p  cos./ 

Scos.  £±i±?8in.£±l:i? 

2  2 


sin.  p.  COS.  I 


=5  «  COS.  €±i±?  Sin.  (tt±t^  -  a)coKc.pBK.l 


»  \     » 
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878.       The  apparent  diameter  of  the  son  oe  invenely  as  the 
radius  vector  of  the  orbit    Hence  since 

_  0.(1  -  e) 
1  — ecos.d 

0  being  measured  from  apogee^  the  apparent  diameter  oc  1  —  •  cos.  9. 
Hence  the  augmentation  of  the  apparent  diameter  is 
1  —  g  cos.  0  _        1       ^    1  «"  e  cos.  0—1  +  e 
«(*  —  «")  a(l+e)  ""  0.  (I  -  «■) 

_.  e.  (1  —  COS.  0)   _  A 

=  — L-j -jL  oc  vers.  B 

a(i-.€0 
whaiever  he  the  magnitude  qf  the  ecceHtricUy. 


879.  The  visibk  Ulumined  part  of  the  disk  j  whole  disk  :: 
vers,  exterior  Z  of  elongation  :  8.  See  Woodhouse^  p.  558,  or 
Vince. 

But  in  the  case  of  the  moon^  the  distance  of  the  sun  from  the 
earth  being  incomparably  greater  than  that  of  the  moon,  the 
exterior  Z  of  elongation  may  be  considered  the  Z  of  ebngation 
itself. 

Hence  visible  part :  whole  disk  : :  vers.   60°  !  2 

::i— cos.60*^ :» 
::  1  :  4 
/.  visible  part :  dark  part  ::  1  :  3 

880.  Let  D,  A ;  L,  x  be  the  declination,  right  ascension, 
longitude,  and  latitude  of  the  star ;  d  (D)  d  (A)  the  given  aber- 
rations in  declination  and  right  ascension.  Then,  if  0-,  o-'  (Fig. 
1 14,)  be  the  two  places  of  the  star,  P,  v  the  poles  of  the  equator 
and  ecliptic,  Fan,  vtrm  referred  to  the  parallels  of  the  equator  and 
ecliptic,  trn  <rm  will  denote  the  co-declination  and  the  co-latitude ; 
and  we  have 

Jn  =  cos.  D  X  cf A  ^.v 

am^i  COS.  A  X  ^L 
Again,  since  the  aberration  is  small,  the  A  orm\  q'tu  may  be 
considered  rectilinear.    Hence  the  Z  li^r  =  Z'  mot  =  angle  of 
position  (=s  P), 
voIn  n.         ,  iS  s 


6M  iuamoflromr* . 

And  it  ia  eaail  j  abowii  that 

cm  =:  ^n  X  sin.  P  d:  ^'n  cos*  P 

<rm  =  0^  X  COS.  P  i:^  v*n  sin.  P. 
But  from  (1) 

dL  s9  *.^    ■    ;  and  «fa  =:  cKk,  oti  =s  <fl) 
cos*  h 

:.  dt^  — I —  X  (dD  sin.  P  ±  dA  ooe. x cos.  P) 
eoi.  X 

And  dx  sz  dD  X  cos.  P  qc  dAcos.  D  sin.  P 
See  also  Woodhouse*8  chap,  on  Aberrations. 


881.        The  surface  is  expressed  generally  by 

S  3  /  2wyds 
»  being  the  aic  of  the  generating  curta. 

ButA  =  -zr^ 


:.  S  =  2»r yi    y^ 


=  2wr.{C+  V(r«  -  y*)} 
Let  B  c=  0,  when  y^r;  then  C  =  0»  and 

S  =  2»r  J?^^ 
=  2Tr>.sin.  lat* 
Let  lat.  s=  90  and  80 ;  then  the  whole  surface  and  the  surface 
between  the  specified  parallels  are 

/.  »S  s=  4i^«  and  iS  =  4irr«  X  — 

8 

sespectiTely ;  so  that 

8S  =  8  X  98*  Q.  B.  P. 


882.  Let  D,  ly,  or  be  the  co-declinations  of  the  stars  aid 
planet,  a  the  giren  difference  of  the  right^aacensions  of  thestaiSt 
and  y  the  difference  between  the  right-ascensions  of  the  planet 
and  that  star  whose  declination  is  D. 

Also  let  d,  <^  be  the  given  distance  of  the  stars  from  the  pkaet 
then  from  the  A  (D,  d^  x)  jy^  d'^  x)  we  get 


i 
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mi«   ^  ^   CM.  d  —  COI.  D.  COB.  X] 

COS.  y  !^  *~ 


g  "»  coi>  D.  COB,  xy 
SID.  D.  sin.  a;        I 


Audcos.  (y+a)  =  cos>  ^-  cos>  !>>  eat.  ^ 

sin.  ly  sis*  ar 


which,  by  the  Arithmetic  of  Sines,  will  giye  us  y  and  x« 

883.  The  shadow  Witt  eiddentiy  bd  It  patallelogram  de- 
Tiating  from  a  rectangle  by  half  a  right-angle.    Its  breadth  wiU 

therefore  =  bfeadth  <^the  wall  X  cos.  45^  ^  — L.  x  breadth 

of  the  wall. 

The  datum  of  the  sun's  altitude  is  uniwcesiafy.    It  will  glt» 
the  length  of  the  shadow. 

884.  This  is  easy,  sin^ 

mend.  alt.  =  co-lat.  db  dec. 
midnight  depress.  =3  co-lat.  ^  dec. 
•  co-lat    —  ™erid.alt.  +  med.  dep. 

And  ±  dec.  =  mend,  alt. -^  mid,  dep. 

2 


685.  Since  the  star  is  known,  his  declination  is  giten  by 
Ae  tables.  Let  D  be  the  co-declination,,  a  its  altitude  when 
on  the  Prime  Vertical,  and  L  the  co-latitude  of  the  place ;  then 
from  the  right-angled  A  (D,  a,  L)  we  have 

cos.  D  =  COS.  a  COS.  L 

.   ^     T        COS-  D 
•  •  COS.  L  =  ■ 

COS.  a 
which  gives  L. 

886.  Letts'  (Fig.  115,)  be  two  successive  positions  of 
the  snn,  P  beliig  the  pole  and  z  the  aenith.  Then  if  Vz  the  co- 
ktttade  of  the  plane  bepat  s=  L,  the  co-dee.  =  D,  the  hour  Z 

889 


628;  amaohomt; 

zPs  ==  Hy  and  aziniHtli  $zV  s  «,  &c.,  as  in  the.  figure,  we  have 

^'n  :=  c2«.  sin  zs. 
ss'  =  (2H.  sin.  D. 

and  a^n=zss'  X  sin.  sw  =:  dH  sin.  D  cos.  a^iP 

sin.  D.  COS.  zsP 


:.  daZldXLY, 


sscMx 


sin.  zz 

COS.  L  —  COS.  Z8.  COB.  D 


sin.  *zs 

Hence,  patting  zs  s  z^  we  hare,  by  the  question, 

COS.  L  —  COS.  z.  cos.  D    _  ^. 
— : — 5 — _— -  =  nun. 

sin. 'z 
which  gives  by  the  rule,  . 

^  „  ,        2  cos.  L  ^„  , 

cos.  "z  —  =—  COS.  2  =  —   1 

G08»D 

'  cos.  D 

Hence  z  is  known. 

Again, 

^.^  o  —  cos-  z  —  cos.  D.  cos.  L 
cos.  U  =  ■ 

sin.  D.  sin  L 
which  therefore  gives  the  time  required. 


887.      Let  L  be  the  co-latitude,  z  the  zenith  distance,  «  tk 

azimuth,  and  D  the  co-dedinatipn ;  then  from  the  A  (z,  L^  D)  we 

have 

— .  cos.  D  —  cos.  L.  cos.  z 

COS.  a  = : — ; 

sm.  L.  sm.  z 

which  gives  {Woodlwuse'sTrig.) 

sin.«5.  -:  sin.  (  ?!±f  +  M)  sin.  (  i±£  -  M) 

wherein 

sin.'M  =  sin.  L,  sin.  z.cos.  -i 

This  gives  the  dedination. 

Again,  the  dedination  being  found,  it  would  be  easy  to  find  tbe 


right  ascension  in  tenns  of  the  obliqnity  of  the  ecliptic.    Bat  we 
are  required  to  express  it  otherwise. 

Since  the  day  and  hour  of  obserration  are  given,  let  the  known 
right-ascension  and  hour  Z  of  the  sun,  be  denoted  by  A,  and  H ; 
also  let  A',  H'  be  the  right*ascension  and  meridian  distance 
of  the  star ;  then 

A'  -^  A  =  H  -  H' 
A  A'  =  A  +  H  -  H' 

But  H'  is  known  from 

sin>  n  £=  -  .  8U]«z 


sin. 
•*•  A'  is  known. 


888.       Let  L  be  the  latitude  of  the  place,  D  the  known 
co-dedination  of  the  star;  then  from  the  ^  (L,  D,  45^)  We  hare 

COS.  D  =  cos.  L«  008.  45 

.*•  COS.  L  =  COS.  D  X  V  ^- 


889.  Let  L  denote  the  co-latitude,  D  the  co-declinatioa 
of  the  sun,  and  a  the  required  azimuth;  then  from  the  right* 
angled  A  (L,  D)  we  have 

tan.  D 


tan. «  s 


sin.  L 


890i  Since  the  day  and  hour  are  given,  the  right-ascen* 
8ion(A},  and  hour  Z  (H)  of  the  sun  are  known,  also  since  the  lati- 
tude and  longitude  of  the  star  are  giren,  its  right-asoension  (A!) 
and  declination  (90^  —  D)  may  be  found  (see  Fmce.)  Hence 
the  angular  distance  of  the  star  fr^m  the  meridian  (Bf)  is  known 
from 

H  -  H  =  A'  -  A, 
and  the  latitude  of  the  place  (90^  —  L)  is  given.    Consequently 
if  90  —  z,  A  denote  the  required  altitude  and  azimuth,  from  the 
^  (z,  D,  L)  we  have 


.     N 
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«    TT/        ^8*  2  "^  CM.  Lf  COS.  Jj 
COS.  H  2=  : ,       .      fg 

Sin.  L.  m.  D 
A  sin,'-^  5=  8in.   (  — Z h  M)  sia  (  —I IQ 

where ' 

sin.sM  =:  sin.  L  sin.  D.  cos.' —  ; 

and  2  being  thus  known,  we  ha¥e 

sin.  D 


sin.  ct  =  sin.  H'  x 


sm.  z 

which  gives  a.  We  have  therefore  found  the  altitude  and  aa- 
muth. 

Again,  let  sn^  P,  o-  (Fig.  116,)  be  the  places  of  the  zenith,  pole, 
and  star;  QQ,',  CC  the  equator  and  ecliptic  intersecting  in  the 
first  point  Aries  R,  and  cutting  the  meridian  in  the  points  Q',  C 
lien  It  is  evident  that  Q'R  =r  A  -  H. 

Also  the  Z  R  =:  SS""  28'^  and  Q'  is  a  right  Z.  Consequent!/ 
tan.  Q'  C  =  sin.  (A  —  H)  tan.  29^  2S\ 

sin.  Z  Q'CR  =  sin.  (A-H)  x  ''"Z  ^f  ^^ 

and  sfai.  c'R  a    ^^^'  ^'^. 

sin.  [23®  28' 

which  give    Q'C  and  Z  zCz' 
Hence  in  the  A  zz'Oy  we  have 

Z  zCz  =:  180«  -  Q'CR     I 
aod  Z  Czz'  m  180^  ^  «  3 

■ 

wfaiob  will  give,  when  resolved,  the  Z  Czz  and  C'f '* 
Qetifl^qiKsntly, 

Oz'z  and  lU'  (=  CV  ^  RC) 
are  hnown,  which  are  the  otb«r  qutBsUa,  of  the  problem. 

891.  Since  the  day  of  the  year  is  given,  the  sun's  rigfat- 
ascension  (a)  is  known  from  the  tables.  Let  also  the  given  co-de- 
ninations  aud  right-ascensions  of  the  stars  be  denoted  bv 

D,  ly ;  A,  A'. 
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Moreover,  let  H  be  the  hour  jL  or  distance  of  the  sun  from 
noon  at  the  instant  the  stars  are  on  the  same  azimuth  ;  then  the 
angular  distances  of  the  stars  from  the  maridian  are  evidentlj 
^  =  H  +  A  —  a,  and  A'  =  H  +  A'  —  a. 

Jlence,  if  L  c  the  co-latitude  of  the  place, '  and  z,  il  the  asenith 
distances  from  the  A  (2,  L,  D),  (z',  L,  !>),  we  get 

^  _ 

\^^  /Ti   •    A         \       cos.  «  —  cos.  L.  cos.  D 
COS.  (H  +  A  —  a)  =  — 


sin.  L.  sin.  D. 
^««  ru   J   A'        \  —  COS.  z*  — cos.L.  COS.  ly 

COS.   (H  ,+    A      -    fl)     =     ; ;-— ~ 

'  6in.  L.  sin.  Br 

Also  from  the  A  (D«  !>,  z'  —  z)  we  get 

cos.(A'-.  A)  =  cos-(^'"g) -cos>D>cos»iy 

sin.  D.  sin*  V 

.•.  sin.*- =  sm.  {       ^       +  M).  sin.  I   .    ^  .  —  il«) 

M  being  such  that 

sin. 'Us  8iB«  D.  tAn*  V.  eo6.<  ^V.^, 

s 

Hence  2  —  z  is  known  (=  m),  which  therefore  gives 

COS.  (H  +  A  -  a  =  <55l£lL??!Jl£?!l5 

sin.  Ih  sin.  D 

and  COS.  (H  +  A'  -  «)  =: 1— ^ — <- — « — ^^5 ^^ 

sm.  In  sm.  JJ 

by  which  two  equations,  z  being  eliminated,  we  shall  have  R  et« 
pressed  in  terms  of  A,  A',  a,  L,  D,  I^ ;  which  will  therefore  be 
known. 


892.        When  the  hour  angle  from  noon  sr:  atimutli  frMi 

the  south,  the  zenith  distanoe  is  evidently  equal  to  the  co«deellM^ 

tion  (D).    Hence  if  L  be  the  co-latitude,  and  H  the  required 

hour  Z,  we  have 

COS.  D  —  cos.  D.  cos.  L 


cos.H  = 


sin.  D.  sin.  L 
1  —cos.  L 


^  cot.  p.       .     , 
sin.  4^ 


632 


ABTRONCmY. 

2  sin.^— 
Snn.  — .  COS.  — 

2  2 

=  cot.  D.  tan.  — . 

2 


893.        Let  L,  D,  2  be  the  co*latitude  of  the  placet  the  sun's 
co-declination  and  zenith  distance ;  also  let  a  be  his  aadmuth,  and 
H  the  hour  angle  from  noon ;  then  from  the  A  (L,  D,  2),  we  get 
.    grn^  _,  sin.  (S—  L).  sin.  (S— 2) 
2  sin.  L.  sin.  z 


where  S  =  ?!±5±1 

2 


and  thence 


»:«  u  ».  «:m       v>    sin.  2 
sin.  u  s:  sin,  «  X        ■  »■- • 

sm.  D 


Moreover,  since  the  sim's  declination  is  given,  the  day  of  tbe 
year  is  known  from  the  tables.  Consequently  the  azimuth  and 
hour  Z  are  found. 

Again,  since  the  oo-latitude  of  the  sun  is  90^,  and  the  obliqiiity 
of  the  ecliptic,  or  distance  between  the  poles  of  the  equator  and 
ecliptic  is  28^  28'  from  the  A  (90^  28^  28',  D)  we  have 

cos.  P  =:  cot.  28^  28',  X  COt.  D, 

« 

P  being  the  angle  of  position. 


894.  Since  the  day  is  given,  the  earth's  longitude  (L)  is 
known  from  the  tables.  Let  L'  and  ^  be  the  given  longitude  and 
latitude  of  the  star,  and  d  the  required  inclinatbn ;  then  from  the 
right-angled*  A  (90°  +  L  -  L',  ^  ft)  we  get 

COS.  •  =  COS.  X.  cos.  (90  —  L'  —  L) 
=  cos.  X,  sin.  (L'  ^  L  ) 


895.        At  the  moment  the  star  and  sun  are  seen  rising 
together,  let  the  time  from  noon  be  H,  and  let  Lbe  the  co-latitude 
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•of  the  place,  A  the  right-ascenrion  of  the  sun,  D  hia  oo-deelina- 
tioii,  A'»  ly,  H'  the  right-ascenrion,  oo-declination,  and  angdar 
distance  from  the  meridian  of  the  star.  Then  from  the  qoadnm* 
tal  A  (90^  L,  D),  (90%  L,  D'),  we  have 

^.   Tj  _  COS.  90  —  COS.  L.  COS.  D 
COS.  11  =: 

sin*  L.  sin.  D 

=  —  cot.  L.  cot.  D 
COS.  H'  =  —  cot.  L.  cot.  ly. 

But  H'  -  H  =  A'  -  A 

.%  COS.  (H  +  A'  —  A)  =  —  cot.  L  cot  ly (l) 

Bnt  since  the  obliquity  of  the  ecliptic  is  29?  88',  we  hare 
cot.  D  :=  sin.  A.  tan.  23^  28' 

.\  COS.  H  =5  —  cot.  L.  sin.  A.  tan.  23^  28'  ...  .  (2) 

Now,  from  equation  (l)  we  get 
H  -  A  +  A' 
and  .'.  H  -  A 
is  known.    Hence,  bj  substituting  in  equation  (2),  we  get  both 
H  and  A,  which  giye  the  hour  of  the  day,  and  (by  the  tables) 
the  day  of  the  year. 


896.        Let  0,  V  be  the  true  anomalies  corresponding  to  die 
distances  p,  p' ;  then  from  the  equation  to  a  parabola  (^=. 


fi  / 


COS. 

2 

we  get 

.••  V?+Ve' :  Ve- Vp'-cos.  _  +  cos._  :  cos.  _-cos.-. 

: :  2cos.  -ZL-  cos :  2  sm.  «Z_.  sin. 

2  2  2  2 

e+0'.,     0-0' 

::  cot.  — ! —  :  tan. 

2  2. 
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Wi.  Let  L,  L',  L',  be  the  kngitudefl,  x«  x%  x' tfa^  co4ili* 
tudesef  the  Uirae  plafiea  Zyz\z\  Also  fet  d,  (i%  cT,  be  the  #i- 
tMinw  between 

Then  from  the  A 

(4  X,  x')»  (^^  ^'»  O.  (^'>  >^»  ^0 
we  get 

yT         T/\        COS.  d  —  COS-  X.  COS.  x' 
COS.  (L  —  L')  = r^^ : J 

sin.  X.  sin.  X 

^«   /T'       i:*\         COS.  a  —  COS.  X'.  COS.  X' 

COS.  (L-  l*)  5=  ,♦      >/  ^„   ^-^z 

sin.  X  *  sin.  x 

/T         T  /A         COS.  4"  —  COS.  X.  COS.  X* 
COS.  (L  -  L")  =  : : J 

Sin.  X.  Bin.  X 
whence 

sin.«-l  =  sin.  (^11^^  +  M)  sin.  (^^  -  M) 
siu.«ffl  -  sin.  i  ^i±lL  +  M').  sin.  (^i-±iL  -  H*) 

sin.2^  =:  sin.  (  ^±i'  +  M>  sin.  T^l^'  -  W) 

M,  MS  M"  being  such  that 

h  ^  U 

sin.^M  sr  sin.x.  sin.  x'.  cos.*— • 

&c.     =1     te. 
which  therefore  give  the  three  distances  d,  d'  d". 

Hence  if  D,  !>,  D"  denote  the  angles  respectivelj  oppoeite  to 

rf,  (f ,  <f',  we  haye 

«^«  -n      COS.  d  —  cos.  d.  cos.  (f 

COS.  1/  =  .     

sin.  d,  sin.  d" 

« 

^^-  TV        COS.  d'  — COS.  cL  COS.  d" 
COS.  Ll^  =  , 

sin.  d.  sin,  d" 

COS  D"  —  CQS.  cf  ^^~  cos.  (/,  COS.  rf' 

sin.  ef,  sin.  cf 
which  give 


' 
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Agaiiiy  let  jp  be  the  coiuflum  dUtanoe  of  the  three  placet  horn 
the  reqnired  place,  and  l!"  and  >!"  its  longitude  and  oo-latitude ; 
Iheft  ftooi  the  A  (x,  V", «),  (x',  V",  «),  (V',  x'",  «),  we  get 


/T          T///\           COS.  *  —  001.  X.  COS.  X  /-v' 

COS.  (L.  —  J-   ;  =  ; -: jjj ...    ^l)i 

sin.  X.  sin.  X  ' 


^o   /I'^  1  "'X  .«.    ^^'  *  ""  ^S.  X'.  COS.  X'"  i„N 

sin.  x'.  sin.  x"' 

*wi^  /T "     T  "'\  --.  COS.  a?  —  cos.  x"  COS.  x'"  z-n 

COS.  (li  —  Xj  )  sa  1  ■  ■  ■       .  ....   (91 

"^  ^  sin.  x"  sin.  x'"  ^  ^ 

.'.  sin.  X,  sin.  x'".  cos.  (L  —  L'")  +  cos.  x  cos.  x""  = 
sin.  x'.  sin.  x'"  cos.  (L'  —  L'")  +  cos.  x'  cos.  x'"     ...     (4) 

And  sin.  x.  ain.  x^'.  cos.  (L  -*-  V")  -f  cos.  x.  cos.  x'^  cs 
sin.  x"  sin.  x'"  cos.  ^' ^UT)  cos.  x"  am.  x'" (5) 

which  two  equations  wiU  give,  when  ledoced,  x^  and  U"\  and 
we  shall  then  have  TTiore  than  reselTed  the  proHen. 
By  taking  the  A  {d^  d!  (f ')  we  Biay  easily  show  that 

COS.  0  :=  cot.  X,  ^-^^^  =  cot.  «  tan.i- 

sin.  d  2 

And  COS.  (D"  -*  6)  ==  cot  x.  tan.  — 

4  b^g;  the  inclination  of  «  to  d. 
Hence,  by  reduction, 

,  -  sin.«D" 

cot.*j:  = 


^?°-'i.+  tan.^  ^2  tan.A  tan.£  qos.  TT 

B  2  9  8 

whieh  gites  X. 
:  Hence  d  is  known. 

■ 

Also  the  Z  between  xand  ct  is  found  from 

/      j#\         COS.  X"  —  cos.  X,  COS.  ct 

cos.  (X,  d')  S=  ;      ■   ■       J'      -J? 

-  sin.  X.  sin.  a 

Hence  we  have  the  Z  between  x  and  x,  and  from  the  A  (x' 
X,  X)  we  get 

V          COS.  X*'  —  cos.  X  COS.  X 
COS.  (a;,  X)  =  : : 

sin.  X  sin.  X 
which  gives  x'"» 


! 
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and  tC"  beiiig  subfitituted  in  the  eqnat.  (1),  gives 

L  -.  II"  and  /.  L*". 
This  latter  method  of  finding  x'^'and  V"  is  evidently  more 
modious  in  practice  than  the  former. 


898.        Since  the  star  is  given,  its  co«decUnation  (D),  aoi 
right-ascension  (A)  are  known  by  the  tables. 

Let  H  be  the  hour  angle  from  noon  at  sunrise,  A'  the  sun's  riglit- 
asoension,  and  ly  his  co-deciination,  and  L  the  co-latitude  of  the 
place.    Then 

cos.  H  =:  —  cot  ly  cot.  L 
and  from  the  right-angled  A  (90^  --  IX,  A'),  we  have 

cot  ly  s:  tan.  S8^28'  X  sin.  A' 
•*.  COS.  H  £=  —  sin.  A',  cot.  L  tan.  28^  88' 
But  since  the  star  is  due  south,  A'  —  A  s  H, 

.-.  8>^*  (A+  H)  ^  _  1^  Loot  28^  28' 
cos.  H 

and  reducing,  we  finally  get 

t«KH=  -  Wa+  tan.  L.  cot.  iSP  iHj\ 

^  cos.  A  J 

which  gives  H  the  hour  of  the  day. 

Hence  A'  :=  A  +  H  the  sun's  right-ascension  is  known,  wUdi 
gives  the  day  of  the  year. 


899.  Let  L  be  the  co-laiitude,  x  the  a»iitli  distance,  and 
D  the  co-dedination  of  the  sun  at  six ;  then  from  the  ri|^t-an|^ 
A  (2,  L,  D)  we  have 


•    *-*^  Tk cos.  z 

. .    cos.  U  :s 


cos.  L 
which  gives  D,  and  therefore  by  the  tables,  the  day  of  the  ]rear. 

dOO.  Let  D  be  the  sun's  co-declination,  2H  the  hov  / 
from  noon  at  rising,  and  L  the  co-latitude;  then  from  the  A 
(righttangled  by  the  question) 

.    cot.  D  ==  cos^  H*  cot.  L 
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and  from  the  A  (op^  L,  D)  we  get 

COS.  SH  =  —  cot.  L.  cot  D 
2  COS.  sH  —  1  s  —  cot.  L  cot  D 

=  2  cot«  D.  tan.«  L  -  1 

/.  tan.^L  -  cot  D.  tan.  L  =  Soot  >D 

.  4-«  T  _cotD±ScotD 
•  •  tan.  ju  ^  ■ 

2 

==  8  cot  D  or  -*  cot.  D 
whicli  gires  the  latitude  L. 


901.  The  perpendiculars  will  evid^tly  meet  at  the  centre 
of  the  earth,  being  ±  to  its  surface.  Hence  the  Z  between  them 
18  measured  by  the  arc  of  the  meridian,  which  is  intercepted  by 
tbe  two  horiaonsy  or  it  is  the  difference  of  the  latitudes  of  the 
two  places. 

902.  .  Let  0  be  the  angle  which  any  great  circle,  passing 
through  the  star,  makes  with  the  horizon,  the  altitude  of  the  star 
being  a,  and  the  distance  between  the  intersections  of  the  vertical 
and  great  circle  with  the  horizon  being  x ;  then  from  the  right- 
angled  A  (X|  a)  we  have 

tan.  e  =  J^SiJL  o:  -J— 
Sin.  a  .       sm.  x 

and  0  i^  therefore  least  when  x  =  90^,  or  when 

tan.  0  =  tan.  a,  and  ^  cza.  Q.  E.  D. 


903.        For  the  sun's  place,  when  the  aberration  in  declina- 
tion =  0,  (see  Woodhouscy  p.  S69.) 

If  the  unresolved  aberration  (cr^)  were  constant,  the  aberration 
in  right-ascension  would  plainly  be  greatest  when  that  in  decli- 
nation =  0.    Bnitra  oc  sin.tf-T,  and  consequently  varies,  /.  &c. 


904.        Let  2,  z'  be  the  zenith  distances  of  the  sun  when 
the  coincidences  of  the  extremities  of  the  shadows  with  the  bases 
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of  the  rods  take  place ;  alfo  D  the*  oo-declitiation  of  Ae 
and  L  the  co-latitude  <tf  the  place. 

In  the  first  piaee,  since  the  shadows,  although  In  opposife 
directions,  are  in  the  same  straight  line,  between  the  first  and 
second  shadow,  the  sun  must  have  passed  throufph  180  degrees 
of  anmuth. 

la  the  next  place,  we  have,  by  the  question, 
6  s=  80  cot  2|  8  s  SO  eoty 

3  8 

.vcot.  2  =  ^—  and  cot.  «*  =  — 
10  5 

which  gives  z  and  /. 

Again,  let  d(,  180  —  «  be  the  azimuth  angles  on  each  side  of 
the  meridian,  then  from  the  A  (;?,  L,  D),  (z'  L,  D,)  we  get 

COS.  D.  —  cos.  L.  Cos.  z  cos.  D  —  cos.  L.  cos.  if 

Sin.  L.  sin.  z  sm.  L.  sin.  / 

which  gives 

LT\                 sin.  z  +  sin.  z' 
=:COS.Dx-: : 7-- : r 

Sin.  z .  sm.  z  +  cos.  z  .  sm.  2 

cos.  t — 1 
5=  COS.  D  X  — 


8 


and  therefore  the  latitude  is  known. 
Hence  also  m  may  be  found. 

906.  Let  L  be  the  co*]atitude,  D  the  co-deeUaation  of  die 
sun,  •  the  azimuth,  and  in  the  A  (L,  D,)  let  the  Z  opposite  L,  or 
that  in  which  the  sun  is  sitiiated'be  called  0 ;  then 

A         sin.  D  A 

sm.  a  =  sm.  0   X  7*  oc  sm.  d 

sui.  L 

.'•  a  :=:  maximum,  when  0  =  00^«  Or  when  the  vortical  cir> 
de  passing  through  the  sun  touch  his  diurnal  circle.  But  thisooa* 
tact,  when  th^  zenith  is  between  the  tropics,  can  evidently  take 
place  on  one  side  of  the  meridian  as  well  as  on  the  other^  Conse* 
qnently,  to  persons  situated  within  the  tropics,  there  will  be  tiro 
maximum  azimuths  daily* 
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906.  Let  A  be  the  differtace  between  the  tknes  of  aotting, 
or  the  distance  between  the  two.  dedination  circles  which  pass 
through  the  start*  Also  let  D,  !>  be  their  oo-dedinations,  and  L 
the  latitude  of  the  place  ;  then  from  the  right-angled  A  (L,  D), 
(L,  IX),  we  have 

cos.  d  =:  tan.  L .  cot.  D 

COS.  (0  +  A)  s=  tan.  L  .  cot.  ly 

0  being  the  Z  included  bj  the  altitude  of  the  pole  aad  D. 

.     tan.  D  _  cos.  &  +  h  ,        ,     ■     .  _   ^ 

/.  ^  =  -L^  =:  COS.  h  ^  sin.  k  .  U/k.  0 

tan.  u  COS*  0 

and  tan.  •  =  cot.  h  -       ^°' ^^ 

sin.  A  tan*]/ 

ithieh  gites  0 ;  and  .\ 

tan.  L  =  cos*  0  *  tan.  D 
also  gives  L. 

907.  The  moon's  greatest  declination  is  evidently  s=  the 
inclination  of  her  orbit  to  the  equator.  Hence,  if  I  be  the  in* 
clination  of  her  orbit  to  the  ecliptic,  the  greatest  declination  is 

gs*'  28'  q:  I  =  D. 

Again,  let  ^  be  her  latitude  at  this  epoch,  and  L  the  given  lon- 
gitude of  her  node ;  then  her  longitude  is 

L  +  sin."i  (tan.  x  cot.  I)  =:  Z   ......  (1) 

Now  let  M  (Fig.  1 17)  be  the  place  of  the  moon,  R  the  inter- 
section of  the  equator  Rm,  with  the  ecliptic  Rm',  &c.,'as  in  the 
iigure.  Then  from  the  A  MRm,  HRm',  we  get  these  three  equa* 
tions,  (A  being  the  right  ascension  of  the  moon), 

tan.  D  =:  tan.  (d  +  T)  .  sin.  A (2) 

tan.  h.  =  tan.  b  sm.  / (8) 

and  COS.  RM  =:  cos.  D .  cos.  A  =:  cos.  x  cos.  /  .  .  •  (4) 

Eliminating  d  from  (2)  and  (s)  we  get 

sin.*  /'      tan.  D  .  tan.  T    ,  sin.  A 

.tan.x        tan .  D — tan.  r        tan.  D — tan.  T 

=  »i  +  n  X  lain,  A •  W 

by  supposition,  m  and  n  being  known  quantities. 
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Also,  ffom  equation  (I),  we  get 

tan.  X  •  cot.  I  £=  810.  {I  —  L) 

.-.  tan.  X  ==  tan.  I.  sin. (/  -  L)  =:  ^^^' !    ^  =  also 

^         m  +  n  sm.  A 

hv  (4i\  V  (<^-*  ^  •"  <^Q^*  P  '  <^s.*  A) 

C08.D  •  COS.  A  ' 

Hence  vre  easily  get 

cot.  /  =  cot  L  -  ,^*' }     X  !L 

sin.  L         in  +  n.  sin.  A 

•«^  «:m  t  f  ^  *(l~008.*D.cns.'  A)  x  (m  +  n  sin.  Af 

ana  sm."  i  =  ^ ^^^ ,  .   ^,  .  ^  , . — >^, 

COS.*  D  cos."  A  +  (wi  +  n  sm.  A)* 

which  two  equations  involving  only  ttoo  unknown  quantities  ?and 
A  will  give  them  when  reduced  and  resolved. 

The  remainder  of  the  investigation  being  operose  rather  than 
intricate,  we  leave  it,  as  an  exercise,  to  the  student. 

Having  found  /,  and  A,  he  will  findi  \  from  equation  (4);  Zandx 
will  give  the  required  place  of  the  moon  at  the  time  of  her  greatest 
declination. 


908.        Let  H  be  the  hour  Z  from  midtiight  of  rising  at  one 
place,  whose  latitude  is  L ;  then  the  hour  Z  at  the  other  whose 
latitude  is  90^  —  L  is,  by  the  question 
H  —  n  X  16^. 

Hence,  if  D  be  the  given  co-declination  of  the  son,  from  the 
right-angled  A,  (L,  D),  (90  —  L,  D),  we  have 
tan.  L  r=  cos.  H  .  tan.  D 
tan.  L  =:  COS.  (H  -  n  X  15^)  x  tan.  D 

=  COS.  (»  X  15^)  tan.  L  +  sin.  (n  x  15°)  ^  (tan.*D 
—  tan."  L) 

.-.  tan*L  X  tan.'  (  —  .  15**)  =  tan,"  D  -  tan.'  L 

and  tan.  L  =  tan,  D  .  cos.  -^  15°. 

2 


^ 
1 
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909.  In  the  vertical  passing  through  the  sun  and  zenith 
describe  a  circle  whose  radius  is  the  length  of  the  stick.  Next 
draw  a  tangent  to  this  circle  to  such  a  point  that  its  inclination  to 
the  horizon  may  be  30^.  The  distance  of  the  centre  of  the  circle 
from  that  intersection  will  evidently  be  the  longest  shadow  possible. 

Hence  the  stick  must  be  inclined  to  the  horiion  at  the  angle 
^o-  80®  =  60®. 

Again,  if  /  be  the  stick,  and  x  that  of  its  shadow^  we  have 
Isz  X  .  sin.  dO®  zz  — 

/.  X  =  2/. 


910.        Since  the  day  is  giren,  the  mm's  co*declination  (D)  is 
known  from  the  tables,  and  the  hour  Z  (H)  being  known,  and 
the  co-latitnde  of  the  place  (L)»  from  the  A  (z,  D,  L,)  we  get 
cos.  z  =  sin.  D  .  sin.  L  •  cos.  H+cos.  L  .  cos.  D 

=  .in.  (£^  +  M);m.(?L±i:-M) 

where 

sni.*  M  s=  sin.  D  .  sin.  L  .  cos.*  — . 

2 

Hence  the  altitude  of  the  sun  90®  -  z  is  known. 

Again,  since  the  rays  of  the  sun  ary  parallel,  the  shadow  of  the 
globe  will  be  a  cylinder  whose  axis  is  inclined  to  the  horizontal 
plane  at  the  Z  (90®  -  «),  and  the  radius  of  whose  base  is  (r)  the 
radius  of  the  globe.  Hence  the  shadow  upon  the  horizon  will 
be  an  ellipse,  (the  section  of  the  cylinder)  whose  semi-axes  may 

(2r 
X  — 

— ^  and  f . 
cos.z 

vox.,  II.  e  T 
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Sir 
Again,  the  length  of  the  ehadow  is  the  axi8*major,  or  — 

O0B.1 

vfakh  vaiies  as  the  sacant  af  the  aenith  distaaoe. 


9 1 L  Sioce  the  two  s^rs  are  knpwn ,  their  rip^ht  asoen^ipiis 
A,  A',  and  co-declinations  D,  V  are  given.  Let  also  the  giiea 
co-declination  of  the  other  star  he  D",  its  right  ascension  0,  and 
its  distaiices  fioii^  tbie  Iwp  9tfMrs  ^ix\  Theii  from  fbe  ^  (D»  P^i  ')> 
(ly,  D",  ar*),  we  have 

cos.  X  =  cos.  D  .  cos.  D"  +  fsin.  D .  sin:  D" .  cos.  (A  —  d) 
COS.  a?'=  COS.  D"  .  COS.  Tf  +  sin.  V .  si^.D" .  co^.  (^  —  ^ 
•*.   —  dx  sin.  X  sz  dB  ,  sin.  D  .  sin.  V  .  sin.  (A  —  0) 

dsf  sin.  ^  =  dO  sin.  ly  sin.  IX' .  sin.  (0  -  AO 
But  since  x  +  x*  ss  minimum, 
.\  -^  dx  p::  daif 
.^    jiff,  g;    ^    sin.P    ^  sin.  (A  -  ^ 
/sin.  x'  Js^in,  IX        siui  (0  —  M) 

Hence,  and  by  means  of  the  two  equations  above,  x  4/,  and  6, 
maj  be  foundi  which  will  more  thjan  resolve  the  problem. 


913.  On  the  longest  and  ili0rteit  day  the  de^uiation  of  the 
sun  is  equal  to  the  obliquity  of  the  ecliptic,  and  then  the  meridiaii 
altitude  of  the  ami  s  co-latitiide  ip  declination.  Cbnaeqacndj 
if  /,  r  be  the  lengths  of  the  shadows,  and  h  the  height  of  the  rod, 
webftTe 

A  S3  / .  tan.  (cQ-latitttde  —  obliquity) 
s  t  tan*  (eo-latitude  -f  obliquity). 

Let  L  be  the  latitude,  and  0  the  obliquity ;  then 
cot. ( L  +  0)  ;  cot.  (L  —  0)  ::  /  :  t  11  n  :  1 
bj||the  question. 

.'.  cos.  (L+o)  .  sin.  (L— 0)  :  cos.  (L— 0)  sin.  (L+o)::a  :  1 
.'.  COS.  (L  +  0)  .  sin.  (L  —  0)  +  cos.  (L  —  O)  sin.  (L  +  e) : 

cos  (L  +  o)sin.  (L  —  0)  —  cos  (L  -  0)  i^in.  (I-  +  '^)  ::»  +  !• 
n  -  1. 
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A  8iii.(L>o  +  L-o)  :sin.(L  +  0— L  -  6)  ::  n  +  1  ; 
n  —  1,  or  sin.  2xL  :  sin.  SXO  ::  n  +  1    :  n  -  K 

Q.E.  D. 


913.  Let  D  be  the  co-declination  of  the  star,  L  the  co* 
latitude,  and  z,  J  the  obserye4  lenith  distaDoes,  A  the  /C  measur* 
ing  the  inteiral  between  the  equal  aamuths  «.    Then 

COS. «  =  «>8'P-gos>I«>cfts,;g 

sin.  L ,  sin.  z 

^'  COS.  D  —  eo3«  L .  cps.  li 
Sip,  U  •  sin,  % 

and  COS.  A  =  «>«>  (^  -  ^0  -  cos.«  D 

8in.«  D 
which  give 

p0fl.'P=:  —  J    L 

sin.«  _ 

andcos.D=  cosL  X  JlHlIiHil- 

sin.  z  —  sin.  z' 

AMI  a?— ^ 
COS.  ..^~. 

=  COS.  L  X ^ 

cos-  12— 

2 

COS."  iZz.  X  sin.  ZZLl 1  sin.  IZll T 

.•;  COS.*  L  =  — 


a  Z^  Z  •      •   A 

COS." X  sin."— . 

2  2 


which  gives  the  latitude. 


914.        It  is  easily  shewn  that  in  the  given  periods  the  num- 
bers of  seconds  are 

152863,  814022 

9  12 
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and  the  periods  are  in  the  sesquipUcate  ratio  of  the  mean  distances, 
consequently 

\  152S58  ) 

V    60951  / 

••  *  •  ^*+      60951    ) 

::  1  :  «*n+— L.  ^t  nearly 

::  1  :  «*(l+^ .  ^i--  ^  nearly. 

^        8      87.7/ 


914.  The  parallax  of  the  moon  diminishes  the  moon's 
altitude ;  the  refraction,  on  the  contrtiry,  elevates  both  the  moon 
and  the  star;  and  they  take  place  ivhoUy  in  vertical  circles. 
Hence,  from  the  A  having  the  same  vertical  4^z9X  the  zenith, 

we  get 

^„ cos.  D  —  sin.  A .  sin.  B 

COS.  z  =: : — 

COS.  A.  COS.  B 

—  COS.  d  ^  sin,  a .  sin,  h 
COS.  a  .  COS.  h 

•  «^ci  n  ..  «;.  A    mz^  u  j^-^-  A    .^«  u  COS. d— sin.  a. sin.  4 

•  •  COS.  u  =:  sm.  A  •  sm.  o+cos.  A » cos.  IS  , — 

COS.  a  .  cos.  6 

vers.D==  1  -  sin.  A .  sin.  B  -  £2LAi£25i5  .  (i  -  vers.(f 

COS.  a  .  cos.  6 

-*  sin.  a  .  sin.  b) 

—  1       ^^«  /A      r>\  I     COS.  A  cos.  B     ^^  /    »    ^ 
=2  1  —  cos.  (A  —  B)  +  . X  (cos.0  X 

cos.  a  .  cos.  6 

cos.  i  —  1  +  vers,  d  +  sin.  a  .  sin.  b)  =  vers.  (A  -  B)  + 
COS.  A  .  cos.  B 


cos.  a  .  COS.  b 
cos.  A  .  COS.  B 


p-  .  (vers,  d  -    1  +  cos.  0-6)  =  vers.  (A— B)+ 


.  (vers,  d  -  vers,  (a  —  6). 


COS.  a  •  COS.  b 

Q.E. 
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A  more  commodious  form  is  this 

co8.(A  +  B)  +  cos.D  ^  «  COB.  -fililccJiLJllzl 

COS.  A  .  COS.  B  «rtfl  _    ^o  I 

cos.  a  •  COS.  o 

mrhich  is  also  easily  deduced. 


916.       IjBt  L  be  the  latitude  of  the  place ;  then  ftom  the 
right-angled  A  (L,  75°)  we  have  (by  the  question) 

tan.  L  =:  cos.  4  x  15°  x  tan.  75°  ' 

=  JL  X  ^^  ^^^ 
2         sin.  15° 

But  COS.- 150=   cos.  80° +  1    ^  2+Vi 

8  4 

J    •    «  ,  I.O        1  —  COS.  80°         8—  J  3 
and  sin.*  15°  =  =  l! iL-1 

which  indicates  an  error  in  the  enunciation. 


917.  If  p  be  the  radius-rector  of  the  comet's  orbit,  and  r 
its  perihelion  distance ;  then  the  time  of  its  distance  (from  the  sun) 
increasing  from  r  to  p  is  (see  484) 

5=   V^|;^V(f-0  X(p  +  2r) 

/A  being  the  mass  of  the  sun  and  comet. 

In  this  formula  let  f  ^  a,  the  mean  distance  of  the  earth  from 
the  sun.    Then,  by  the  question, 

Again,  if  T  denote  the  length  of  the  year ;  then  (see  458),  we 
have     ' 


2a\ 
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T 

/.  t  : 

9 

:  V 

and  t 

_      6 
OXflr 

X  T 

and  the  number  of  days  in  which  the  comet  Is  &o?ing  iMthin  tlie 
earth's  orbit,  is,  theirefore,  eipi^ss^  hj 

2f  =  JiL  X  T, 

9X«r 

which  gives  numericallj 

2t  =  12 X    36S  1. 

9X3.14159  4 

^        8652}        _       7305 
^  9X3.14159  ""  56.64862 

s:'  12d  days  .  4  hewb  «  S6  miitotefif. 
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918. 

By  436, 

,  Vol.  II.  we  haye 

dp*   \ 

Now  in  the  logarithi 

nic  spiral 

0  =  log.  t 

ia 

.k 
t 

l.a 

(lay 

F=  ^  + 

1 

-.    c*.{l 

+  (fa)'} 

1 

919.  The  curve  required  is  evidently  the  orthographic 
projection  of  the  circular  arch  upon  the  surface  of  the  water,  and 
is,  therefore,  by  the  theory  of  projections,  an  ellipse,  whose  equa- 
tion is 

y*  =  cot.«  I  .  (r«  -  a:«) 
and  semi-axes 

r  and  r  cot.  I  . 
r  being  the  radius  of  the  arch,  and  I  the  meridian  altitude  of  the 


V«L.  II.  f  T  4 


1 
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920.        Since  F  oc  distance,  let  os  assume 

F  =^. 

Then 

vdv  =s  —  F(/^  ^  —  /*gd|^ 

.•.»•  =  /..  (c  -  eO 

=    /.(!*-  5«) 

r  —  ^  being  equal  to  AC. 
Again  the  force  at  A  being  constant,  we  haye 

F'  =  fiT 

and  vdv  =  —  /^rdf 
/.  !»'■  SI  Sfir  (x  —  f) 

But  if  r  be  the  radius  of  a  circle,  and  ^  cosine  of  an  arc  X } 
then 


^  r*  —  p*  =  sin.  «,  and  we  also  have 


ch. 

II     II     II 

^/siIl.• 

•  +  vers.»» 

-   2rt 

•«)• 

Hence 

V   :  V  :i  sin.  ft   :  ch.  «. 

See  also  Principia. 


92 1  •  The  right-ascension  of  the  star,  and  time  of  the  year, 
being  given,  the  angular  distances  of  the  star  and  sun  from  Aries 
are  known,  and,  consequently,  the  angle  between  them.  Let  this 
be  denoted  by  «.  Also  the  co-dedinations  of  the  star  and  sun  are 
known,  which  call  D,  and  IX  respectively.  Then  if  L  be  the  lati- 
tude of  the  place  or  altitude  of  the  Pole ;  fron^  the  right-angled 
spherical  triangles,  whose  hypothenuses  are  D,  D',  we  easily  get 
two  equations  between  the  two  unknown  quantities,  L  and  the  an- 
gular distance  of  the  star  from  the  meridian. 
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922.        At  any  distance  x  from  the  centre  of  the  sphere  let 
the  density  be 

Aaf, 
xbeing  yariable,  and  A  and  »  certain  constants  not  jet  deter- 
mined.   Then  if  Q  denote  the  quantity  of  matter  in  the  sphere, 
whose  radins  is  x^  and  M  its  magnitude,  we  haye 

=:  iiAtraf^dx 
A  Q  =  i^.  x^ 

Q  being  nothing  when  x  =:  0. 

Now  if  D  be  the  mean  density  of  a  sphere  whose  radius  is  r, 
then  by  the  question  mD  sz  the  density  at  its  surface ;  and  we 
have,  from  the  quantities  of  matter  being  the  same  in  Wh  hypo- 
theses of  density , 

3  a+8 

Bat  mD  =  Ar. 

,    4Aflrt'*+'  ^^   4A»      ^j^ 
8m  a+S 

•*•  Sm  =z  a  "^  8 
and  a  s:  3  .  (m  —  1). 

Hence 

Density  =  Aa;»<--»> 


923.        Let  Gbe  the  magnitude  of  a  guinea;    bG  repre* 

sents  its  weight  C.    Also  let  P  and  G  be  the  magnitudes  of  the 

platina  and  silver  requisite  to  make  the  coin  in  question ;  then  by 

the  question  we  have 

P  +  S  =  G 

and  aP  +  cS  =  bG. 

:.  aP  +  oS  =  oG 

and  (c  -  a)  S  ss  (6  -  a)  G 
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.-.  S  =  *Z£  .  G 

c— o 


/.  P  =  ^Hf  .  G 


c—a 


and 


apP  +  csS  si^ap.tzl  +  «.  ^  ^  G 

c-a  c— a/ 


.'.  opP  +  c«S  :  fc^fG  ::  ap  .    (6  —  a)  +  c# (c  —  A)   :  6^,  die 
analogy  required. 


924.        First  the  question  requires  x,  y ,  «,  to  be  the  integers. 
Then 

—  X  =  2  +  ^   +  — 
86  3  36 

/.  29x  =  S62;  +,  12y  +  5 

%  5  5 

/.  «  =  2a?  —  Sz  +  i  a?  —  _. 

18  18 

Let  A  (a?  -  1)  s=  w.    Then 

1  —  12iu        -      I    *  -« 
5  5 

and  to  must  be  of  the  form  Sp. 
Hence 

x  c=  1  +  12p 
and  y  =  2  +  29p  —  Sa;, 
which  give  the  values  required,  z  being  assumed  any  whatever. 


925.  The  earth  being  a  spheroid^  the  latitude  will  be  tbe 
length  of  the  arc  of  the  generating  ellipse  measured  from  the  equa* 
tor  to  the  poles.  Calling  this  arc  «,  and  the  distance  required  ^9 
bj  the  equation  to  the  ellipse  we  have 

1 .  —  cHjos.'ft 
Also  if  0  denote  the  angular  distance  of  ^  from  the  equator,  and 
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p  the  ±  from  the  centre  upon  the  tangent  at  the  extremity  of  p,  iv e 
have,  from  the  equation  to  the  ellipse, 

and  the  elemental  triangle  gives 


Hence  we  easily  get 


dB  = — dp 

e^cos.  dqin.O  .  f 


ifl  —  A« 

C08.2  6=.X         ^ 


.              5»  _  (1  -  e«)  p« 
sin.«  0  = i^ LL^  &c. 


eV 


and  substituting,  we  have, 

Again,  making  a*  —  ^'  =  u*  and  substituting,  we  get 
ds  =z  a  ^  / X  ott 

which  is  integrable  by  the  method  expounded  in  pp.  144,  Vol.  IL 
and  gives  ^  in  terms  of  s. 


926.  The  diurnal  path  of  a  star  is  a  circle  inclined  to  the 
horizon  of  the  place  by  an  angle  which  measures  the  colatitude. 
Hence  the  orthographic  projection  of  the  circle  upon  the  horizon 
18  an  ellipse,  whose  semi-axes  are 

a  and  a  cos.  colat.  (  =  a  sin.  lat.)  a  being  the  radius  of  the 
star's  path. 


927.        By  Wood's  Optics,  we  easily  obtain  the  distance 
of  the  focus  of  refracted  rays  {q)  from  that  of  incidental  rays  (Q). 


H, 
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Hence  if  A  be  the  point  of  incidence  on  the  refractor,  the 
thickness  will  be 

Ag    _   Qg-QA 

2  2 

which  are  known  quantities. 


928.  Let  a  be  the  side  of  the  isoceles  right-angled  A, 
whose  plane  suppose  to  be  inclined  to  the  horizontal  surface  of  the 
water  at  the  angle  Z  «. 

Then  taking  any  element  of  the  A  parallel  to  the  horiaon  ydx 
at  the  depth  x  sin.  «,  the  pressure  on  that  element  acting  Jl  to  the 
A  is 

ydx  X  X  sin.  a  :=:  {a  —  x)  xdx  sin.  »,  and  the  effort  of  this 
pressure  to  turn  the  A  about  its  side  at  the  surface  of  the  water  is 

(a  — -  x)  xdx  sin.  a  y,  x. 
Hence  the  whole  force  from  x  s=  0  to  x  ^  x^  tending  to  make 
the  A  thus  reyoWe,  is 

(oar*  X*  \ 

——  -  —  I  sm.  a 
3  4  / 

and  fo^  the  whole  A 

a^sin.  a 


(t-I) 


^  sin. «  = 


12 

Again,  since  the  whole  pressure  on  the  A  is 

y  (a  —  jr)  xdx  sin.  «  =  (  —  —  j  sin. 

o^  sin.  a 


6 


(x=a) 


•'.  if  y  be  the  distance  of  the  centre  of  pressure  from  the  hori- 
zontal side  of  the  A ,  the  effort  of  the  pressure  all  applied  at  this 

centre  is 

a'  sin.  a 


6 


X  y. 


But  this  must  equal  the  effort  tHHtfi,    Consequently 

a 


I 
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The  centre  of  pressnre  will  also  evidently  be  in  the  line  joining 
the  rertez  and  bisection  of  the  horizontal  base.    Therefore  the 

distance  r^uired  is .  —  :=  — 

^  2        8  4 


N 
929.        Let  -=rbe  the  fraction  in  its  lowest  terms;  then 

since  ererj  circulating  decimal  is  equivalent  to  the  vulgar  fraction 

A 

10"—  1 ' 

where  n  is  the  number  of  digits  in  the  period,  and  A  the  integer 

N 
represented  by  those  digits,  if  —  be  a  circulating  decimal,  we 

have 

N  A       . 


D        10"-  1 
that  is 

Bot  since  N  is  not  divisible  by  D,  10*  —  1  is  divisible  by  D. 
Again,  10"  —  1  is  prime  to  10 ;  for  if  not  it  is  of  the  form  2  x  P, 
5  X  Q  or  10  X  R,  and  its  last  digit  is  either  6ven,  5  or  0,  or  O, 
whereas  the  last  digit  is  actually  i* 

Hence  that  10"—  1  may  be  divisible  by  D,  D  must  also  be  prime 

to  10 ;  that  is  that  —  may  produce  a  circulating  decimal,  the  frac- 
tion being  in  its  lowest  terms,  the  denominator  must  be  prime  to 
10.     Hence,  conversely,  &c. 


930.        The  weight  of  the  bodies  are  Pm  and  Qn  in  vacuo, 
and  when  immersed  in  water 

Pm  -  P,  Qn  -  Q. 
.    Hence,  if  x,  a  -  x  ;  y,  a  —  or'  be  the  distances  of  the  fulcrum 
from  the  extremities  of  the  lever  in  the  respective  cases,  we  have 


} 
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Fma;  =  Qn  (d  -  x) 
(Pm  -  P)  x  =  (Qn  -  Q)  (a  -  «') 
which  give 

Qna 


x  = 


Pm  +  Qn 

Q.(n  ~  l)a 
P(m-1)  +  Q(n-1) 


Hence  the  alteration  required  is 

PQa  (m— m) 


X  —  X   = 


(Pw  +  Q«)  (P.w  -  1  +  Q  .  n  -  1) 


931.        Let  /  be  the  lengrth  of  the  cylinder,  and  M  its  bulk. 
Then  by  the  question  the  weight  of  the  part  immersed  is 

6  \   2  ^  12 

the  vertical  tendency  upwards  of  that  part.    The  weight  of  the 
part  not  immersed  is 

6  2 

Hence  by  the  property  of  the  lever,  if  or  be  the  distance  of  a 

fulcrum  from  the  centre  of  gravity  of  the  part  which  is  out  of  the 

water,  placed  so  as  to  produce  an  equilibrium  between  these  forces 

I  5l 

^  acting  in  the  centres  of  gravity  of  the  parts  —  and  — ,  and  in  op- 

6  6 

pqsite  vertical  directions,  we  have 


12  12  V  8 


8 


Again  the  re-action  of  this  fulcrum  downwards  is 
_  /  M  _  JM  \  _   M 
\12  12    /  8* 

whence  the  magnitude  direction,  &c*  of  the  force  required. 


0^  J  -^      / 

/a-^X^  yrr9Ta<^  yz-4>T<»^  PU/tX. 


APPENDIX. 


APPENDIX, 


CONTAINING 


A  SELECTION  OF 


COLLEGE  EXAMINATION  PAPERS, 


The  Student  is  here  presented  witb  a  number  of  such  exami- 
nation papers  as  have  actually  been  set  before  the  candidates  for 
prizes  and  honours  at  the  annual  and  other  examinations.     By 
the  first  fifteen  of  them  Freshmen,  at  the  termination  of  their  no- 
viciate, were  examined ;  the  next  fifteen  were  given  to  such  stu- 
dents as  had  completed  their  second  year,  that  is,  to  Junior  Sophs; 
the  ^re  following  ones  to  Third-Year  Men,  or  Senior  Sophs ;  the 
two  next  to  candidates  for  Scholarships ;  and  the  three  last  were 
given  at  Fellowship  Examinations.    The  value  of  such  papers  to 
the  aspirants  after  honours  at  Cambridge  is  too  evident  to  be  in- 
sisted on  for  a  moment.    They  will  also  be  exceedingly  useful  to 
such  students  as  wish  to  be  taught  on  the  Cambridge  Plan,  with- 
ont  incurring  the  expenses  of  an  University  Education ;  and  it  is 
presumed,  there  are  but  few  who  would  not  be  so  instructed. 
"•^-JMoreover,  these  papers,  together  with  the  Senate-House  Problems, 
supply  the  reader  with  specimens  of  every  kind  of  Mathematical 
Examination  held  at  Cambridge.    They  completely  develop  the 
nature  of  the  studies  pursued  there. 


} 
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TRINITY  COLLEGE. 

EUCLID. 


1.  Describe  a  paraUelogram  equal  to  a  giren  rectilinear  ^gan, 
having  an  angle  eaual  to  a  given  rectilinear  angle* 

2.  If  a  straight  Une  be  divided  into  two  equal,  and  also  into  two 
unequal,  parts ;  the  squares  of  the  two  uneaual  parts  are  together 
double  or  the  square  of  half  the  line,  and  or  the  square  of  t&  line 
between  the  points  of  section. 

8.  If  two  straight  lines  within  a  circle  cut  one  another,  the  rec- 
tangle contained  by  the  segments  of  one  of  them  is  equal  to  the 
rectangle  contained  by  the  segnietits  of  the  other. 

4.  uscribe  an  equUateral  and  equiangular  hexagon  in  a  giten 
circle. 

5.  If  atiy  number  of  magnitudes  be  proportionals,  as  oiieaf  the 
antecedents  is  to  its  consequent,  so  shaU  all  the  antecedents  taken 
together  be  to  all  the  consequents. 

6.  If  magnitudes  taken  jointly  be  proportionals,  they  shall  abo 
be  proportionals  when  taken  separately. 

7.  If  four  magnitudes  of  the  same  kind  be  proportionals,  the 
greatest  and  least  of  them  together  are  greater  tnan  the  other  two 
together. 

8.  Similar  triangles  are  to  each  other  in  (he  duplicate  ratio  of 
their  homologous  sides. 

9.  In  any  paralldogram,  the  sum  oi  the  squares  of  the  diagoMdi 
is  equal  to  the  sum  of  the  squares  of  the  sides. 

10.  If  two  circles  touch  each  other  externally,  any  line  drawn 
through  the  point  of  contact  will  cut  oiF  similar  parts  of  their  dr- 
Gumferenees. 

11.  Determine  a  point  in  the  base  of  a  triangle,  from  whldi  if 
a  line  be  drawn  to  the  vertex,  it  shall  be  a  mean  proportional  be* 
tween  the  segments  of  the  base. 

18.  If  the  sides  of  a  trapezium  be  biseeted,  and  the  poiitts  of 
section  be  joined',  the  inscribed  figure  is  a  parallelognim,  and 
equal  half  the  area  of  the  trapezium, 

18.  The  sum  of  the  opposite  sides  of  a  quadrilateral  figure  de- 
scribed about  a  circle  are  equal. 

14.  Describe  a  triangle  that  shall  be  equal  in  area  to  a  gitei 
equilateral  and  equiangular  pentagon. 

15.  Divide  a  triangle  into  two  equal  parts ;  1st,  by  a  line  draws 
parallel  to  one  of  its  sides ;  and  ScUy,  b^  a  line  passing  through  t 
given  point  in  that  side. 

16.  Through  two  given  p<»nts  in  the  diameter  of  a  ciiele,  onerf 
yhich  is  the  oentrej  to  describe  another  circle  that  shaU  touch  it 
internally. 
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17.  AB,  DC,  ar^  two  diameters  of  a  circle  perpendieular  to  each 
other ;  and  the  arc  AEB  is  described  with  C  as  cetttre,  and  CA  it 
raditts.    The  luile  ADBE  equals  the  triangle  ABC; 

18.  Oiren  the  base,  the  vertical  angle,  and  the  sum  Df  the  IW§ 
remaining  sides  of  a  triatigle ;  to  eonstraet  it. 

19.  The  rectangle  contained  by  the  diagonals  of  a  qnadrilateral 
figure  inscribed  in  a  circle  is  equal  to  both  the  rectatigles  contained 
By  its  opposite  sides. 


GEOMETRY. 


1.  How  man  j  sides  has  thai  fk>ljg^n  whose  Interior  angles  e^ual 
ten  right  angles  ? 

2.  in  any  rieht-angled  triangle^  the  square  irhch  is  described 
upon  the  side  subtending  the  right  angle,  is  equal  to  the  squares 
described  upon  the  sides  which  contain  the  right  angle. 

3.  If  E  be  any  point  in  a  rectangle,  AE'  +  ED*  =  EB"  +  EC. 

4.  Bisect  the  four,  sides  of  the  trapezium  ABCD  in  a,  6,  c,  cf : 
Join  ab.  60,  cdj  da^  and  shew  that  the  trapennm  abed  equals 
i  ABCD. 

5.  Upon  stretching  two  chains  AC,  BD,  across  a  fidd  ABCD, 
I  find  that  BD  and  AC  make  equal  angles  with  DC,  and  that  AC 
makes  the  same  angle  with  AD  that  BD  does  with  BC,  from  these 
data  prove  that  AB  is  parallel  to  CD. 

6.  To  find  the  side  of  an  equilateral  and  equiangular  dodecagon 
{nscrfbed  in  a  circle. 

7*  In  equal  drdes,  angles,  whether  at  the  centres  or  circumfe- 
rences, have  the  same  ratio  which  the  drcumferences  on  which 
they  stand  have  to  one  another. 

8.  ProTe  that  the  area  of  any  trapezium,  whose  opposite  sid^ 
are  parallel,  is  found  by  multiplying  the  arithmetic  mean  between 
the  two  parallel  sides  into  their  perpendicular  distance. 

9.  Given  the  sines,  cosines,  and  tangents  of  two  arcs  to  find  the 
sines,  cosines,  and  tangents  of  their  sum  and  of  their  difiefence. 

10.  There  is  a  triangular  piece  of  ground,  whose  area  equals 
525  square  yards,  and  two  ofwhose  sioes  measure  SO  and  48  yards 
respectirel  V ;  required  the  length  of  its  remaining  side. 

11.  At  the  top  of  a  tower  which  is  SO  yards  high,  I  find  a  cer- 
tain obelisk  makes  an  angle  of  20^  55' ;  also,  the  foot  of  the  tower 
is  horizontally  distant  40  yards  from  the  foot  of  the  obelisk; 
required  the  height  of  the  obelii«L 
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.N.  B.  the  side  of  the  tower,  as  well  as  of  the.  obelisk,  ig  gi^posai 
to  be  perpendiciilar  to  the  horizon. 

12.  What  is  the  perpendicular  height  of  a  hill,  whose  an^  of 
elevation  taken  at  the  bottom  of  it  equals  46^,  and  20O  jaids  Ga- 
ther upon  an  horizontal  plane  equals  31^  ? 

13.  Wanting  to  know  my  distance  from  an  inaccessible  object 
on  the  other  side  of  a  river,  1  measure  100  yards  from  each  of  tm 
stations,  A  and  B,  (which  are  500  yards  asunder)  in  a  direct  line 
from  the  object,  and  placing  two  marks  C  and  D  at  the  end  of  the 
100  yards  measured  from  A  and  B  respectively^  I  find  that  fna 
A  to  JD  there  are  550  yards,  and  from  b  to  C  560.  Required  the 
distance  of  the  object  from  A  and  B. 

14.  Given  the  perimeter  of  a  triangle  and  the  three  angles  to 
construct  it. 


PROPOSITIONS  IN  PLANE  GEOMETRY. 


1816. 

1.  If  the  exterior  angle  of  a  triansle  be  bisected  by  a  stiaiglit 
line  which  also  cuts  the  base  produced,  the  segments  between  tlie 
bisecting  line  and  the  extremities  of  the  base,  have  the  same  ratio 
which  the  other  sides  of  the  triangle  have  to  one  anoth^ .  Shew 
that  the  converse  is  also  true. 

2.  Equiangular  parallelograms  have  to  one  anoth^  the  n6i 
which  is  compounded  of  the  ratios  of  their  sides. 

3.  The  rectangle  contained  by  the  diagonals  of  any  qnadriUienl 
figure  inscribed  in  a  circle  is  equal  to  Uie  *sum  of  the  rectangles 
contained  by  its  opposite  sides. 

4.  If  the  extenor  angle  of  a  triangle  be  bisected,  and  also  one 
of  the  interior  and  opposite,  the  angle  contained  by  the  bisection 
lines  is  equal  to  hair  the  other  interior  and  opposite  angle  of  the 
triangle. 

5.  (1).  If  upon  the  sides  BA,  CA,  of  any  triangle,  any  two  pa* 
oralielograms  be  drawn,  and  their  sides  produced  to  meet  inK 
and  KA  be  joined,  then  the  parallelogram  constructed  upon 
the  base  BC,  with  one  side  equal  and  parallel  to  KA,  will  be 
equal  to  the  sum  of  the  other  two. 

(2).  When  the  triangle  becomes  right-angled  at  A  and  the 
parallelograms  on  the  sides  become  squares,  shew  that  the  pa- 
rallelogram on  the  base  is  also  a  square.  (This  is  :=  Prop- 
47.  Eucl.  B.  I.) 
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6.  The  square  described  upon  the  side  of  a  regular  pentagon  in- 
scribed in  any  circle  is  equal  to  the  sum  of  the  squares  described 
upon  the  sides  of  a  regular  hexagon  and  decagon  inscribed  in  the 
same  circle. 

7.  If  a  straight  line  be  dra>ni  from  C,  the  point  of  bisection  of  a 
given  arc  ACB,  cutting  the  chord  AB  or  the  chord  produced  in 
any  point  E  and  the  circumference  of  the  circle  m  D,  prove 
that  in  each  case  the  rectangle  contained  by  CD  and  CE  is  equal 
to  the  square  described  on  CB. 

8.  The  greatest  of  all  straight  lines  passing  through  either  of 
the  points  of  intersection  of  two  given  circles  which  cut  each  other, 
and  terminated  both  ways  by  the  two  circumferences,  is  that 
-which  is  parallel  to  the  line  joining  the  centres  of  the  two  circles. 

9.  If  the  sides  of  a  regular  polygon  of  n  sides  be  produced  to 
meet,  the  sum  of  the  angles  made  by  the  lines  thus  produced  at  the 
points  of  intersection  is  equal  to  :^  —  8  right  angles. 

10.  Represent  the  arithmetic,  geometric,  and  narmonic  means, 
between  two  given  lines  geometrically. 

11.  The  centre  of  the  circle  circumscribed  about  any  triangle, 
the  point  of  intersection  of  the  perpendiculars  let  fall  from  the  an- 
gular points  of  the  same  triangle  to  the  opposite  sides,  and  the 
point  of  intersection  of  the  lines  joining  the  angular  points  with  the 
middle  of  the  opposite  sides,  all  lie  in  the  same  right  line. 

IS.  If  four  circles  touch  each  either  internally  or  externally, 
three  sides  of  any  quadrilateral  figure,  the  centres  of  these  circles 
will  lie  in  the  circumference  of  the  same  circle. 

IS.  Describe  a  circle  passing  through  a  given  point  which  shall 
touch  both  a  given  cii*cle  and  a  given  straight  line. 

14.  If  from  the  centre  and  angular  points  of  a  regular  hexagon 
perpendiculars  be  drawn  to  any  given  right  line,  six  times  the  per- 
pendicular from  the  centre  is  equal  to  the  siun  of  the  perpendiculars 
from  the  angular  points. 


EUCLID,  Book  XL 


i8ir. 


1 .  Define  the  five  regular  solid  figures. 

2.  If  a  straight  line  stand  at  right  angles  to  each  of  two  straight 
lines  in  the  point  of  their  intersection,  it  shall  also  be  at  right  angles 
to  the  plane  which  passes  through  them. 

3.  If  two  straight  lines  be  parallel,  and  one  of  them  be  at  right 
angles  to  a  plane ;  the  other  also  shall  be  at  right  angles  to  the 
same  plane. 
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4.  Draw  a  straight  line  perpendicalar  to  a  giv«a  plane  fipona 
ipiven  point  without  it. 

5.  rlanes  to  which  the  same  straight  line  is  perpendicnlar  aie 
parallel  to  each  other. 

6.  Every  solid  angle  is  contained  by  plane  angles  wbidi  together 
are  less  than  four  right  angles* 

7.  The  face  of  a  regular  octahedron  and  of  a  dodecabedioa  hemg 
giTea,  it  is  required  to  ooostruct  the  solids. 


ST.  JOHN'S  COLLEGE. 

ALGEBRA. 


,        Sx  +  7         t«-7    . 
14  21 


>f=^} 


^  «a?-4y+8 

Sx  —  ^^^"^^^  s:  ^^"^^1^ 
4y-l  Sy-4 


3. 


x+2        4— X 
«-l  2x 


=  H| 


4.      By  +   Vj*  —  15y  — •  14  -- 

5 


^=?-- 


5.  A  brewer,  from  a  certain  quantity  of  ingredients  which  cost 
£20.  brews  500  gallons  of  ale,  (on  which  there  is  a  duty  of  6d.  a 
gallon,)  and  sells  it  at  2s.  a  gallon.  Afterwards  from  the  sane 
quantity  of  ingredients,  he  brews  a  certain  number  of  gallons  of 
strong  beer,  (on  which  he  pays  the  ale  duty,)  and  the  remainder 
small  beer,  making  together  the. same  number  of  gallons  as  be- 
fore,— ^when  by  mixing  them  together,  ipid  selling  die  mixtnreas 
ale,  he  finds  his  gains  increased  m  the  proportion  of  10  :  7.  De- 
termine the  number  of  gallons  of  strpng  beer,  supposing  the  duty  oi 
small  beer  i  of  that  on  ale. 

G.  The  number  of  deaths  in  a  besieged  garrison  amounted  to  6 
daily,  and  allowing  for  this  diminution,  their  stock  of  prorisioos 
was  bufficient  to  last  for  8  days.    But  on  the  evening  of  the  sixtk 
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day  100  men  were  killed  in  a  sally,  and  afkerwaids  the  mortality 
increased  to  10  daily.  Supposing  the  stock  of  provisions  uncon- 
sumed  at  the  end  of  the  6th  day  sufiBcient  to  support  6  men  for  61 
days.  It  is  required  to  find  bow  long  it  would  support  the  garrison, 
and  the  number  of  men  alive  when  the  provisions  were  esihausted. 

7.  A  man  buys  a  guinea  at  the  market  price  of  standard  gold, 
but  an  act  of  parUameat  passing  which  makes  it  illegal  to  sell  the 
gninea  in  the  same  way  that  he  bought  it,  he  privately  dips  off  one 
tW^nty-fifth  part.  He  may  now  legallv  sell  it  as  a  ligl^t  guinea, 
iind  hs  $i^s  that  in  consequence  of  the  rise  of  pure  gold  ip  the 
ratio  of  239  :  249  he  just  gains  the  clippings  by  his  purchase.  ^ 

It  is  required  to  find  the  ratio  of  pure  gold  and  alloy  in  the  guinea, 
and  also  the  relative  value  of  equal  quantities  of  pure  gold  and 
alloy,  it  being  known  that  the  sum  of  the  squares  of  the  numbers 
which  express  the  two  ratios,  exceeds  eleven  times  their  sum  by 
the  number  S33  -xfr- 

1815. 
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2*  +  I         402  -  3a?  _.  -.        4T1  —  6r 


29 


12 


2. 


3  li        "" 


-^  +  4  +  1^ :  to 
7       4 


3.    f±5  +  !±=£f  =  Si. 


2 


2X'-'5 


Har«  +y)2+a?— y=2a?.(a?«  +  y)  +  506 

5.  At  the  review  of  an  army,  the  troops  were  drawn  up  in  a 
solid  mass,  40  deep ;  when  there  were  just  one-fourth  as  many 
men  in  front  as  there  were  spectators.  Had  the  depth  however 
been  increased  by  5,  and  the  spectators  drawn  up  in  the  mass  with 
the  army,  the  number  of  men  in  front  would  have  been  100  fewer 
than  before.  Determine  the  number  of  men  of  which  the  army 
consisted. 

6.  A  number  of  persons  purchased  a  field  for  £345.  The 
youngest  contributed  a  certain  sum,  the  next  £5.  more,  the  third 
£5.  more  than  the  second,  and  so  on  to  the  oldest.  For  the  greater 
accommodation  of  the  seniors,  the  field  was  divided  into  two  parts, 
the  younger  half  taking  a  portion  proportional  to  the  sum  they  had 
subscribe ;  and  in  oider  that  each  might  have  an  equal  share  in 
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this  portion,  they  agreed  to  equalize  their  contributions,  and  nA 
to  pay  £22.  Required  the  number  of  persons,  and  the  smns  pail 
by  each. 

7.  A  and  B  travelled  on  the  same  road,  and  at  the  same  nle, 
from  Huntingdon  to  London.  At  the  50th  mile-stone  from  Loo- 
don,  A  overtook  a  drove  of  geese,  which  were  proceeding  at  tbe 
rate  of  three  miles  in  two  hours ;  and  two  hours  afterwards  met  i 
stage  waggon,  which  was  moving  at  the  rate  of  nine  miles  in  fov 
hours.  D  overtook  the  same  drove  of  geese  at  the  45th  mile-sfoiK, 
and  met  the  same  stage  waggon  exactly  forty  minutes  before  be 
came  to  the  31st  mile-stone.  Where  was  B  when  A  remM 
London  ? 

1816. 

4a;  — 34  ^  258  --^  Sx  ^  69  ^  x 
17~  3  ^i 

4a:— 2y+S    ^    18— x+5y  «.  *  _  y  _  1  ^«  ^ 
^  -  ---    —     —         ~ 

3,+i5:5r-2x+i5::|-l-+±:X-|.+l 


1. 


2. 


8.    JfL  +  ?fLzl  ..=  sf 

or— 4  a?— 3 


4. 


*  y      ay  y 

^  +  s      /±  =  —1=  +   /7. 
X  y        «Vy 

1.  A  packet  sailing  from  Dover  with  a  fair  wind,  arrives  at 
Calais  in  two  hours ;  and  on  its  return  the  wind  being  contrary,  it 

Eroceeds  six  miles  an  hour  slower  than  it  went.  Now  when  it  is 
alf  way  over,  the  wind  changing,  it  sails  two  miles  an  boar  faster, 
and  reaches  Dover  sooner  than  it  would  have  done  bad  the  wind 
'not  changed,  in  the  proportion  of  6  :  7.  Required  the  rates  of 
sailing,  and  the  distance  oetween  Dover  and  Calais. 

2.  From  the  middle  of  a  town  two  streets  branched  oiT,  and 
crossed  a  river  that  ran  in  a  straight  course,  by  two  bridges  A  and 
B.  From  their  junction,  a  sewer  equally  inclined  to  both  stre^ 
led  to  a  point  in  the  river,  at  the  distance  of  6  chains  from  tk 
bridge  A,  and  a  distance  from  B,  less  by  1  i  chains  than  the  lengfli 
of  the  sewer :  the  expense  of  making  it  amounting  to  as  manj 
pounds  per  chain  as  there  were  chains  in  the  street  leading  to  A. 
The  sewer  however  being  insufficient  to  carry  off  the  water,  aa 
additional  drain  was  made  from  a  point  in  this  street,  distant  4 
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chains  from  the  bridge  A,  which  entered  the  river  Ht  the  same  ptmt 
with  the  sewer,  and  was  equally  indined  to  the  river  and  sewer* 
iNow  it  was  found  that  a  drain  down  the  middle  of  each  street*  at 
the  rate  of  £9  per  chain,  would  have  cost  only  £64  mcHre  than 
the  expense  of  the  sewer.  Reauired  the  lengths  of  the  sheets,  and 
the  sewer ;  and  the  distance  of  its  month  from  the  bridge  B. 

3.  On  the  institution  of  Saving  Banks,  an  industrious  labourer^ 
with  his  wife  and  children,  saved  each  of  them  a  certain  number  of 
pence  in  a  decreasing  arithmetic  pnmression..  The  sum  saved 
jQonthly,  was  less  by  3s.  Sd.  than  would  have  purchased  one-sixth 
of  as  many  bushels  of  wheat,  as  the  s^enth  «hud  saved  pence ;  the 
price  of  wheat  being  such,  that  the  sum  saved  by  the  eldest  and 
the  fifth  child,  augmented  by  los.  would  bi^  two  bushels*  But 
wheat  rising  2$.  per  bushel,  and  work  being  scarce,  the  family  ind 
the  sum  saved  would  not  buy  as  much  wheat  as  their  former  sav* 
ingSy  by  two  bushels ;  when  it  appears  that  at  this  rate  the  sum 
annually  saved  would  be  less  by  five  guineas  than  by  the  former.^— 
Now  the  two  youngest  dying,  it  is  found  that  if  the  remaining 
members  of  the  family  saved  each  one  shilling  less  than  the  oldest 
child  had  done  before  the  rise  of  wheat,  their  monthly  account  with 
the  bank  would  not  be  affected  by  the  deaths  of  the  two  youngest ; 
but  if  they  saved  only  2d.  less  than  the  oldest  had  done,  their 
•  monthly  account  would  be  2s.  Id,  more  than  it  was  at  the  first  in- 
stitution. Of  how  many  did  the  family  consist  ?  What  were  the 
sums  saved  by  each  ?  and  the  price  of  wheat  ? 


1. 
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^.  A  farmer  laid  up  a  stock  of  corn,  expecting  to  sell  it  in  six 
months  at  three  shillings  per'  bushel  more  than  he  gave  for  it. 
But  the  price  of  com  falling  one  shilling  per  bushel,  he  found  that 
by  selling^  it,  he  should  lose  the  price  of  five  bushels.    He  there- 
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fore  fc«pt  it  itU'the  end  of  the  year,  and  selUog  it  at  two  nhflliagi 

Ebashel  under  prime  cost,  found  hu  lost  to  be  ten  sfaiUings  kn 
n  his  expeeted  gain.    Reqoired  the  quantity  of  com  Ud  ap* 
and  price  per  bushel,  allowing  fi?e  per  cent,  simple  interest. 

6.  A  ship  and  crew  of  175  men  set  sail  with  a  store  of  water 
suificient  to  last  to  the  end  of  the  voyage.  But  in  thirty  days  the 
acnr^y  made  its  appearance,  and  carried  off  three  men  every  day, 
and  at  the  same  time  a  storm  arose,  which  protracted  the  voyage 
three  weeks.  They  were  however  just  enablai  to  arrive  in  port* 
withottt  any  diminution  in  each  man's  daily  allowance  of  water. 
Required  the  time  of  the  passage,  and  the  numh^  of  men  alive 
when  the  vessel  reached  harbour. 

7.  The  hold  of  a  vessel  partly  full  of  water  (which  is  nnifonaly 
Increased  by  a  leak)  Is  fornished  with  two  pinnps  worked  by  A  and 
B,  of  whom  A  takes  three  strokes  to  two  of  B's,  but  four  of  B^ 
throw  out  as  much  water  as  five  of  A's.  Now  B  woib  for  the 
time  In  which  A  alone  would  have  emptied  the  hold,  A  then  pamps 
ont  the  remainder,  and  the  hold  is  cleared  in  thirteen  hours  twenty 
minutes.  Had  they  worked  t<^ther,  the  hold  would  have  been 
emptied  In  three  hours  forty-five  minutes,  and  A  weaM  haie 
pumped  out  loo  gallons  more  than  he  did.  Required  the  quantity 
of  water  in  the  hold  at  first,  and  the  horary  influx  at  the  leaL 

JuNEi   1818. 
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I  y  \y  y^        y  J 

5.  On  January  1,  1799,  a  certain  beggar  received  from  A  is    ^ 
many  groats  as  A  was  years  old,  who  repeated  a  similar  donatkn 
eveiy  January  for  the  seven  following  years,  during  the  last  of 
d'  which  A  died,  his  alms  to  the  poor  man  having  in  all  amounted^    I 
£7  18s.  8rf.    Required  in  what  year  he  was  bom,  and  his  aee  i< 
his  death.  ^ 
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6.  A  entered  into  a  cmial  speculation  irith  fturieai  othors,  and 
tbe  profits  of  this  concern  amounted  in  all  to  £595,  more  than 
^e  times  the  price  of  an  original  share.  .  Seyen  of  his  former 
partners  in  this  affair  joined  in  a  scheme^for  navigating  the  said 
canals  with  steam-boats,  each  yenturiag  a  sum  of  money  less  than 
his  former  gains  bv  £l73.  But  tha  steamoboats  uo^xpectedlJ 
blowing  up,  A  foilkra  h^  had  lost  £419  by  them,  fbr  tbe  company 
not  only  never  recovered  the  money  advanced,  but  had  lost  all  they 
had  gained  by  digging  the  eands  and  £SdS  besides.  What  were 
the  prices  of  shares  in  the  two  concerns  priginaUy?  -^ 

7.  A,  B,  and  C  were  three  architects.  A  and  B  built  four  ware- 
houses with  flat  roofs,  each  a  large  one^  and  each  ^  small  one, 
the  linear  width  of  the  two  large  .ones  bein^  tbe  same,  and  also 
thatofthe  two  small  ones.  A  built  his  as  long  and  as  hieh  as 
they  were  wide,  but  B  made  the  {ength  and  height  of  his  large 
one  equal  to  the  width  of  his  smalt  one,  and  the  length  and 
height  of  his  small  one  equal  to  the^idth  of  b>s  large  one,  in  stch^ 
a  manner  that  the  difference  between  the  solid  content  of  those 
built  by  A  and  those  built  by  B  was  737d8  cubic  feet.  C  also 
bnilt  a  warehouse  upon  a  square' plat  of  ground  which  was  equal  to 
the  difference  between  the  ground-plats  occupied  by  those  which 
A  built,  and  found  that  it  would  have  jost  stood  on  2688  square 
feet,  if  he  had  added  eight  times  as  ms^y  square  feet  to  the  ground* 
plat  as  there  were  linear  feet  in  its  width.  How  many  feet  wide 
were  the  several  buildings  erected  by  A,  B,  and  C  ? 
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iJUESTIONS  IN  ALGEBRA. 


1.  Investigate  the  rule  for  the  expansion  of  a  binomial;  and 
ahew  that  when  the  power  is  eapiessed  by  tbe  integer  (m),  the 
number  of  terms  is  (in  +  !)• 

«.  Find  the  least  common  multiple  of  (—\  ,  (—^  ,  (JL\ 

each  being  a  fraction  in  its  lowest  terms :  and  also  the  greatest 
common  measure  of  the  two  quantities  (a)  and  (m6),  when  (m)  is 
an  integer. 

3.  Extract  the  cube  root  of  a^ L^  4.  iL  •-  fl. 

816         12        » 

4.  Solve  the  following  equations : 

2  V  2 


1 
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2  6 

A   ^±i  -  .1  ==  -  1. 

8jp-  5 


5.  In  the  fottowing  equations  And  the  values  of  x  and  y ' 

2.  ;c'  +  x«  5=  12. 
««  +  J:^:  =  24. 

3.  apf  X  yj  =  2y2* 

•4.      X  +  y  -{^  ay  =:   II, 
a?«+y«    X  a?y  =  78. 

5.  «•   +  5^*   +   jy  =   19. 

«♦  +  a:2y2   +  3^*  =5  133. 

6,  X*  +  0:2;  =  10. 
y«  +  y«  =:  21. 
z«  +  z*  =  24. 

6.  Solve  the  following  equations : 

1.  So:  —  —  =  5. 

X 

2.  i^  —  ifi  =    -   296. 

2  4 


3.      a?3..TH-4  +   2jp.j?  +   4=2   —   «  +  4. 

7.  A  has  £40Q  due  to  him  from  B,  and  £620  at  the  end  of 
twelve  years ;  at  what  time  ought  the  two  sums  to  be  paid  to- 
getberv  so  that  neither  person  may  sustain  loss ;  simple  intei«sl 
being  allowed  at  the  rate  of  £5  per  cent.  ? 

8.  Find  the  number  of  years  for  which  an  annuity  of  £iO  may 
be  purchased,  by  the  present  payment  of  £S45  simple  interest 
being  calculated  at  £4.  per  cent. 

9.  A  travels  from  C,  one  mile  the  first  day,  five  the  second,  nine 
the  third,  &c. ;  B  sets  out  from  the  same  ^ce  4i  days  after  A, 
and  travels  twice  as  many  miles  as  A  does  in  the  last  day,  except 
four.    In  how  many  days  will  B  overtake  A  i 
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10.  A's  income  of  £400  is  paid  inr  6qual  parte  at  the  end  of  3, 
6,  9,  12  months;  and  his  expenses,.  Wnich  are  as'  the  numbers 
1,  2,  S,  4,  are  paid  at  the  same  time ;  and  the  remaining  sums 
being  lent  at  an  interest  of  £5  per  cent,  amount  at  the  end  of  the 
year  fo  £l  13  15s;    Find  the  amount  of  his  annual  expenses.^ 

lU  AC  B  1> 


A,  C B,  are  (n+ 1) )  stones  placed  a  yard  from  each  otherr 

and  D  is  another  assumed  station : — ^Two  persons,  M  and  N,  set 
out  from  A ;  M  to  carry  the  stones  separately  to  A,  and  N  to  carry 
them  to  D.  Find  the  distance  B  D,  so  that  N  may  travel  twice 
as  many  yards  as  M. 

12..  Find  the  number  of  pennutations  of  the  letters  in  the  word 

COIXE6£. 

13.  If  the  digits  of  a  circulating  decimal  be  a,  6,  (T,  its  eq^uiva- 
lentfractionis,  i2ltl£i±£. 

999 

14.  210  trees  are  tabe  planted  in  rows  on  a  triangular  piece  of 
gnmnd  containing  9600  square  yards ;  a  tree  being  juanted  at  each 
angle,  and  the  extreme  trees  of  every  row  parallel  to-  a  side  b^ing 
situated  on  the  two  remaining  sides,  the  nmuber  of  trees  in  suc- 
ceeding rows  being  2,  3,  4,  &c. ;  find  the  distance  between  con- 
tiguous trees  in  the  directions  of  the  three  sides,  supposing  them  to 
be  as  the  numbers  3,  4,  5. 


1811. 

.  1«  Express  in  general  any  dednml  of  n  places ;  a,  b^  c,  fcc, 
being,  the  digits. 

2.  Prove  the  rule  for  finding  the  greatest  common  measure. 

S.  Pn>ve  that  if  a  and  b  be  each  prime  to  c»  a  &  is  prime  to  c« 

4.  Solve  the  following  equations : 

1 JL  +   18  =  5i/. 

3  "^ 

Q  12  _    . 


X 


3. 


•  •  •  ■  •■—     €9     ■"-• 


2  uA 


4.    ...•   i/2+<7  =  V^"^—  1   "*  — 

rx*  —  x^y  —  ^y"^  ss  18. 
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[N.  B .  The  result  of  every  equation  is  not  a  whole  nimiber.] 

5.  jJl  travds  at  the  rate  of  seTenBiileBin  five  honrt,  B  sets  «ff 
from  the  same  place  eight  hours  after,  and  travels  the  same  road  at 
the  rate  of  five  miles  in  three  boors ;  hoW  long  and  how  far  will 
A'travel  before  he  be  overtaken  by  B  ? 

0.  A  person  lays  out  a  certain  sum  of  money  in  goods,  which 
he  sold  again  for  £24,  and  gained  as  modi  per  cent,  as  the  goods 
cost  him.  .  What  was  the  snm  laid  out  ? 

S  3  9 

7.  Find  the  sum  of  seven  terms  of  the  series  —  «-  —  +  — 

5         10      40 

Stc.  and  of  —  +  +  +  +. &c.  ad  infi- 

10  10«  10^  10*  10^ 

nitum.    Insert  two  arithmetic  means  between  2  and  7 ;  and  prove 
an  arithmetic  mean  greater  than  a  geometric. 

.  8.  How  many  permutations  can  there  be  in  the  letters  of  Ae 
Word  Algebba  ? 

9.  Prove  that  the  series  n  • . «  &c.  where  »  is  a 

2  3 

whole  number,  will  always  be  a  whole  number,  whatever  be  the 
number  of  terms.  . 

10-  Write  down  three  terms  ofa*— x^^',  and  the  cuhe  of  j?+y+F 

11.  Divide  a?--jrii  by«+^i,  and  bring  the  fraction  to  its 
lowest  terms. 

18.  Investigate  the  rule  for  extracting  the  square  root  of  a  hi- 
nomial,  one  of  whose  factors  is  a  quadratic  surd,  and  the  other 

rational ;  and  apply  it  to  find  the  root  of  7  —  ^Ts. 

IS.  I'rove  the  rule  for  discovering  when  the  multiplication  of 
two  numbers  is  correct,  by  dividing  the  multiplicand,  multi]4ier, 
andproduct,  by  9. 

14.  Express  359,  when  the  local  value  is  6  ;  and  prove  therok. 
,15.  Find  the  greatest  and  least  positive  integral  values  of  x  and 
y  in  the  equation  Sx  +  5y  =  68. 

t6.  What  is  the  present  worth  of  £l39,  due  fourteen  months 
hence,  allowing  4  per  cent,  simple  interest  ? 

17.  A  person  purchased  an  annuity  of  £l90  per  annum  for  ten 
years,  to  commence  at  the  end  of  seven,  and  parable  half  yeariv* 
After  tfwee  of  the  seven  years  have  expired,  what  is  its  valoe  •!• 
lowing  5  per  cent,  compound  interest  ?  Express  the  result  loga- 
rithmically. 


S. 
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««l 


•i 


1 .  Prove  that  - L  c=  an  integer,  and  shew  that       ~  »*i  »- 

M  integer  or  a  fraction,  according  as  (n)  is  odd  or  eresL 


8,  Expand    .  .■   ;  writedown  the  rth  term  of  a  — a?!"'"; 

and  extract  the  cube  root  of  a:^   -  —  +  12  -  6x*. 

3.  Solve  the  following  equations : 
(«)    flu:  +  0?  =  46  +  2x 

,^v     10  —  J?  j_        a?        _   17 
^  ^  0?  10  -  X  4 

1 


iT  +  *«=* 


X  U  ^      0«  V^    «2j.« 


1      i. 

4       .     9 


+  — 

4.  Insert  (m)  harmonic  means  between  (a)  and  (6). 

5.  If,  between  aU  the  terms  of  an  arithmetical  progression,  the 
same  nnmber  of  arithmetic  means  be  inserted,  the  new  series  will 
still  form  an  arithmetical  progression. 

6.  Sum  the  following  series : 

2  4.  5  4.  8  +  &c.  to  (8)  terms. 
7,  6,  a,  5tc.  to  (5)  terms 
11.11 


+  -i- —  +  &c*  ad  klin. 


1.2        2.3        2.32        2.33 

Jl  —  —  4-  J-  —  &c.  . .  to  (4)  terms. 
4  8         16  • 

JL  +  !i±i  +  lii^  +  &o.ad  infin, 
1  +  5  +  13  +  29  +  Gl  +  &c.  to  (ft)  terms; 


I 
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7.  What  is  the  nnmber  of  permutations  of  fn)  thiogrs,  of  wbich 
there  are  (p)  of  one  sort,  (9)  of  another,  and  (ir)  of  a  third.  And 
shew  that  the  total  number  of  combinations  whidi  (n)  things  admit 
aft  =  y  —  1. 

8.  A,  who  travels  only  every  other  day,  sets  off  from  a  certain 
j>lace  nine  days  after  B,  in  order  to  overtake  him,  bot  travds  faor 
times  as  fast  as  B  does.    When  will  they  come  together  ? 

9.  Divide  the  number  85  into  two  such  parts,  that  the  square  of 
the  less  divided  by  the  difference  of  the  two  parts  =r  45. 

10.  A  person  owes  £l50,  to  be  paid  at  the  end  of  nine  months; 
and  £60,  at  the  end  of  six  months.  Required  the  equated  time  of 
payment,  and  investigate  the  rule. 

11.  g  ;  5  is  a  ratio  where  (a)  is  prime  to  (6).  They  are  the  least  in 

that  proportion — and  shew  that  a  +  x)*  :  o*  very  nearly  in  the 
proportion  ota  +  mx  :  a,  when  (x)  is  small  compared  with  (a). 

12.  Required  the  square  root  of  5  —  4  .^  8,  and  of  9  i/— 4— s. 
18.  Required  the  discount,  upon  £lOO^  due  three  months  hence, 

at  4}  per  cent,  per  annum. 

14.  Find  the  present  worth  of  an  annuity  (A)  to  continue  for  (n) 
years  at  simple  interest. 

15.  What  is  the  present  worth  of  an  annuity  of  £60,  to  com- 
mence in  two  years,  and  to  continue  for  ever  at  Si  per  cent,  per 
annum. 

16.  Given  the  log.  of  8.1218  =:  .9096256.  It  is  required  to 
8tatethelog.of812.18;  andof. 81218;  and  of  .081218. 

17.  Resolve  ^  17  into  a  continued  fraction. 

18.  Required  a  number  such,  that,,  divided  by  5,  4,  3,  respec- 
tively, it  may  leave  remainders  2, 8, 4,  respectively. 

19.  The  difference  between  any  number,  and  that  number  in- 
verted, is  divisible  by  the  loccU  vahte  minus  oiie. 

1817. 

1.  Find  the  sum  of  the  coefficients  of  a  binomial  raised  to  the 
nth  power ;  write  down  thepth  term  of  the  binomial,  and  deduce 

from  thence  the  4th  term  of  (ai— ftf  )^. 

2.  Prove  that  when  four  quantities  are  proportional,  the  product 

of  the  extremes  =  the  product  of  the  means  ;  and  convert  —^^ 

b      d 

into  a  proportion.  - 

8.  Solve  the  following  equation^ : 


1         2  ^7x  -  6   +   J.  s:  ?£ 
i 4  12 

x+y 

8 

X  :  3y 


2. 


5  4.  J* 

:  3w  ::  11  ;  5.     J 


TRINITY   COLLEGE. 


3.  f!  ^  ±  +  7  £  =  8. 

2  8  8 

4.  ar+  y  +a?y  =:  19\ 


665. 


x^  +  xif 


5.  0!*=  «1  +  ^x'-  9. 

6.  a:*—  a:  +  y«  — y  =  18l 
+  a?  +y=  19./ 


a:y 


7.  a:'.af^-4  +  «jr.x+4  =:  2  —  x+4 

8.  ar  +  2^»  +  2^x.x  -{^2  -  8i/x^^6  +  2x. 

4.  Find  a  sum  consisting  of  P  pounds,  Q  shillings,  the  double  of 
which  shall  be  Q  pounds,  P  shillings. 

5.  Find  two  numbers  in  the  proportion  of  9  to  7,  so  that  the 
square  of  their  sum  shall  equal  the  cube  of  their  difibrence. 

6.  A  person  being  asked  the  hour  of  the  day,  answered  thus:  if 
%  of  the  number  of  hours  remaining  till  midnight  be  multiplied  by 
4,  the  product  will  as  much  exceed  12  hours,  as  i  of  the  present 
bour  from  noon  is  below  4.    What  was  the  hour  after  noon  I 

7..  What  number  is  that,  which  being  divided  into  any  two  parts» 
J?  Bndvj  x'  +  y  =r  y'  +  a:  ? 

8.  The  sum  of  7  numbers  in  arithmetical  progression  =  28',  and 
the  sum  of  their  cubes  =  7S4.     Determine  the  progression. 

9.  Find  4  numbers  in  arithmetical  nrogression,  which  being 
increased  by  2,  4,  8,  and  15  respectively,  the  sums  shall  be  in 
geometriQal  nrogression. 

10.  Whicn  is  the  greater,  a  geometrical  or  an  arithmetical 
mean ;  and  by  what  quantity  does  the  greater  mean  exceed  the  less  ? 

11.  Prove  that  the  reciprocals  of  quantities  in  harmonical  pro- 
gression are  in  arithmetical  progression,,  and  find  a  fourth  harmo- 
nical proportional  to  6,  8,  and  12. 

12.  Prove  that  of  n  things,  r  of  them  being  always  taken  together, 
the  number  of  permutations  =  n  .  («— l) .  («— 2). . . .  (n— r+l); 
and  that  the  number  of  combinations  = 

»  .  ( w  —  1)  .  (n  —  2)  .  .  .  .  (n  —  r  +  I) . 

'  t    ■         ..  -      ■  , 

X  .45*         O  ....  / 

and  find  the  number  of  permutations  which  can  be  made  of  the 
letters  in  the  word  "examination,''  two  of  them  being  always 
taken  together. 

13.  Sum  the  following  series : 

(1.)  8  +  15  +  22  +  &c.  to  12  terms. 
(2.)  116*+  108  +  100  +  &C;  to  10  terms. 

(3.)  3  +  —  +  -L  -t-  &c.  ad  inf. 
2         12 

(4.)   1   +  2  -  JL  +  JL  -  &c.  ad.  inf. 

4         32 

(5.)  ^  +  7  +  16  +  kc,toH  terms. 
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14.  I((tb  be  prime  to  c»  a,  and  b  are  each  of  them  prime  to  c. 

15.  If  the  sum  of  the  odd'  digits  of  any  number  N\  whose  local 

▼aloe  is  r,  be  eqnal  to  the  sum  of  the  eren  digits,  — ^  is  an  in- 

r.+  l 

teger.    Required  a  proof. 

16.  Find  in  what  time  £600  wilt  double  itself  a,t  simple  in- 
terest ;  and  also  find  the  difference  in  the  interest  of  £1200  pot 
out  at  5  per  cent,  for  ten  years,  at  simple  and  at  compound  interest. 

17.  The  discount  of  £500  due  four  years  hence  :  £500  :: 
1:6;  required  the  rate  of  interest. 

18.  £600  is  due  eight  months  hence,  £500  nine  months  henae, 
and  £1200  at  present.  Find  the  equated  time  of  payment  by  the 
common  method^  and  shew  wherein  the  error  of  the  process 
consists. 

19.  A  person  borrowed  £4000.  In  what  time  will  he  be  out  of 
debt|  supposing  him  to  Test  £200  at  the  end  of  eyery  year,  till  the 
whole  be  paid  off ;  the  rate  of  interest  being  5  per  cent  per  ajtiunii» 
simple  interest  ? 

.  SO.  Extract  the  square  root  otB^^S'^2j7  +  AsjjTy  and 

a  V  —  1- 

21.  In  how  many  ways  can  £40  be  paid  with  half-guineas  and 
pistoles ;  the  value  of  the  pistole  being  175.  ? 


9        n 


ALGEBRA.    Fart  II. 

1820. 


1.  If  (a)  be  a  root  of  the  equation  sf"  +  p"^*  +  qs^^ ...... 

•f /x+u=  0 ;  prove  that  [x—a]  is  a  divisor  of  the  equation  wiib- 
out  assuming  its  resolution  into  factors. 

2.  Transform  the  equation  j:»—  4a;*4"5a;  —  2r=0  into  one 
which  shall  want  the  third  term. 

3.  If  (P)  be  the  greatest  negative  coefficient  of  amy  equation  («) 
the  number  of  terms  preceding  the  first  term  whose  coefficient  is 

negative,  prove  that  1  +  v^F*is  a  superior  limit  of  the  roots  of  the 
proposed  equation. 

4.  The  roots  of  the  equation  njj"-*  +(»—!)  px*"^  + =0 

are  limits  between  the  roots  of  the  equation  a"  +  px*^\  + =0 

>vhen  the  roots  of  the  latter  equation  are  possible. 
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5.  Solfe  theibHpwMig  aqnatmns : 

1.^  X*  —  6a^  +  6j?  +  8  =r  0,  one  root  being  1  +  </51 
^2,S  3^  -^  Sof  —  46X-72  =  0,  by  the  method  of  diyisors. 
J3.)  «*  —  18j:'+54r— 7isd, therootsbeinginharmonical 

progression. 
(4.)  X*  —  iOaf -I-35JJ*— 60«r+84  =  0,*    ■  *       'arithmetical 

pro^^ssio.n. 
(5.)  «*  —  5a;*  —  5a;*  4-  45a:  —  86  f=:  0,  two  roots  being  of 

the  form  +  a  and  —  a. 

6.  The  roots  of  every  equation  of  the  form  a^  +  pa:****  + 

+px+l  ^  0  may  be  found  by  the  solution  of  an  equation  of  half 
the  number  of  dimensions. 

7.  Solve  the  equation  x^  +  1  =  0 


(1.)  By  means  of  the  preceding  question* 
(2,)  By  Uii 


trigonometrical  fcMnmilse. 

8.  Tlie  equation  x«  -  Sx^  +  ax"  —  8j;»+  1^*  -  8x  +  8  =:0t  has 
equal  Toots.    Find  them. 

9.  (1.)  Find  the  roots  of  the  equation  x*— 9a:"4-8x— ISesoby  . 

Cardan's  method. 
(8.)  Shew  that  thia  method  is  iq^caUe  only  when  two 
roots  of  the  proposed  cubic  are  impossible. 

10.  Give  Eider*s  solution  oi  the  biquadratic  a^+pa^q»+r:saO. 

11.  The  roots  of  the  equation  x*+pjr"'+9x"^ +  tx  + 

M  se  0  being  a,  bt  c,  ftc.  if 

S.sia  +  b  +  c  + 

S,  =  a«+  &■+  c*+ 

S^rs  a*+ft^+c*+ [ (m)  b^ng  any  integer  dot 

<ii;}  prove  that 

S.  +  pS^,+9S,^+ +tt8,^  1=  O. 

18.  The  roots  of  the  equation  x*+p4*-f  jx+rsrO,  are  a,  b^  c, 

transform  it  into  one  whose  roots  shall  be         u",  Vj  c*.    - 
\9,  (1.)  If  (^i)be  an  approximate  root  of  the  equation 

X*  +px"  +qT  =r, 
80  that  a*  +p(i*+ ga,  =: r, ; 

prove  that  x  sr  a.4- f  \  ^  0 ^^j^  uearly  i 

*^  rorr,  +  2a'  +  pfl^*      ^  ^* 

r  or  r,  being  used  accordinp^  as  (a,)  is  >  or  <  I. 

(2,)  Approximate  by  this  formtua  to  the  value  of  (x)  in  Um* 
equation  x*  -*  8x  =  d. 


-m 
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TRINITY  COLLEGE. 
1817. 

PLANE  TRIGONOMETRY. 


'  1.  Trace  the  sigDS  of  the  Sine,  Cosine,  Tangent,  and  Secant, 
through  the  circle. 

2.  TraDsform  the  formula, 

(cos.  A)*  +  a.  (cos.  A)*  .  (sin.  B^  +  6 .  (cos.  Ay .  (sin.  Cy+Ac 
where  the  radius  =  I,  to  an  equivalent  formula,  where  the  radios 
s=  r ;  and  prove  the  rule.- 

3.  Given  the  sines  and  cosines  of  two  arcs  A  and  B ;  it  is  re* 
quired  to  find  sin.  (A+B)  and  sin.  (A~B). 

4.  Prove  that,  sin.  (A+B)  .  sin.  fA— B)  =  (sin.  A)"- (sin.  B)» 

and  cos.  (A+B) .  cos.  (A— B)  =  (cos.  Af— (sin.  B)' 

5r  If  a;   +  —  =  2  cos*  A,  prove  that  j:*  +  —  =r  2co8. 3A. 
X  x^ 

6.  Tan.  (45°+ A)  =  Tan.  (45°-.A)  +  2  Tan.  2A.  Prove  this^ 
and  explain  what  is  meant  by  a  Formula  of  Verification. ' 

7.  Tan.  A  +  cotan,  A  =  2  cosec.  2A. 
Tan.  A  -^  cotan.  A  =  2  cotan.  2A. 

8.  In  any  triangle,  the  sum  of  any  two  sides  :  their  difference  :: 
the  tangent  of  half  the  sum  of  the  angles  subtended  by  those  sides- 

:  the  tangent  of  half  their  difference. 

9.  Given  the  sine  of  T,  shew  how  the  sines  of  all  arcs  from  V  to 
90^  may  be  found,  rad.  =i  1. 

10.  Given  two  sides  of  a  triangle,  and  an  angle  opposite  to  6De 
of  them,  solve  the  triangle ;  and  shew  the  ambiguity  m  this  case. 

11.  Given  two  sides  and  the  included  angle ;  solve  the  triangle. 

12.  Explain  the  method  of  finding  the  distance  between  two 
visible  but  inaccessible  objects  on  an  horizontal  plane ;  and  shew 
how  the  requisite  triangles  are  to  be  solved. 

13.  Two  sides  of  a  triangle  and  the  angle  included  being  given, 
find  the  area  of  the  trianele. 

14.  The  Benmeter  and  the  three  angles  of  a  triangle  being  given, 
fi^nd  each  of  the  sides. 


66» 


TRINITY  COLLEGE. 

1816. 

> 

SPHERICAL  TRIGONOMETRY. 


1.  Etbet  plane  section  of  a  sphere  is  a  circle. 

^.  The  sam  of  the  three  angles  of  a  spherical  triangle  is  greater 
than  two,  and  less  than  six,  right  angles. 

3.  The  angles  of  a  spherical  triangle  are  A,  B,  C ;  the  sides 
respectiyely  opposite  to  them,  (a),  (5),  (c);  the  rad.  of  the  sphere 
r=  !•    Prove  tne  following  theorems : 

T         r^^    rt   —   COS.  C  —  COS.  a  X  COS.  b 
I*         V/OS.    \j    •—     ■■■■■■■  ■  ito 

sin.  a  X  sin.  b 
jj      sin.  A    ^     sin.  B     ^    sin.  C 


sin.  a  sin.  b  sin.  c 

III.  Tang.i(A+U)=Cotan.JC.  co»'4(«-t) 

•^^^         '  cos.i(a+6) 

Tang.4{A-B)=Cotan.jC.  ""'Hfl-j) 

IV.  If(fl+A+c)=  S 

sin.  f  —  —  a)  X8in.f  —  —  6) 


sin.*  i  C  = 


sin.  a  X  sin.  6 


.     /  S  \        ■     /  S 
sm.  I  —  1  X  sin.  f  —  —  c) 

C08.'1C=  ^^^  Vg  . 

sin.  a  X  sin.  b 

4.  What  are  the  general  theorems  deduced  by  the  application  of 
the  formulse  I.  and  111.  to  the  polar  triangle? 

6.  Prove  Napier's  rules  for  that  case  in  which  the  complement 
of  an  angle  is  the  middle  part. 

6.  Given  the  obliquity  of  the  ecliptic,  the  right-ascension  and 
declination  of  a  star ;  find  the  angle  of  position  in  terms  of  those 
quantities. 

7.  In  a  spherical  triangle,  two  sides  and  the  included  angle  are 
given: — Required  the  third  side  in  a  form  suited  to  logarithmic 
computations  ? 

8.  Find  the  area  of  a  spherical  triangle. 
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SPHERICS. 

1120. 


^rm 


1.  If  all  die  sides  of  one  spherical  triangle  be  respectively  equal 
to  all  the  sides  of  another,  then  all  the  angles  of  the  one  are  eqotl 
respectirely  to  all  the  angles  of  the  other. 

2.  Every  section  of  a  sphere  is  a  circle* 

3.  Deduce  an  expression  for  the  area  of  a  spherical  polygon  of  a 
sides. 

'  4»  Shew  that,  in  the  complete  solution  of  all  the  cases  of  a  right- 
juigied  spherical  triangle,  there  must  necessarily  be  six  ambiguoas 
equations :  explain  the  modes  by  ii^hicb  apparent  ambiguities  aie 
removed  in  all  the  other  cases. 

5.  Shew  how  Napier's  two  rules  may  be  applied  to  qnadrantsl 
triangles.  Enumerate  the  circular  parts^  and  write  down  the  ten 
equations  necessary  to  their  solution.  - 

6.  In  how  many  equations  can  we  exhibit  the  solution  of  all  the 
cases  of  oblique-angled  spherical  triangles  ? 

7.  In  any  spherical  triangle  in  which  A,  Bf  C^  are  the  angles, 
and  a,  b,  c,  the  opposite  sides  respectively : 

(1.)  Given  abC,  required  c,  in  a  form  for  logarithmic  com- 
putation, without  the  intervention  of  A^  B. 
(2.)  Prove  that 

tan.  fr.T-    = L.  x  cot  ±1. 

cos*  ^ZZ 
2 

8.  IfSs=  fL±A±i, 

2 

Prove  that 

A 

,    log.  sin.  —  = 

^  2 

—  X  {20+log.  8in.(S— 6)-Hog.  sin.(S— c)— log.»in.4— logjiD.el 
2 
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DIFFERENTIAL  AND  INTEGRAL 

CALCULUS. 


1.  Give  a  definition  of  the  fluxion,  or  differential  of  a  quantity, 
and  from  that  definition  shfiw  how  the  differential  of  ^  may  be 
found. 

2.  Differentiate  the  nth  hyp.  log.  x. 

3.  Exemplify  the  infinitesimal  analysis,  by  drawing  a  tan^iit  to 
a  circle  at  a  given  point. 

4.  Trace  the  curve  whose  equation  is  :iP  —  y*  r=  ox',  and  con- 
^ruct  its  asymptote. 

5.  If  any  number  of  lines,  all  terminating  in  a  giveQ  point,  and 
situated  in  the  same  plane,  be  given  in  magnitude  and  position :  it 
is  required  to  find  the  position  of  another  line  passing  through  t]&e 
same  point,  such  that  the  sum  of  the  projections  of  all  the  foqner 
lines  upon  this  last  shall  be  a  maximum. 

6.  Draw  an  asymptote  to  the  spiral  whose  equation  is  cos.  —  s 

nt 

—  and  find  the  angle  contained  between  its  apse  ^d  asymptote. 


7.  Find  the  value  of  g  —  V  ^ax  —  oi^  when  aiao,  and  also  Of 

y^-  y2aa:-d:» 

: when  X  =  0. 

X  —  sin.  X 

8.  Integrate  the  following  differentials : 

*^  Tr=^=»  dx'/x+/T+^  and  nx\^  + 

-v/«+*^T     V  a;*  —  1  ^ 

Vi  +  JyL^o 

9.  Find  the  point  of  suspension  when  the  time  of  an  oscillation  of 
a  given  straight  line  is  the  least  possible. 

10.  Determine  th6  centre  of  gyration  of  a  rectangle  revolving  in 
its  own  plane  round  an  axis  given  in  position. 

11.  Rnd  the  area  of  the  catenary. 
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12.  Shew  that  1  +  cos.  x  +  £B!lHf  +  £2!l25  +  ftc.  ad 

1.2  1.2.3 


fiiritvm  ss  e~*-*  .  cos.  (sin.  x). 


TRINITY  COLLEGE. 
1820. 

DIFFERENTIAL  AND  INTEGRAL 

CALCULUS. 


1.  Defins  the  Ist,  2d,  3d,  &c.,  differentials  of  a  fiioction  ae* 
cordinf^  to  Newton's  method  of  limits,  and  also  according  to 
Lagrange ;  shew  that  both  methods  coincide,  and  exemplify  in  the 
case  of  sin.  x, 

2.  Prove  the  rules  for  differentiating, 

(1.)  —  where  u  and  z  are  both  functions  of  x. 

z 

(2.)  taq.  X. 
(3.)  a«. 
(4.)  log.  X. 
and  differentiate . 

(1,)  (a+  Ax»)"; 

(4.)  _JL_  X  arc  (tan.:=  >/(a-fc)V  (l-cos,.:)  \ 

3.  Find  the  area  (1 .)  of  the  cv'cloid,  (2.)  of  the  logarithmic  carre, 
(3.)  Shew  that  the  surface  and  solidity  of  a  sphere,  are  each  two 
thirds  of  the  surface  and  solidity  of  the  circumscribing  cylinder. 

4.  Deduce  Maclaurin's  theorem  from  Taylor*s,  and  apply  the 
former  to  find  the  tangent  in  terms  of  its  arc* 

5.  Transform  the  series  for  log.  (1  +  x)  into  one  which  coo* 
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verges  Yor  all  vtdues  of  x;  aad  apply  it  to  compote  the  moduIiiB  of . 
Briggs's  system. 

6.  In  a  series  A+Bx+Caf +Da^ where  the  ratio  which  • 

any  one  coefficient  bears  to  that  immediately  preceding  it,  is  always 
finite,  such  a  value  may  be  found  for  x  as  will  render  any  one  lemk 
greater  than  the  sum  of  all  that  follow.  Required  a  proof,  and  de« 
oennine  whether  this  be  possible  in  the  series, 

l+a^x+y 0^+4*0^-^  ..... 

l  +  i.2.ar+1.2.3jj*+1.2.3.4x* 

7.  Shew  by  the  Differential  Calculus,  or  from  considerations 
purely  algebraical,  that  i{a  i  x  ::t/  :b;  x+y  will  be  a  minimum 
when  0?  =  y. 

8.  Required  all  the  values  of  x  which  will  render  y  a  maximum 
or  minimum  in  the  following  equations,  and  determine  those  values 
which  give  maximum  results,  those  which  give  minimumi  and  thos« 
which  give  neither. 

(I.)  y  =  ai»  -  6jr»  +  6x»  +  1 
(2.)  ^^4a*xy+  aj«=0. 

9.  Prove  that  under  a  given  spherical  surface,  a  hemisphere  con«> 
tains  the  greatest  segment  of  a  sphere* 

10.  Required  the  least  paraboloid  that  can  be  circumscribed 
about  a  given  sphere. 

1 1 .  Find  the  value of^    ""'  °    +(^-^)    when  «  =r  a, 

and  of -1.  tan.  JlfwhenarsO. 
4x  2 

12.  Fmd  the  equations  to  the  tangent,  and  normal  of  a  curve  at 
a  given  point,  and  apply  them  to  the  parabola. 

13*  A  curve  is  convex  or  concave  towards  the  axis  of  the  ab- 
scissse,  according  as  the  ordinate  and  its  second  differential  coeffi- 
cient have  the  same  or  different  signs.    Required  a  proof. 

14.  Trace  the  curve  whose  equation  is  x^*^a*x+a*a^  sz  0  ;  find 
its  point  of  contrary  flexure,  and  the  angle  at  which  it  cuts  the  axis. 

15.  Draw  an  asymptote  to  the  reciprocal  spiral. 

16.  Investigate  the  general  expression  for  the  radius  of  curvature 
in  curves  referred  to  an  axis,  and  apply  it  to  the  catenary  whose 

equation  is  y  =z  a.  log.  I  — I LJ2LJh ; — L  I . 

17.  Find  die  differential  of  the  surface  generated  by  the  revolu- 
tion of  a  curve  round  its  axis. 

18«  Find  the  integrals  of 

0   >        l^»/     — -; ; >        l«5. j 
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19.  Find  llie  content  of  tlie  solid  genented  by  die  revohtioo  of 
a  cycloid  round  the  tangent  at  its  vertex. 

20.  Prove  that  the  solid  generated  by  tbe  reyohitioii  of  any 
fegolar  polygon  inseribed  in  a  circle  round  its  diaaeter,  it  equal 
to  ooe-tbird  of  die  aiirface  generated,  mnltipiied  into  the  perpendi- 
enlar  drawn  from  the  centre  on  one  of  its  sides. 

21.  Find  the  area  of  the  cnrve  whose  eqnation  is  vsjn^, 
between  the  values  of  x  =  a,  and  x::zh;  and  investigate  the  valne 
of  the  result  in  the  case  of  the  common  hypeibola. 

22«  Shew  that  all  the  corvee  included  under  the  equation  y^f^f 

are  rectifiable  when  — : is  a  whole  number. 

2(n— 1) 

29.  Find  the  length  of  an  arc  of  the  spiral  of  Archimedes  con- 
tained between  two  polar  distances  p  and  q ;  and  wnmrning  die 
fadtus  of  the  circle  to  be  a,  prove  it  equal  to  an  arc  of  a  panbob 
contained  between  two  ordinates  p    and  g,  the   latus  rectal 

beingiL . 

w   . 

24.  Find  the  convex  surface  and  solid  content  of  the  portion  of 
g  ri^ht  cvlinder,  which  is. cut  off  by  a  plane  passing  mroog^die 
cexiCre  of  the  base*  and  inclined  to  it  at  an  angle  of  45^. 


TRINITY  COLLEOE. 


MECHANICS. 


L  If  two  forcee  each  (s=  A)  act  at  an  angle  (m^  they  w3l 
compound  a  force  :=  2  A.  sj  1— r,  where  s  =  sine  of 

2.  A  given  force  is  to  be  resolved  into  different  pairs  of  foro^ 
whose  sum  shall  bear  to  it  the  ratio  of  5  :  3.  Determine  the 
minor  axis  of  the  limiting  ellipse. 

3.  When  a  piece  of  timber  of  unequal  dimensions  is  put  on  t 
fulcrum  13  feet  from  the  smaller  end,  it  is  in  equilibrio ;  but  wbai 
put  on  a  fulcrum  only  12  feet  from  the  smaller  end^  it  requires  a 
weight  of  .210  lbs.  on  that  end  to  Support  it.  Find  the  weight  of 
the  timber  ? 

4.  The  arms  of  a  false  balance  are  as  m  :  n»  and  a  body  weighs 
(albs.^  at  one  end,  and  (6 lbs.)  at  the  other;  find, 

(1.)  The  true  weight  of  the  body. 


'trinitt  ooli«ege.  fi7^ 

♦ 

(f .)  TIm  eicett  of  the  snai  of  tbo  twoappvevt  woighti  above 

twice  the  true  weight 
(3.)  llie  distance  of  the  point  of  aiispensioii  from  the  middle 

of  the  beam. 

5.  Suppose  a  billiard<table  to  be  an  irregular  hexagon,  and  (A) 
and  (B)  two  balk  upon  it  given  in  position.  Delennine  against 
what  point  of  any  one  side  Ae  ball  (A)  must  impinge^  so  that  after 
ftboonding  from  it,  and  from  every  other  side  in  succession,  it  may 
hit  the  other  ball  B. 

6.  In  the  time  in  which  a  heavy  body  falle  down  a  well,  and  its 
•onnd  on  the  bottom  returns  to-an  ear  at  the  top,  a  pendulum  61 
inches  long  vibrates  eight  times : — ^What  is  the  depth  of  the  well  ? 

7.  Find  the  lines  of  swiftest  and  slowest  descent  from  one  given 
circle  to  another. 

8.  Determine  in  what  locus  a  person  must  be  placed,  to  throw  a 
perfectly  elastic  ball  against  a  given  point  in  a  given  vertical 
plane,  so  that  the  ball  may  each  time  return  to  his  hand. 

9.  In  the  collision  of  imperfectly-elastic  bodies,  find  the  ratio  of 
the  relative  velocity  before  impact  to  the  relative  velocity  after 
impact ;  and  show  that  the  sum  of  the  products  of  each  body  into 
the  square  of  its  velocity  before  impact,  is  greater  than  the  sum  of 
the  products  of  each  body  into  the  square  of  its  velocity  after. 

10.  What  must  be  the  form  of  a  triangle  whose  centre  of  gravity 
is  the  centre  of  the  circumscribing  circle  ? 

11.  A  and  B  are  hung  over  a  fixed  pulley :-— Required  the  ratio 
cf  H  :  L  of  an  inclined  plane  on  which  a  body  shall  descend  as 
many  feet  in  a  given  time  as  the  heavier  (A)  of  the  two  bodies. 

12.  A  weight  (W)  is  drawn  along  the  norizontal  plane  (CB)  by 
another  weieht  (P)  acting  over  a  pulley  fixed  at  the  perpendicular 
height  (BA;  above  the  horizon :-— With  what  force  will  (W)  be 
accelerated  ?    And  what  will  be  its  velocity  acquired  at  (B)  ? 

13.  In  the  steelyard,  if  the  weight  increase  in  arithmetic  pro* 
gression,  the  divisions  of  the  scale  will  be  at  equal  intervals;  and 
if  each  of  these  intervals  be  equal  to  the  shorter  arm,  the  moveable 
weight  will  be  equal  to  the  difference  of  the  arithmetical  pro- 
gressions. 

14.  A  body  being  let  fall  from  the  top  of  a  tower,  was  observed 
to  fall  halfway  in  the  last  second  : — ^Wnat  was  the  tower's  height? 

15.  (AB)  and  (AC)  are  two  inclined  planes  of  a  common  height 
(AD) ;  the  length  of  the  plane  AB  =  a:— To  find  what  must  be  the 
length  of  the  other  plane  AC,  so  that  a  given  weight  (P")  on  the 
plane  AB  may  draw  another  given  weight  (W)  up  the  plane  AC 
m  the  least  time  possible,  (P)  and  (W)  being  connected  by  a  string 
over  a  pulley  at  (A). 

16.  A  body  is  projected  at  an  angle  of  45^  with  a  velocity 
acquired  by  a  heavy  body  falling  down  the  axis  of  a  cycloid : — 
Required  the  ratio  of  the  time  of  night  to  the  time  of  oscillation  in 
the  cycloid  ? 

8X2 
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17.  There  is  a  mottntain  on  the  earth's  surface  of  soch  a  heiafat: 
that  a  clock  (which  keeps  true  time  at  the  bottom)  when  carried  to 
the  top  loses  two  minutes  a-day : — ^What  is  the  altitude  of  the 
mountain,  supposing  the  earth's  radius  to  be  6982000  yards  ? 

18.  If  the  axis  of  a  parabola  be  perpendicular  to  the  horixoo, 
and  chords  be  drawn  from  the  vertex  to  any  point  in  the  carre^ 
compare  the  times  of  descent  down  them  by  the  force  of  graTity. 

19.  What  is  the  least  velocity  with  which  a  body  must  be  pn>« 
jected  from  the  top  of  an  inclined  plane,  so  as  just  to  reach  the 
extremity  of  the  plane  ? 

20.  Suppose  a  body  to  be  projected  downwards  from  a  givea 
point  (A)  with  a  given  velocity  (a) ;  and  after  (n)  seconds  are 
elapsed,  another  bcKly  is  projected  upwards  from  a  given  point  (B) 
witn  a  given  velocity  (6)  :— Where  wdl  they  meet  ? 

21»  What  number  of  pulleys  (in  a  system  where  each  putky 
hanes  by  a  separate  string,  and  all  the  strmes  are  parallel)  must  be 
applied  to  a  weight  (=  96  lbs.)  so  that  P  {=r  1  lb.)  may  sustain  it 
on  an  inclined  plane  whose  height  is  one-third  of  its  length,  P 
being  supposed  to  act  parallel  to  the  leng^  ? 

22.  Define  the  centres  of  gravity,  gyration,  oscillation,  and 
percussion ;  and  find  with  what  part  of  a  cylindrical  stick  50  inches 
long  must  (B),  whose  arm  is  twenty  inches  long,  strike  (6)»  so  as  to 
give  the  greatest  possible  blow. 

23.  If  a  chord  of  a  given  length  be  fastened  to  two  hooks,  A 
and  B,  not  in  a  horizontal  line,  and  a  weight  ( W)  slide  fredy  akxip 
the  chord,  find  where  (W)  will  rest ;  and  compare  the  pressure  on 
either  hook  with  the  weight  (W). 

24.  A  globe  weighing  20bibs.  is  supported  between  two  indined 
planes  whose  mclinations  are  60^  and  46^  respectively :— What  is 
the  weight  supported  on  each  plane  ? 

25.  Investigate  a  general  Theorem  for  determining  tlie  ratio 
between  (P)  acting  at  any  angle  on  the  back  of  a  scalene  wedge, 
and  the  sum  of  the  resistances  (suppiosed  to  be  wholly  effective) 
acting  at  different  angles  on  the  sides  ;  and  apply  it  to  an  isosceles 
wedge,  when  (P)  acts  perpendicularly,  and  the  equal  resistances 
act  parallel  to  the  back. 
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ST.  JOHN'S  COLLEGE. 
1819. 

MECHANICS  AND  TRIGONOMETRY. 


I,  St  ATI  the  laws  of  motion,  and  the  experiments  by  which  the 
third  is  proved. 

52.  Two  lines,  SP  and  HP,  revolving  about  the  points  S  and  H, 
represent  two  forces  whose  compound  force  is  constant.  Find  the 
curve  which  is  the  locus  of  P. 

.3.  Two  chords  AB,  AC,  of  a  circle,  represent  two  forces ;  one  of 
them,  AB,  being  given,  find  the  position  of  the  other  when  the  com- 
pound force  is  a  maximum. 

4.  When  there  is  an  equilibrium  on  the  single  moveable  pulley 
whose  strings  are  not  parallel ;  if  the  whole  be  put  in  motion — ^tble 
velocity  of  the  weight :  velocity  of  the  power  : :  the  power  :  the 
weight. 

6.  Find  the  greatest  inclination  of  a  plane  upon  which  a  given 
elliptic  cylinder,  whose  axis  is  horizontal,  can  be  supported. 

6.  Two  planes  have  a  common  base,  and  are  inclined  to  the 
horizon  at  30^.  An  inelastic  body  is  projected  up  orie  of  them 
with  a  given  velocity,  it  then  descends  and  oscillates  between 
them.     Find  the  whole  space  described^  and  time  of  motion. 

7.  Compare  the  relative  velocities  before  and  after  impact^  in 
the  case  of  imperfectly  elastic  bodies. 

8.  A  parabola  is  placed  with  its  axis  vertical.  Draw  the  line  of 
quickest  descent  from  the  curve  to  the  focus. 

9.  Two  equal  and  eliastic  balls  are  let  fall  at  the  same  instant  in 
the  same  vertical  line  from  two  altitudes  9a  and  4a  above  a  hori* 
zontal  plane.  Find  the  successive  points  of  impact,  and  the  spaces 
described  by  each  before  the  return  to  their  original  positions. 

10.  The  time  of  an  oscillation  in  the  arc,  LZP,  of  a  cycloid,  it 
equal  to  the  time  of  describing  the  semicircumference  Izpf  with  the 
velocity  at  V  continued  uniform. 

II.  Two  particles  of  matter  are  attached  at  different  points  to  an 
inflexible  line  without  gravity,  which  is  suspended  by  its  extremity. 
Find  the  time  of  a  small  oscillation,  supposing  one  of  them  to  lose 
all  its  weight,  and  the  other  all  its  inertia. 

12.  A  given  weight,  P,  is  attached  to  a  given  cylinder,  Q,  by 
means  of  a  string  wrapped  round  its  circumference,  and  passing 
over  the  common  vertex  of  two  inclined  planes.  P  is  drawn  up 
one,  while  Q  descends  down  the  other.  Compare  the  lengths  of 
the  planes. 

13.  Having  given  the  velocity  and  direction  of  projection,  find 
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the  range  on  a  given  inclined  phne  passing  thiougli  llie  point  cf 
projection,  and  the  time  of  flight 

14.  Compare  the  effect  of  an  uniform  force  acting  down  and  up 
alternately,  in  parallel  directions,  on  a  crank,  with  the  effect  of  the 
same  force  acting  always  at  right  angles  in  a  complete  reTolation. 

15.  An  uniform  chain  i9  coiled  on  a  stnooth  horizontal  planers 
given  length  being  drawn  out,  is  projected  along  the  plane  with  t 
given  velocity.  Find  the  velocity  after  the  description  of  anj 
given  space,  i 

16.  Shew  that  an  angle  varies  directly  as  the  arc  which  subtendi 
it,  and  inversely  as  the  radius. 

17.  Having  given  the  sines,  cosines,  and  tangents  of  two  arcs; 
to  find  the  sines,  cosines,  and  tangents  of  their  sum  and  difference. 

18.  If  an  angle  be  taken  whose  tangent  is  to  the  radius  as  the 
greater  side  of  a  triangle  to  the  less,  the  radius  will  be  to  the  taa- 
gent  of  the  excess  of  this  angle  above  half  a  rieht  angle,  as  the 
tangent  of  the  semi-sum  of  the  angles  opposite  those  skies  to  the 
tangent  of  their  semi-difFerence.  Prove  this  geometrically ;  and 
shew  the  superiority  of  it  as  a  practical  solution,  when  two  sides 
and  the  included  angle  of  a  triangle  are  given. 

19.  The  hypothenuse  of  a  right-angled  triangle  being  constant, 
find  the  corresponding  variations  of  the  sides. 

20.  Expand  A',  and  from  thence  find  the  value  of  jp  in  the  equa- 
tion A*  =N. 

21 .  A  person  at  the  foot  of  a  hill  runninc"  east  and  west  observes 
a  tower  due  north  of  him,  and  takes  the  elevation  of  it  above  the 
hill.  He  thep  walks  in  a  direction  N.E.  till  the  tower  bears  due 
west  of  him,  when  he  again  takes  its  elevation.  Determine  frooi 
hence  the  inclination  of  the  hill ;  and  the  distance  between  die 
points  of  observation  being  given,  find  the  height  of  the  tower. 


TRINITY  COLLEGE. 

MECHANICS; 


1.  A,  B,  €md  C, are  three  bodies  whoseperpendicular  distenoes 
from  a  given  plane  are  J,  (f ,  d"  ;  C  is  on  the  opposite  side  to  A 
and  B ;  prove  Axrf+  Bxd'— Cxrf"=:{A+B+C}x<r 
where  d"  is  distance  of  centre  of  gravity.        ^ 

2.  BA  is  perpendicular  to  the  horizon ;  BDA  is  a  Beini<irciet 
OCG  a  quadrant;  take  any  plane  AC.    If  a  ball  is  thrown  w^  AC 


■■P 


TRIVHT  COILEGE.  ^^ 

with  wetodtf  ai^omd  dbwB  BA,  it  will  detcribe  «  jp«o«  aqsal  to 
AC  +  CD  in  the  time  of  falling  through  BA. 

3.  la  a  44nuglit  lever  the  ram  of  the  prodaets  of  each  body,  tnd 
its  dtstanoe  fiom  the  fulcrun,  it  equal  on  bocb  lidet. 

4.  In  a  bent  lever  of  uniform  density  and  thickneis,  wfaofte  enB$ 
are  (a)  asd  (tf^,  (a)  bm^  parallel  to  the  horaon,  and  weighing 
(6)  lbs. ;  compare  P  and  W,  whea  the  iadbation  of  the  arms  i«  (4^ 
and  P  (acting  at  the  end  oif  ana  a)  is  inclined  at  Z.(¥),  aad  W 
at  Z,(^* 

5.  Prove  the  general  proposition  of  the  wedge ;  s^ply  d^  lerak 
to  the  case  of  an  eqaiiateral  wedge,  ^here  the  power  on  the  back  acts 
perpendicularly,  and  the  resistances  on  the  stdes  are  equal,  and  act 
pisrpendicularly  to  the  back. 

6.  A  straight  lever  is  parallel  to  the  horizon ;  given  its  length, 
given  a  weight  P  hung  at  one  end ;  required  the  yariation  of  the 
position  of  the  fulcrum,  supposing  W  to  vary  in  arithmetic  pro* 
gression. 

7.  A  body,  O,  is  kept  at  rest  by  three  forces  proportional  to  AG, 
BG,  CG ;  G  is  centre  of  gravity  of  the  triangle  formed  by  joiniog 
A,  o,  C» 

8.  If  with  centra  of  gravity  of  any  number  of  bodies  as  oeBtre,aBd 
with  any  radius,  a  circle  be  described,  the  sum  of  the  prodnets 
of  each  body,  and  the  square  of  its  distance  from  any  assumed 
point  in  circumference,  is  constant 

9.  Prove  that  in  perfeet  elasticily  Aa* -f  B&^ss  Ap-f  Bf', 
where  a  and  b  are  the  velocities  of  A  and  B  before  impact,  and  p 
and  q  after.  Compare  also  elasticity  and  compression  when 
A«»+ W=  An- +  B^". 

10.  In  a  single  moveable  pulley,  where  the  strings  passing  under 
the  moveable  pulley  are  not  parallel,  compare  P  and  W  ;  first, 
when  the  strings  are  equally,  secondly,  when  they  are  unequally 
inclined  to  the  horizon. 

11.  An  imperfectly  elastic  ball  falls  perpendicularly  from  a 
height  (a) : — Required  whole  space  described  by  bail  after  5 
rebounds,  and  die  greatest  height  after  last  rebouad. 

12.  Assuming  tne  time  of  oscillation  to  equal  the  time  of 
describing  semi-circle,  &c.,  investigate  the  actual  value  of  the  time 
of  oscillation,  and  thence,  compare  it  with  time  down  axis. 

13.  In  inclined  planes,  P  :  W  ::  W's  velocity  :  P's. 

14.  Determine  the  expressions  for  range  and  greatest  height, 
upon  a  plane  passing  through  point  of  projection ;  and  compare 
greatest  height  of  all  parabolas  with  a  given  velocity  to  farthest 
range. 

\5.  AH  is  a  vertical  diameter;  HBA,  CEA,  two  contiguous 
circles,  touching  in  A«  Prove  the  time  down  BC,  D£,  &c.,  to  he 
constant. 

16.  If  a  body  is  kept  at  rest  by  three  forces,  and  lines  be  drawn 
jit  any  e^ual  angles  to  the  directions  in  which  they  act,  forming  a 
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trianglet  the  tides  of  the  triangle  represent  the  quantities  of  Ae 
forces. 

17.  If  3  forces  are  represented  by  3  sides  forming  tbe  solid 
angle  of  a  paraUelopiped,  the  resultiDg  force  U  the  diagoittl  of  ih. 
parallelopiueda 

If  tbe  3  forces  are  equa]>  and  act  in  planes  peipendicnlar  to  eaeh 
other,  compare  tbe  compound  force  with  them. 

Id.  A  is  vertex  of  triangular  pyramid,  G  is  centre  of  graiity.  If 
upon  body  at  G  forces  act  in  directions  AG,  BG,  CG,  DG,  aad 
proportional  to  them,  it  remains  at  rest 

19.  A  uniform  beam  AB,  is  moveable  about  fixed  point  A,  aad 
supported  by  given  weight  P  over  fixed  pulley  C  ;  AC  is  equal  to 
AB,  and  parallel  to  horizon.  Required  position  in  which  AB  lesti! 

20.  Make  a  body  oscillate  in  a  given  cycloid. 

21.  VP  =  ^  radius ;  MN  perpendicular  the  diameter.  Cycloid 
area  MVN  c:  ^  hexagon  inscribed  in  the  circle. 

22.  Compare  times  of  describing  vertical  diameter  and  any 
other : — Required  also  that  diameter^  the  time  through  which  :=  3 
time  down  vertical  diameter. 

23.  If  the  number  of  oscillations  performed  in  same  time  by  two 
pendulums  (whose  lengths  are  L  and  Qbeasm  :  m-i^n^  com- 
pare force  of  g^avitv  at  the  two  heights. 

24.  If  one  pendulum  is  at  distance  of  (n)  radii  from  the  earth's 
centre,  at  what  point  below  the  surface  must  another  of  equal 
length  be  placed  to  vibrate  in  same  time  ? 


ST.  JOHN'S  COLLEGE. 

1820. 

MECHANICS  AND  TRIGONOMETRY 


1*  The  moving  forces  acting  on  two  bodies  are  reciprocally  pro- 
portional to  the  quantities  of  matter.  Compare  the  velocities 
generated  in  any  time. 

2.  If  SA,  the  least  distance  in  an  ellipse,  be  one  third  of  SM  the 
greatest,  and  SA  be  taken  to  represent  one  force,  then  SB,  the  mesa 
distance,  will  compound  with  SA,  the  least  possible  force ;  and  the 
compound  force  will  be  a  mean  proportional  between  SM  and  SA. 

3.  When  there  is  an  eouilibrium  on  the  inclined  plane,  if  motion 
be  communicated,  the  velocity  of  the  power  is  to  the  velocity  of  the 
weight  as  the  weight  to  the  power. 


ST.  John's  collbge.  ^1 

4.  Find  the  lacUnation  of  a  plane,  on  which  a  regular  figure  of  n 
sides  will  just  be  supported. 

5n  A  and  B  are  two  elastic  balls  placed  on  a  billiard  table,  FC 

is  a  reflecting  cushion.    Produce  AB  to  C.    Then  if  A  impinge  on 

B  and  drive  it  against  the  cushion,  they  will  meet,  after  the  reflec- 

tion  of  B,  if  the  angle  of  impact  equal  45  degrees  minus  |  the 

Z  of  impact. 

6.1f  the  number  of  mean  proportionals  between  two  balls  A  and 
X  be  increased  without  limit ;  A's  velocity  :  that  communicated  to 

^11  V       *  V  A* 

7.  A  weight  is  fixed  to  the  lowest  point  in  a  circle  moveable  in 
ft  vertical  plane  about  its  centre ;  another  equal  weight  is  attache^ 
to  a  string  wrapped  round  the  circumference.  Find  the  velocity 
acquired  by  the  descending  weight  in  any  space. 

8.  If  the  axis  of  a  parabola  be  horizontal,  and  the  weight  W  be 
supported  on  the  curve,  by  means  of  a  string  passing  over  a  pulley 
in  the  focus  to  which  a  given  weight  P  is  attached ;  then  W  will 
vary  as  the  corresponding  abscissa. 

9.  If  a  body  be  projected  successively  in  all  possible  directions, 
from  the  same  point,  with  the  same  velocity,  prove  geometrically^ 
that  the  locus  of  the  ultimate  intersections  of  the  successive  para* 
bolas  is  a  parabola. 

10.  BLV  is  a  cycloid ;  DOV  the  generating  circle  on  the  axis. 
Draw  ROL  parallel  to  the  base  which  is  horizontal.  Then  the 
time  down  BL  :  time  down  DR  : :  arc  DO  :  chord  DO. 

11.  The  velocity  of  a  body  in  a  cycloid  varies  as  the  right  sine  of 
a  circular  arc,  whose  radius  equals  the  length  of  the  arc  at  the  be- 
ginning of  motion,  and  versed  sine  the  arc  fallen  through. 

12.  Having  given  the  velocity  and  direction  of  projection ;  to  find 
where  the  body  will  strike  the  horizontal  plane  passing  through  the 
point  of  projection  ;  and  the  time  of  flight 

13.  Find  the  least  velocity  with  which  a  body  projected  from 
the  top  of  a  tower  of  given  height,  after  reflection  from  the  hori- 
zontal plane,  shall  strike  the  top  of  another  tower,  whose  distance 
and  height  are  given.  Find  also  the  direction  of  projection  and  the 
time  of  flight 

14.  Two  equal  weights  are  attached  to  a  string  passing  over  a 
cycloid  whose  base  is  horizontal.  Find  the  whole  pressure;  and 
prove  that  the  pressure  estimated  in  a  vertical  direction  is  uniform. 

15.  A  sphere  and  hollow  cylinder  of  equal  weight  are  suspended 
by  a  string  passing  over  a  solid  cylindrical  pulley  equal  in  weight 
to  the  former.  To  determine  the  circumstances  of  the  motion  and 
tension  of  the  string. 

16.  Given  the  three  sides  of  a  triangle,  explain  the  different 
methods  of  obtaining  one  of  its  angles,  and  shew  which  is  to  be 
preferable  when  that  angle  is  nearly  a  right  angle 

17.  if  A  be  any  angle  ^""^^^'^  =  tau.»  4  A. 

1+cos.  A 
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18.  The  Uagent  +  ooUogieiit  of  an  m^  eqml  tmet  Ihe 
cosecant  of  twice  the  angle. 

19.  Harii^  given  two  sides  of  a  triangle  and  the  iodtHled  aagk, 
shew  how  the  other  parts  may  be  found* 

.  iO*  A  on  foot,  and  B  on  horseback,  are  traTalltng  together  to- 
wards the  same  town ;  A  talces  a  foot  path  leaving  the  roaA  at  a 
given  angle,  B  goes  on  till  he  comes  to  a  cross  road.  Hiey  anise 
at  the  same  instant.  Given  their  rates  of  motion  and  greatest 
distance  of  separation,  find  the  distance  travelled  by  ea<^»  and  tftt 
species  and  dimensions  of  the  included  area. 

21.  If  p,  q^r,  Sy  be  the  coefficients  of  an  equation  whose  roots 
are  the  tangents  of  A,  B,  C,  4^.  Then  the  tangent  of  A  +  B  -^ 
C+  &c.  =  P-r  +  t-_&c. 

1  —  9  +  «  •-  &c. 

22.  A  person  wishing  to  know  the  height  of  a  spire  dne  south  of 
him,  observes  a  small  cloud  pass  behind  it,  the  wind  blowing  south- 
west. Soon  after  the  cloud  passed  over  the  Moon.  He  then  measures 
his  distance  from  the  foot  of  the  spire ;  and  on  return  home  calcu- 
hites  the  Moon's  altitude  and  angular  distance  from  the  south  at  the 
time  of  observation.  Shew  how  from  these  data  he  may  detenoioe 
the  height  of  the  spire. 


TRINITY  (X)LLEGE. 

1820. 

MECHANICS. 


STATICS. 


1.  When  forces  keep  each  other  in  equilibrium  round  a  Gied 
point,  the  sum  of  all  their  moments  is  ==  0  ;  those  being  reckoned 
negative  which  tend  to  turn  the  system  in  the  opposite  direction. 

2.  Find  the  resultant  of  any  number  of  forces  in  the  same 
plane  acting  on  a  point  Apply  the  formulee  to  the  following 
example : — 

AB,  AC,  AD,  are  three  lines  making  angles  of  120°  with  each 
other;  the  point  A  is  acted  on  by  pulling  forces  in  AB  and  AC, 
which  are  as  3  and  4,  and  by  a  pushing  force  DA,  which  is  as  5. 
Find  the  force  which  will  keep  it  at  rest. 

3.  A  string  fastened  at  A  and  passing  over  a  6xcd  pulley  B,  haj 
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•  Inofim  wdght  W  hmng  by  a  knot  at  C ;  find  vhat  wtigfat  auHt 
be  appended  at  P,  that  CB  may  be  horizontal. 

4.  A  weight  Q  hanging  freely,  supports  an  equal  weight  P  upon 
an  inclined  plane,  by  means  of  a  siring  passing  over  a  pulley  below 
the  plane :  nnd  the  position  of  equilibrium. 

5.  When  a  body  is  sustained  upon  a  curve  whose  co-ordinates 
are  x  and  y^  by  any  forees  whose  components  in  those  directions 
are  X  and  Y,  shew  that 

Xdx  +  Ydy  =  0. 
Apply  the  formala  to  find  the  position  of  eqailibrium  when  a  weieht 
Q  hanging  freely,  supports  a  weight  P  upon  a  paral»oki  whoae  axis 
14  kmzQntali  by  means  of  a  string  passing  over  the  focus. 

6.  Find  the  centre  of  gravity  of  any  number  of  points  in  the  same 
plane. 

7.  The  sum  of  the  squares  of  the  distances  of  three  equal 
from  each  other,  is  three  times  the  sum  of  the  squares  of  their 
tances  from  their  common  centre  of  gravity, 

8.  Prove  the  differential  expression  for  the  centre  of  gravity  of 
anv  soLd  of  revolution ;  and  find  the  centre  of  gpravity  of  a  hemi- 
sphere. 

9.  ABCD  is  a  qtradrilateral  figure,  of  which  the  two  shorter  sides 
AB,  BC  are  equal,  as  also  the  two  longer  AD,  DC  ;  and  the  angle 
ABC  is  a  right  angle :  what  is  the  greatest  length  of  the  side  AD, 
that  the  figure  may  stand  on  the  base  A6  on  a  horizontal  plane 
i^ithout  oversetting  ? 

10.  Given  a  bent  lever  with  arms  of  uniform  thickness,  move- 
able in  a  vertical  plane  aliout  the  angular  point :  find  the  positions 
in  which  it  will  rest. 

11.  A  given  beam  considered  as  a  line  is  supported  on  two  j^ven 
inclined  planes :  find  the  position  of  equilibrium. 

12.  Given  the  pressure  upon  one  of  the  four  legs  of  a  rectan« 
gular  table  of  known  weight;  find  the  pressures  of  the  other  three. 

'§hew  that  without  diis  datum  the  problem  is  indeterminate. 

13.  ABC  is  a  right-angled  isosceles  triangle,  and  three  eqwd 
forces  act  in  the  lines  AB,  BC,  CA.  At  what  point  of  the  plane 
ABC,  produced  if  necessary,  must  a  force  be  applied  to  keep  it  at 
Test,  and  what  must  be  its  magnitude  and  direction  ? 

14.  A  beam  BC  hangs  by  a  string  AB  from  a  fixed  point  A,  with 
its  lower  extremity  C  upon  a  horizontal  plane :  find  the  position  in 
which  it  will  rest.  Also  find  the  horizontal  force  which  must  be 
applied  at  C  to  retain  it  in  a  given  position. 

15.  A  false  balance  has  one  of  its  arms  exceeding  the  other  by 

—  of  the  shorter.    It  is  used,  the  weight  being  put  as  often  in  one 
m 

scale  as  the  other.    What  is  the  shopkeeper's  gain  or  loss  ^er 
cent,  ? 

16.  In  an  arch  which  is  in  equilibrium,  the  weights  of  the  voa«» 
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Min  are  as  the  diffBrences  of  the  taogents  of  the  angles  whidi  tkt    '| 
jmnts  make  with  the  vertical. 


DYNAMICS. 


1.  A  BOW  is  drawn  by  a  force  of  50  lbs ;  the  weight  of  the  airov 
bemg  -^Ib,  compare  the  force  of  gravity  with  the  initial  aqcelent- 
ing  force  which  the  string  exerts  upon  the  arrow,  when  it  is  let  go; 
neglecting  the  inertia  of  tfie  bow. 

2.  If  a,  6,  be  the  velocities  of  two  bodies  A,  B  before  their 
direct  impact ;  «,  v  the  velocities  after^  a  and  $  the  velocities  gaiul 
and  lost  respectively,  and  e  the  fraction  which  measures  the  du- 
ticity ; 

Aa*  +  B6"  =  Au*  +  gv*  +  Izl  (Aa»  +  B^ 

3.  A  and  B  are  two  given  points  in  the  diameter  of  a  drde : 
find  in  what  direction  a  perfectly-elastic  body  must  be  projected 
from  A,  so  that  after  reflection  at  the^circle  it  may  strike  B. 

4.  Prove  that  if  a  body  be  accelerated  by  a  constant  force 

t;  = /if  and  s  ==  J/?. 

5.  Find  the  velocity  and  direction  with  which  a  body  mast  be 
projected  from  a  given  point,  that  it  may  hit  two  other  given  points 
in  the  same  vertical  plane. 

6.  AB  is~  the  vertical  diameter  of  a  circle :  a  perfectly  elastic 
l)ody  descends  down  the  chord  AC ;  and  beine  reflected  by  the 
plane  BC,  describes  its  path  as  a  projectile.  Shew  that  this  padi 
strikes  the  circle  at  the  opposite  extremity  of  the  diameter  CD. 

7.  Find  the  equation  to  the  cycloid;  and  shew  that  in  the 
.  cycloid  the  oscillations  are  isochronous* 


TRINITY  COLLEGE. 

1820e 

HYDROSTATICS. 


].  The  pressure  of  a  fluid  against  any  surface  in  a  direction 
perpendicular  to  it,  varies  as  the  area  or  the  surface  multiplidi 
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into  the  depth  of  iu  centre  of  gravity  below  the  surface  of  the 
fluid. 

2.  A  hollow  cone  without  a  bottom  stands  on  a  horizontal 
plane^  and  water  is  poured  in  at  the  vertex*  The  weight  of 
the  cone  being  given,  how  far  may  it  be  filled  so  as  not  to  run  out 
below  ? 

3*  What  must  be  the  magnitude  and  point  of  application  of  a 
single  force  diat  will  support  a  sluice-gate  in  the  shape  of  an  in- 
▼erted  parabola  ? 

4.  Fmd  the  specific  gravity  of  a  body  which  is  lighter  than  the 
fluid  in  which  it  is  weighed. 

.  5.  If  the  specific  gravity  of  air  be  called  m,  that  of  water  being 
ly  and  if  W  be  the  weight  of  any  body  in  air«  and  W  its  weight  in 
water,  its  weight  m  vacuo  will  be, 

W  +  -^_  (W  -  W.) 
1  —  »i 

6.  Three  globes  of  the  same  diameter  and  of  given  specific  gravis 
ties,  are  placed  in  the  same  straight  line.  How  must  they  be  dis- 
posed that  they  may  balance  on  the  same  point  of  the  line  in  vacuo 
and  in  water  ? 

7.  If  a  homogeneous  hemisphere,  fioating  in  a  fluid,  be  slightly 
inclined  from  the  position  of  equilibrium  ;  shew  that  the  moment 
of  the  fluid  to  restore  it  to  that  position,  is  not  affected  by  placing 
any  additional  weight  at  its  centre. 

8.  A  regular  tetrahedron  moves  with  its  vertex  forwards,  in 
a  direction  perpendicular  to  its  base.  Compare  the  resistance  on  the 
oblique  planes  with  that  on  the  base 

9.  If  the  particles  of  an  elastic  fluid  repel  each  other  with  forces 
varying  inversely  as  the  fourth  power  of  their  distances,  the  com- 
pressive force  on  any  portion  varies  as  (density)'. 

10.  Explain  the  method  of  measuring  altitudes  by  means  of  the 
barometer  and  thermometer. 

11.  Two  barometers,  whose  tubes  are  each  /  inches  long,  being 
imperfectly  filled  with  mercury,  are  observed  to  stand  at  the 
heights  h  and  h\  on  one  day,  and  k  and  k'  on  another.  Find  the 
quantity  of  air  left  in  each,  reducing  it  to  the  density  when  the  mer- 
cury is  at  the  standard  altitude  of  30  inches,  and  supposing  the 
temperature  invariable. 

12.  Construct  a  common  forcing-pump ;  and  shew  what  is  the 
force  requisite  t6  force  the  piston  down. 

13.  In  the  common  sucking'*pump,  given  the  lowest  point  to 
which  the  piston  descends,  find  the  length  of  the  stroke  that  the 
pump  may  work. 

14.  A  cylinder  which  floats  upright  in  a  fluid,  is  pressed  down 
below  the  position  of  equilibrium :  when  it  is  left  to  itself,  find  the 
time  of  its  vertical  oscillations,  neglecting  the  resistance. 

15.  A  vessel  generated  by  the  revolution  of  a  portion  of  a  semi- 


bypedbola  ro«iid  it8  eonjugiae  axis,  is  MBplied  by  an  otifiee  at  tbe 

centre  of  the  hyperbola :  find  the  time. 

16.  A  close  vessel  is  filled  with  air  n  times  the  density  of  atao- 
spheric  air.  A  small  orifice  being  made,  through  which  tiie  air 
tushes  mto  a  Tacuumy  find  the  time  elapsed  when  the  density  it 
diminished  one  half. 

17.  A  tube  of  uniform  diameter  consists  of  two  vertical  legs  osn* 
nected  by  a  horizontal  branch.    When  it  is  made  to  revcdve  wi&  a 

S'ven  velocity  round  one  of  its  vertical  legs  as  aniaxis,  find  the 
light  to  which  the  water  will  rise  in  the  other. 

18.  Let  a  spherical  body  descend  in  a  fluid  from  rest;  baviag 
given  the  diameter  of  tlie  sphere  and  its  specific  pavity  rehti^ 
to  that  of  the  fluid,  it  is  required  to  assign  the  time  in  which  the 
sphere  describes  any  given  space* 

tl9.  If  the  density  of  a  medium  vary  inversely  as  the  distance 
from  a  center,  and  the  centripetal  force  inversely  as  any  power  of 
the  distance  from  the  same  centre,  a  body  may  describe  a  loga- 
rithmic spiral  about  that  point. 

20.  If  the  resistance  on  a  body  which  oscillates  small  ar^  in  t 
fluid  vary  as  the  n^  power  of  the  velocity,  the  difference  ef  the 
arcs  of  descent  and  ascent  will  vary  as  the  n^  power  of  the  whoie 
arc. 


TRINITY  COLLEGE. 
1820. 

OPTICS. 


1.  OivEV  the  distance  of  the  focus  of  incident  rays  from  tiie 
centre  of  a  given  spherical  reflector ;  find  the  distance  of  the  geo- 
metrical focus  of  reflected  rays  from  the  centre,  when  they  are  iao* 
dent  nearly  perpendicularly. 

2.  Given  the  position  of  an  object  placed  between  two  plane  is* 
iiectors  inclined  at  a  given  angle ;  find  the  total  namber  of  images, 
and  apply  it  to  the  case  where  the  angle  of  inclination  is  equal  to 
11°   15'. 

3.  A  straight  line  is  placed  before  a  concave  spherical  refledor, 
at  the  distance  of  one-third  of  its  radius  from  the  surface ;  find  tk 
dimensions  of  the  curve  formed  by  its  image,  theradina  of  reflects 
bein^  9  inches. 
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4.  Having  given  the  ratio  of  the  sines  of  incidence  and  refraction, 
"wben  a  ray  passes  out  of  one  medium  into  each  of  two  others^  to 
find  the  ratio  of  the  sine  of  incidence  to  the  sine  of  refraction  out 
of  one  of  the  latter  mediums  into  the  other. 

5.  When  parallel  rays  are  incident  nearly  perpendicularly  upon  a 
spherical  refracting  surface,  the  distance  of  the  intersection  of  the 
refracted  ray  and  the  axis,  from  the  centre,  is  .the  greatest  when  the 
sure  is  evanescent. 

6.  A  pencil  of  parallel  rays  passes  from  water  through  a  glo- 
bule of  air ;  find  the  focus  auer  the  second  refraction. 

7.  Find  the  focal  length  of  a  compound  lens. 

8.  Explain  the  construction  of  Newton's  telescope,  and  shew  faow 
it  must  be  adjusted  to  the  eye  of  a  long-sjghted  piersoo. 

9.  An  object  whose'  real  depth  below  the  surface  of  the  water  is 
ten  feet,  is  viewed  by  an  eye  fifteen  feet  above  the  surface.  What 
must  be  the  focal  length  of  a  lens  through  which  it  is  viewed,  that 
its  ajpparent  depth  may  be  ten  feet  ? 

10.  If  a  plane  mirror  be  turned  round  uniformly,  the  angular 
velocity  of  the  image  of  a  given  object  formed  by  continual  reflec- 
tion at  its  surface   :  angular  velocity  of  reflector  :;  2  :  1. 

1 1 .  The  radii  of  a  spherical  reflector  and  sphere  of  glass  of  same' 
aperture  and  power  are  in  the  proportion  of  3  :  1.  Compare  the 
density  of  rays  in  sun's  image  formed  by  them. 

12.  Two  straight  lines  are  inclined  at  a  given  angle,  and  a  point  E 
is  given  without  them,  a  line  E  F/  moves  round  the  point  E,  and 
cats  the  given  lines  in  F  and/;  find  the  locus  of  the  mirror  D,  so 
dmt/shall  always  be  the  image  of  F. 

13.  Suppose  a  mirror  M  to  move  in  a  straight  line  AB,  and  an 
object  D  in  the  line  AC  at  right  angles  to  it,  and  distance  between 
object  and  mirror  to  be  constant ;  to  determine  the  locus  of  an  eye, 
which  beine  always  at  the  same  distance  as  the  object  from  the 
mirror,  shali  always  see  the  object. 

14.  Having  given  the  refracting  powers  of  two  mediums,  to  find 
the  ratio  of  the  focal  lengths  of  a  convex  and  concave  lens,  formed 
of  these  substances,  which,  when  united,  produce  images  nearly  free 
from  colour. 

15.  When  a  ray  of  light  is  incident  obliquely  upon  a  spherical 
reflector,  to  determine  the  intersection  of  the  reflected  ray  and  the 
axis  of  the  pencil  to  which  it  belongs,  and  shew  that  when  the  focal 
leneth  is  given,  the  longitudinal  aberration  of  parallel  rays  varies 
as  (lin.  apert)^  and  lateral  aberration  varies  as  Hin.  apert.)^. 

16.  If  an  objectf  be  placed  in  the  principal  locus  of  a  double 
convex  lens,  the  visual  angle  is  the  same,  whatever  be  the  distance 
of  the  eye  from  the  glass. 

17.  Find  the  length  of  a  caustic  generally,  and  apply  it  to 
the  case  when  the  reflecting  curve  is  a  semicycloid,  rays  parallel 
to  axis. 

18.  Find  the  density  of  rays  in  a  caustic,  when  reflecting  surface 
is  a  hemisphere^  radiating  point  in  surface. 
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TRINITY  COLLEGE. 
1816. 

ASTRONOMY. 


1.  What  are  the  situations  of  the  Sun^  Moon,  and  Earth 
at  the  time  of  full  Moon— of  new  Moon— of  half  Moont  Whit 
are  the  situations  of  the  bodies  at  the  time  of  a  Lunar  eclipse  ? 

2.  The  longest  day  is  (»)  hours  more  than  a  day  at  the  equator: 
what  is  the  latitude  of  the  place  ? 

3*  Given  the  synodic  year  of  a  Planet ;  compare  the  radios  of 
its  orbit  with  that  of  the  Earth's. 

4.  What  is  the  elongation  of  Venus  from  the  Earth  when  she 
will  appear  stationary  \  Their  mean  daily  motions  being  known, 
compute  the  time  when  that  appearance  will  take  place. 

5.  Find  the  time  of  shortest  twilight  for  a  given  north  latitude : 
and  shew  that  then  the  Sun's  azimuths  at  the  beginning  and  end 
of  twilight  are  supplements  of  each  other,  and  that  the  Son's  de- 
clination is  south. 

6.  A  Star,  as  it  leaves  the  prime  vertical,  is  observed  to  have  aa 
increase  of  azimuth,  which  is,  to  the  contemporary  increase  of  alti. 
tude,  : :  a\h.   Required  the  latitude  of  the  place. 

7.  The  latitudes  of  two  Stars  which  have  the  same  right*ascen* 
sion,  are  given,  and  also  their  difference  of  longitude.     Dedocedia 

I  longitude  of  each  and  the  right-ascension. 

8.  A  telescope  deviates  ^om  the  plane  of  the  meridian  by  a 
small  angle :  and  it  is  observed,  that  the  time  elapsed  between  the 
appulses  of  two  known  Stars  to  it  is  not  equal  to  their  difference  of 
rignt-ascension  converted  into  time.     Correct  the  deviation. 

9.  The  increments  of  gravity  in  moving  from  the  equator  to 

the  pole,  are  proportional  to  'he  sin^*  of  lat. ;  the  Earth  being  sop' 
posed  a  sphere. 

10.  Given  the  lengths  of  two  pendulums  vibrating  seconds  in  two 
places  of  known  latitude.  Find  the  eccentricity  of  the  ellipse,  bv 
the  revolution  of  which  round  the  polar  diameter,  the  Earth  woula 
be  generated. 

11.  The  Earth  moves  in  an  ellipse  round  the  Sun  in  the 
focus  :  Required  the  law  of  the  force  by  which  it  is  retained  in  tbe 
orbit. 

12.  The  periodic  times  in  different  ellipses  round  the  same  centre 
of  force,  are  in  the  sesquipllcate  ratio  of  the  major  axes. 

13.  Prove  the  law  of  variation  of  the  angular  velocities  of  dif- 
ferent bodies,  revolving  in  their  orbits  round  the  same  centre  of 
force ;  and  find  when  that  part  of  the  equation  of  time  arising 
from  the  unequal  angular  motion  of  the  Sun  in  the  ecliptic  is  s 
maximum. 
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14.  Find  the  trae  anomaly  in  terms  of  the  eccentric. 

15.  Give  a  formula  for  clearing  the  Moon's  distance  of  the 
effects  of  refraction  and  parallax, 

1 6.  Correct  the  meridian  line  as  determined  by  the  method  of 
equal  altitudes — the  Sun  having  changed  his  declination  by  a 
given  quantity,  during  the  interval  of  the  two  observations. 

17.  What  would  be  the  curve  of  aberration  of  a  Star,  if  the 
£arth  were  to  move  in  an  ellipse  round  the  centre? 

18.  Find  the  effect  of  aberration  on  the  right-ascensions  and 
declinations  of  Stars.  Investigate,  in  each  case,  the  position  of 
the  Earth  when  that  effect  =  0. 

19.  Investigate  the  dimensions  of  the  Conic  section  traced  out 
in  the  course  of  a  given  day  at  a  given  latitude,  by  the  extremity 
of  the  shadow  cast  upon  an  horizontal  plane,  by  a  style  perpendi- 
cular to  it. 

20.  Explain  the  principle  of  the  Sextant :  and  the  division  and 
use  of  the  Vernier. 

21.  Compare  the  densities  of  the  Sun  and  Eafth ;  the  periodic 
times  of  the  Earth  and  Moon,  and  the  Moon's  horizontal  parallax 
being  known. 


TRINITY  COLLEGE. 

1817. 

ASTRONOMY, 


1.  By  what  arguments  is  it  inferred  that  the  Earth  revolves 
about  its  axis,  and  about  the  Sun  ? 

%  Find  the  right  ascension  and  declination  of  a  comet,  when 
its  distance  from  two  known  stars  is  given. 

3.  Required  the  time  of  the  Sun's  transit  over  the  vertical  wires 
of  a  telescope,  on  a  given  day  at  a  given  place. 

4.  The  apparent  meridian  altitude  of  the  Sun's  lower  limb=: 
53^  40',  his  apparent  semi-diameter  =  15^  50',  his  mean  refrac- 
tion =29",  the  parallax  =  4".5,  collimation  =  34".5,  and  decli- 
nation =  16®  13'.     Find  the  latitude  of  the  place  of  observation. 

5.  The  altitude  of  the  Sun  was  observed  to  be  half  of  his  decli- 
nation at  6  o'clock.  Prove  that  twice  the  sine  of  the  latitude  of  the 
place  =  the  secant  of  the  Sun's  altitude. 

6.  There  are  two  places  on  the  same  meridian,  whose  latitudes 

VOL.  II.  2  X 


690  APPENDIX. 

i 

are  the  complements  of  each  other ;  and  on  a  ^vea  day  tibel 
rises  an  hour  sooner  at  one  place  than  at  the  other.  Required 
latitudes  of  the  two  places. 

7.  If  A  and  a  be  the  altitudes  of  a  star,  on  the  same 
circle  on  the  same  day^  (d)  the  declination  of  the  star»  and  (i)  lie  ^ 

.     I        cos.  — ^j — 

Jatitude  of  the  place,  ii—  --  ;  Required  a  pxoot 

sin.cf                A+a 
sm.   

2 

8.  Construct  a  vertical  south-east  dial,  for  a  given  place. 

9.  When  the  Sun  is  in  the  equinoctial,  the  locus  of  the  extxe- 
mities  of  the  shadow  cast  by  a  perpendicular  object  upon  an  hon- 
SEontiU  plane  is  a  straight  line. 

10.  If  a  body  revolve  uniformly  in  a  circular  orbit,  it  is  retainri 
in  that  orbit  by  a  force  which  tends  to  the  centre  of  the  circle; 

1 
and  if  the  periodic  times  in  such  circle  aR*,  the  force  OD  ^^' 

il.  Determine  the  quantity  of  refraction  by  observations  made 
upon  the  circumpolar  stars.    When  will  this  method  fail  ? 

12.  The  parallax  of  a  planet  in  right  ascension  being  given,  h 
is  required  to  find  the  distance  of  the  planet  from  the  earth's 

'  centre,  the  earth  being  supposed  spherical. 

13.  The  sine  of  the  excentric  anomaly  :  the  sine  of  the  true 
anomaly  : :  the  radius  vector  :  the  semi-axis  minor. 

14.  Find  the  distance  of  a  planet  from  th«  Sun. 

15.  Suppose  an  eclipse  of  the  Moon  to  last  three  hours  ;  to  how 
great  a  portion  of  the  £arth  will  some  part  of  it  be  visible  ? 

16.  Prove  that  when  the  first  point  of  Aries  rises,  the  ecliptic 
makes  the  least  angle  with  the  horizon ;  and  -explain  from  thence 
the  phenomenon  of  thfe  harvest  Moon. 

17.  When  will  the  right  ascension  and  declination  of  a  star  be 
diminished,  and  when  increased,  bylhe  retrograde  motion  of  the 
equinoctial  points  ? 

18.  The  equation  of  time  arising  from  the  obliquity  of  the 
ecliptic  is  a  maximum,  when  the  cosine  of  the  Sun's  declination  b 
a  mean  proportional  between  the  radius  and  the  cosine  of  the 
obliquity. 

19.  i^nd  the  aberration  of  a  star  in  latitude  on  a  given  day,  and 
also  the  aberration  of  a  planet  in  longitude. 

20.  Explain  the  method  of  determining  the  difference  of  longi- 
tude of  two  places  on  the  Earth's  surface,  by  means  of  a  chroD<h 
meter ;  and  state  the  errors  to  which  this  method  is  liable. 


691 


ST.  JOHN'S  COLLEGE. 
June  1820. 

ASTRONOMY. 


l«  If  two  sides  of  a  spherical  triangle  be  equal  to  a  semicircle, 
the  arc  drawn  from  the  vertex  bisecting  the  base  is  a  quadrant. 

2.  If  two  sides  of  a  spherical  triangle  be  less  than  a  semicircle, 
the  angle  opposite  the  less  side  is  less  than  90  degrees. 

3.  If  a  great  circle  be  %tereog^aphically  projected,  the  radius  of 
the  projection  is  the  secant,  and  the  distance  of  its  centre  from  the 
centre  of  the  primitive  is  the  tangent  of  the  inclination  of  the 
circle  to  the  primitive. 

4.  Having  given  the  Sun's  declination  and  diameter,  and  the 
latitude  of  the  place ;  find  how  long  the  disk  is  in  rising. 

5.  Find  die  absolute  quantity  of  refraction  for  considerable 
altitudes  according  to  Boscovich's  method. 

6.  On  a  certain  island  the  Sun  was  observed  to  be  vertical  when 
on  the  meridian.  The  decliuation  was  found  from  the  tables  to  be 
D  degrees ;  and  the  time  of  sunrise  at  Greenwich  to  be  T,  and  of 
sunset  t  hours  before  that  observed  by  the  chronometer.  Find 
the  distance  and  bearing  of  the  place  from  Greenwich. 

7.  Having  given  the  Sun's  rising  amplitude  and  altitude  when 
on  the  prime  vertical,  determine  the  latitude  of  the  place. 

8.  The  Sun*s  declination  which  is  given,  is' greater  than  the 
co-latitude  which  is  also  given.  Determine  the  nature  and  dimen- 
sions of  the  curve,  which  is  traced  out  by  the  end  of  the  shadow 
of  a  vertical  stick  on  an  horizontal  plane. 

9.  Determine,  from  three  observations  of  a  spot  on  the  Sun's 
disk,  the  inclination  of  the  Sun's  equator  to  the  ecliptic,  the  longi* 
tude  of  the  ascending  node,  and  the  time  of  the  Sun's  revolution 
on  its  axis. 

10.  When  a  planet  is  stationary,  the  horary  change  in  elongation 
is  to  the  horary  change  in  annual  parallax  as  the  periodic  time  of 
the  planet  to  the  periodic  time  of  the  Earth. 

11.  Find  the  shape  and  dimensions  of  the  Moon's  penumbra. 

12.  Explain  how  the  Sun's  parallax  may  be  found  by  the  transit 
of  the  inferior  planets. 

13.  By  the  effect  of  aberration,  a  Star's  latitude  its  least  when, 
die  Sun's  place  is  90  degrees  before  the  Star's  place  in  the  ecliptic, 
and  from  diat  time  the  increment  in  latitude  varies  as  the  versed 
sine  of  the  Sun's  longitude,  reckoned  from  that  point. 

14.  The  longitude  is  least  when  the  Sun  is  in  syzygy  with  ths 
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Star,  and  from  that  time  the  increinent  in  longitude  vrill  vary  as  At 
versed  sine  of  the  Sun's  longitude  reckoned  from  that  point. 

15.  If  a  Star  be  situated  very  near  the  pole  of  the  ecliptic,  the 
decrement  of  the  apparent  longitude  varies  as  the  versed  sine  of 
the  Sun's  longitude,  reckoned  from  a  point  90  degrees  behind  tk 
Starts  place  in  the  ecliptic. 


TRINITY  COLLEGE. 

1820. 

ASTRONOMY. 


1.  ExPLAil7  the  construction  and  use  of  the  Vernier.  Within 
what  limits  may  angles  be  read  off  by  an  instrument  of  which  the 
arc  is  subdivided  to  20',  and  20  divisions  of  the  Vernier  are  equal 
to  19  of  the  arc? 

2.  Explain  the  mode  of  correcting  a  small  error  in  the  meiidiaa 
plane  by  observations  made  with  a  transit-instrument  on  a  circum- 
polar  star.  Supposing  the  time  between  the  lower  and  upper 
transit  =:  T,  and  between  the  upper  and  lower  =  T  +  *,  work  out 
the  proper  correction. 

3.  Determine  the  obliquity  of  the  ecliptic  by  meridian  altitudes, 
taken  on  successive  days  before  and  after  the  solstice,  and  apply 
the  proper  corrections. 

.   4.  £xplain  the  mode  of  determining  the  lengths  of  a  sidereal 
and  solar  year. 

5.  Assuming  the  length  of  a  solar  year  to  be  365c2.  5A.  48'  48\ 
determine  the  correction  of  the  civil  year,  in  order  that  it  may 
always  nearly  coincide  with  the  solar. 

6.  Under  what  circumstances  is  a  star  said  to  nse  or  set  cosmi- 
cally,  achronically,  and  heliacally  ? 

7.  **  Hesiod  says  that  sixty  days  after  the  winter  solstice  the 
jBtar  Arcturus  rose  at  sun-set :  from  which  it  follows  that  Hesiod 
lived  about  100  years  after  the  death  of  Solomon."  TSir  Isaac 
Newton's  Chronology).  Exhibit  the  calculations  on  wtiich  this 
conclusion  is  founded. 

8.  When  the  Sun  is  in  either  of  the  equinoctial  points,  deter- 
mine the  locus  of  the  extremities  of  the  shadow  of  a  perpendicular 
style  on  a  horizontal  plane. 

9.  When  the  Sun  is  in  either  of  the  equinoctial  points,  and  thi 
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style  of  the  dial  is  perpendicular  to  the  horizontal  plane  on  which 
the  hour-lines  are  drawn,  determine  the  construction  of  the  dial. 

10.  Upon  what  experiments  does  it  appear  that  in  the  passage 
of  a  ray  of  light  through  a  variable  medium  like  our  atmosphere, 
the  sine  of  incidence  is  to  the  sine  of  refraction  in  a  constant 
ratio? 

1 U  Explain  the  mode  by  which  Bradley  obtained  the  fdlowing 
formula : 

/  Ai\r\ 

RefracUon  =  ^  X  tai..  (z-3r)  x  67"  x  -535-:^^  . 

a  £=  altitude  of  the  barometer  in  inches 
29.6  =  mean  altitude  of  do. 
z  =  zenith  distance 
r  =  57"  X  tan  2 
h  =  heisrht  of  Fahrenheit's  thermometer  in  inches. 

12.  DeBne  parallax,  and  determine  the  law  of  its  variation  for 
the  same  body  at  different  altitudes. 

13.  Explain  the  mode  by  which  (a)  the  effect  of  parallax  in 
rioht  ascension  may  be  observed,  and  prove  that  the  horizontal 

11      —       15  X  g  X  cos,  dec". 
^  ^  cos.  lat.  X  sin.  hour-angle  ' 

14.  If  the  velocity  of  the  Earth  be  in  a  finite  ratio  to  the  velocity 
of  light;  (1)  find  the  direction  in  which  a  telescope  must  be  held,, 
in  order  tnat  a  given  heavenly  object  may  appear  in  its  axis: 
(2)  On  the  same  hypothesis  shew  that  a  ray  of  light  proceeding 
from  a  heavenly  body  must  strike  the  retina  at  a  different  point 
from  what  it  would  do  if  the  eye  of  the  spectator  were  at  rest ; 
and  therefore,  by  the  laws  of  vision,  that  the  apparent  place  will 
differ  from  the  true  place  of  the  body.  Shew  that  the  quantity  and 
direction  of  aberration  are  the  same  on  either  of  the  two  preceding 
considerations. 

15.  Write  down  the  expressions  for  the  aberration  in  latitude 
and  longitude,  and  determine  for  any  given  star;  when  the  correc- 
tions are  positive,  and  when  negative. 

16.  Bradley  observed, 

(1)  **  That  each  star  was  farthest  north  when  it  came  to 
the  meridian  about  six  o'clock  in  the  evening,  and 
farthest  south  when  it  came  about  six  in  the 
morning." 
(3)  "  That  in  both  stars  the  apparent  difference  of  decli- 
nation from  the  maxima,  was  always  nearly  pro- 
portional to  the  versed  sine  of  the  Sun's  distance 
from  the  equinoctial  points.*' 

Confirm  these  observations,  and  shew  that  they  only  apply  to  stars 

situated  near  the  solstitial  colure. 

17.  Prove  that  in  elliptical  orbits  of  small  eccentricitVi  the 
greatest  equation  to  the  centre  is  twice  the  eccentricity. 

18.  Explain  the  mode  of  correctly  determining  the  longitude  of 
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the  Earth*s  apop^e :  and  state  at  what  era  in  the  history  of  nus- 
kind  the  line  of  the  apsides  coincided  with  the  line  of  the 
equinoxes. 

19.  Giyen  the  place  of  a  planet  as  seen  from  the  Earth,  find  its 
place  as  seen  from  the  Sun,  exhibiting  the  formulas  of  heUocehtric 
latitude  and  longitude. 

20.  Account  for  the  Moon's  vibration  in  longitude. 

21.  Find  the  lunar  and  solar  ecliptic  limits;  and  thence  deter- 
mine the  greatest  and  least  number  of  eclipses^  of  either  kind,  that 
can  happen  in  one  year. 

22.  Suppose  the  Moon's  right  ascension  to  be  exactly  knowi, 
when  the  Sun  is  on  the  meridian ;  determine  when  the  Mooo*s 
centre  will  be  on  the  meridian. 

23.  Determine  the  difference  of  the  longitudes  of  two  places  on 
the  Earth^s  surface,  by  observations  on  the  passage  of  the  Mocm's 
centre  over  the  meridian. 

24.  If  a  small  error  be  made  in  the  assumed  distance  betweei 
two  meridians,  shew  how  that  error  may  be  corrected  by  obserfa- 
tioQS  on  the  occultation  of  a  fixed  star. 


TRINITY  COLLEGE. 

1820.  , 

NEWTON  AND  CONICS, 


1.  Explain  by  short  examples,  the  method  of  exhaustions,  of 
indivisibles,  and  of  prime  and  ultimate  ratios. 

2.  Prove  that  if  a  radius  vector  be  drawn  bisecting  any  arc,  it 
must  ultimately  bisect  the  chord. 

3.  If  a  straight  line  EDA  make  with  the  curve  CBA  a  pvea 
angle  at  the  point  A,  and  the  ordinates  CE,  BD  be  drawn ;  tbe 
triangles  ACE  ABD,  are  ultimately  in  the  duplicate  ratio  of  tbe 
sides. 

'  4.  Let  AB  be  the  subtense  of  the  arc,  AD  the  tangent,  BD  the 
subtense  of  the  angle  of  contact  perpendicular  to  the  tangent,  as  in 
the  11th  lemma:  then  let  a  series  of  curves  be  drawn  in  which 
DB  oc  AD*,  AD",  AD',  &c.,  the  angle  of  contact  in  each  succeed- 
ing case  will  be  infinitely  less  than  in  the  preceding. 

5,  If  the  areas  (described  by  the  radius  vector  are  not  proper* 
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tional  to  the  times,  the  revolviog  body  is  not  acted  on  solely  by  a 
force  towards  a  fixed  qBatre. 

6.  If  a  body  be  acted  on  by  a  given  force  and  revolve  in  a  circle, 
the  arc  described  in  any  given  tijtne  is  a  mean  proportional  between 
the  diameter  of  the  circle  and  the  space  through  which  a  body 
would  descend  in  the  same  time  from  rest  if  acted  on  by  the  same 
force. 

7.  The  velocity  at  any  point  of  a  curve  described  round  a  centre 
of  force  =  the  velocity  which  a  body,  acted  on  by  the  given  force 
at  that  point,  would  acquire  by  descending  through  ^  part  of  the 
chord  of  curvature. 

8.  Given  the  force  of  gravity  r=  32  feet,  and  the  radius  of  the 
earth  =r  4000  miles ;  deduce  a  numerical  comparison  between  the 
force  of  gravity  and  the  centrifugal  force  at  the  equator. 

9.  If  a  heavy  body  be  whirled  round  in  a  vertical  plane,  and  the 
centrifugal  force  at  the  top  just  keep  the  string  extended ;  what 
ivill  be  the  tension  of  the  string  at  the  lowest  point  of  rotation  ? 

10.  In  any  orbit,  let  x  =  dist.  p  zz  perpendicular  on  the  tangent : 

centripetal  force  oc  — ^ .    Apply  this  expression  to  determine  the 

law  of  the  force  in  an  ellipse  round  the  centre,  and  in  a  circle  with 
the  centre  of  force  in  the  circumference. 

11.  Deduce  expressions  for  the  chord  of  curvature  passing 
through  the  focus,  and  the  diameter  of  the  curvature  at  any  point 
of  an  ellipse. 

12.  All  parallelograms  described  about  any  conjugate  diameters 
of  a  given  ellipse  or  hyperbola  are  of  equal  area. 

13.  Compare  the  centripetal  and  centrifugal  forces  at  any  point 
of  an  orbit ;  prove  that  in  an  ellipse  round  the  centre,  tliere  are  four 
points  where  these  forces  are  equal. 

14.  Prove  (Newton,  Prop.  XL)  that  GwXvP  :  Qv'irCP* :  CD*. 

15.  The  perpendicular  from  the  focus  of  a  parabola  upon  the 
tangent  is  a  mean  proportional  between  the  focal  distances  of  the 
point  of  contact  and  the  vertex. 

16.  Prove  that  the  force  tending  to  the  focus  of  a  para- 
bola oc  -^' 

17.  The  velocity  of  a  body  revolving  in  a  parabola  round  the 
focus  =  the  velocity  of  a  b6dy  revolving  in  a  circle  at  half  the 
distance. 

IS.  If  two  bodies  revolve  in  an  ellipse  in  the  same  periodic  time ; 
one  about  the  focus,  and  the  other  about  the  centre ;  compare  the 
forces  towards  these  centres  at  the  extremities  of  the  major  axis,  and 
find  the  distance  from  the  centres  at  which  the  forces  are  equal. 

19.  If  the  force  oc  j^  and  a  body  be  projected  in  any  direc- 
tion, except  directly  to  or  from  the  centre  of  force  j  prove  that  it 
will  describe  a  conic  section,  and  point  out  the  relation  between 
the  velocity  of  projection  and  the  particular  curve  described. 
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1820. 

NEWTON'S  PRINCIPIA.    Book  I. 


1.  (1)  The  centripetal  force  (F)  in  any  curve  =  Q. — £-,  (p) 

being  the  perpendicular  from  the  centre  of  force  on 
the  tangent,  at  distance  (or).     Determine  Q. 
(2)  Find  the  value  of  (F)  in  the  ellipse — the  force  tending  to 
the  centre. 

2.  If  a  body  be  acted  on  by  two  forces  tending  to  two  fixed 
centres,  it  will  describe,  about  the  straight  line  joining  those  centres, 
equal  solids  in  equal  times. 

3:  A  body  describes  a  parabola  about  a  centre  of  force  situated 
in  the  focus : 

(1)  Find  its  position  at  any  assigned  time.     * 

(2)  Given  two  distances  from  the  focus,  and  the  difiereoce 

of  anomalies.     Find  the  true  anomaly* 

4.  The  time  of  a  body's  descent,  in  a  right  line,  towards  a  giten 

centre  of  force  varies  as  -—: — —  from  that  centre.     Required  the 

(dist.)  ^ 

law  of  the  variation  of  the  force. 

5.  A  body  at  P  is  urged  by  an  uniformly-accelerating  foitc  in 
the  direction  PS,  and  at  the  same  time  is  impelled  in  the  opposite 

direction  by  a  force  varying  as  -y- — --  from  S.    Find  its  velocit? 

(dist.)  ' 

at  any  point  N. 

6.  In  the  logarithmic  spiral  find  an  expression  for  the  time  of  a 
body's  descent  from  a  given  point  to  the  centre,  and  prove  that 
tlie  times  oi  successive  revolutions  are  in  geometrical  pn^ression. 

7.  A  body  acted  on  by  a  force  varying  as  — i-—  from  the  centfe. 

(dist.)"  ' 

is  projected  from  a  given  point,  in  a  given  direction,  and  with  a 
given  velocity. 

(1)  Find  the  equation  to  the  trajectory  described. 

(2)  Determine  in  what  cases  the  body  will  fall  into  the 

centre,  or  go  off  to  infinity. 

8.  The  force  varying  as  ^^  ,  shew  under  what  restricUoM 
^f  the  velocity  of  projection,  the  body's  approach  towanis  thu 
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centre,  and  its  recess  towards  infinity,  will  be  limited  by  asgnUotio 
circies, 

9.  The  difference  of  the  forces  by  which  a  body  may  be  made 
to  move  in  the  quiescent  and  in  the  moveable  orbit  varies  as 

— : — --  from  the  centre. 
<dist.)^ 

10.  (1)  Deduce  the  equation  to  the  orbit  in  fixed  space. 

(2)  Shew  that  when  any  one  of  Cotes's  three  fast  spirals  is 
made  the  moveable  orbit,  the  orbit  in  fixed  space  will 
be  one  of  the  same  species. 
IL  Why  are  the  principles  of  the  9th  section  inapplicable  to 
the  comvlete  explanation  of  the  planetarv  motions? 

12.  Make  a  body  oscillate  in  a  given  hypocycloid. 

13.  Given  the  position  of  a  body  on  a  rigid  logarithmic  spiral 

which  it  is  made  to  describe  by  a  force  varying  as  --r — rr  from  the 

(dist.)' 

pole,  find 

(V\  The  point  where  the  body  will  leave  the  spiral* 

(2)  The  time  of  arriving  at  that  point. 

(3)  Ihe  elements  of  the  orbit  which  it  will  then  describe. 

14.  Demonstrate  the  66th  Proposition. 

15.  Find  expressions  for  the  disturbing  forces  on  P  when  at  a 
given  distance  from  quadratures. 

16.  If  ST  and  the  absolute  force  of  S  be  changed,  the  periodic 

linear  errors  of  P  vary  as  • — r-; — r^;rr  •     Pr-  66.     Cor.  14. 

^        (Period  of  T)« 

17.  Prove  that  the  mean  disturbing  force  on  the  moon  in  a 
whole  revolution  :=  -*-  -J^  the  mean  addititious  force. 

1 8.  When  the  force  varies  as  the  (dist.),  shew  that  there  will  be 
no  disturbance. 

(1)  Had  this  law  pervaded  the  universe,  what  would  have 

been  the  consequence  ? 

(2)  On  what  circumstances  in  the  variations  of  the  elements 

of  the  orbits  does  the  stability  of  the  planetary  system 
depend  ? 

19.  S  is  the  centre,  SA  the  radius  of  a  sphere,  each  of  whose 

particles  has  an  attractive  force  varying  as  — . — -^ .    Having  as* 

IvIlSv.  ) 

sumed  in  SA  produced  any  point  P,  and  having  taken  SP  :  SA  :: 
SA  :  SI,  find  the  ratio  of  the  attractions  which  the  whole  sphere 
exerts  on  equal  corpuscles  placed  at  P  and  I. 

20.  The  attractions  of  ellipsoids  upon  particles  placed  on  the 
surface  urging  them  in  directions  perpendicular  to  any  principal 
section  are  proporUonal  to  the  distances  of  the  particles  from  that 
section. 

^1 .  Prove  that  a  shell  of  homogeneous  matter  contained  betweei^ 
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t^o  concentric  spherical  surfaces,  will  attract  a  particle  placri 
without  it  in  the  same  manner  as  if  all  the  matter  were  collected  is 
the  centre,  in  the  following  cases  : 

(n  When  the  law  of  attraction  is  that  which  obtains  in  nature. 

(2;  When  it  varies  as  the  distance. 

(3)  When  it  =  Ax  +  — _ ,  (a:)  being  the  distance. 


ST.  JOHN'S  COLLEGE. 
Junk,  1820, 

NEWTON. 


1.  Explain  what  is  meant  by  continued  finite  cunrature*  Shew 
that  if  QP  be  any  arc  of  a  curve,  and  QR  a  subtense  perpeodi- 

cular  to  the  tangent,  limit  -^ —  =  diameter  of  curvature  at  die 

QR 

point  P ;  and  apply  tbis  expression  for  finding  the  diameter  of  eur- 
-^ture  at  the  vertex  of  a  cycloid. 

2.  Let  AB  be  any  arc  of  a  curve  of  finite  curvature,  AE,  BE 
normals  at  A  and  B  meeting  in  K,  and  BG  perpendicular  to  the 
chord  AB  meeting  AK  in  G ;  prove  that  in  the  limit  AK  :  AG 
Ct  1    I  "• 

3.  Investigate  the  relation  between  the  centripetal  and  centri- 
fugal forces  at  any  point  in  any  orbit :  the  equation  to  the  curve  in 
which  they  are  equal ;  and  the  law  of  the  force  by  which  it  will  be 
described. 

4.  If  the  force  «  —  and  a  body  descend  in  a  straight  line; 

find  the  velocity  and  time  corresponding  to  any  given  space  by 
Newton,  Prop.  39.  Cor.  2,  3. 

5.  If  a  body  be  projected  in  any  direction  from  a  given  point 
above  a  given  plane,  and  be  acted  upon  by  a  force  perpendicular 
to  the  planej  and  varying  inversely  as  the  nth  power  of  the  dis- 
tance from  it ;  find  the  equation  to  the  trajectory,  and  shew  for 
what  values  of  n,  that  equation  will  be  expressed  in  finite  terms. 

6.  A  body  begins  to  fall  from  A  to  a  centre  of  force  S,  varying 
inversely  as  the  cube  of  the  distance  j  find  the  nature  of  the  cnive 
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-AP,  when  the  time  down  AN  is  equal  to  the  time  of  dcscrihingNP 
"With  the  velocity  acquired  at.  N. 

7.  Find  generally  the  equation  to  the  orhit  in  fixed  space  in' 
Sec.  9,  and  from  that  equation,  shew  that  the  difference  offeree  in 

1  * 

the  fixed  and  moveable  orbit  varies  as  —  • 

8.  If  the  force  vary  as  A%  shew  that  the  angle  between  the  ap-« 
sides  in  orbits  nearly  circular  :=  ^  »  nearly ^  and  when  n  =  1 

explain  the  reason  why  we  obtain  an  accurate  result.  ' 

9.  Find  the  nature  of  the  curve  which  by  its  rotation  round  its 
axis  will  generate  a  surface,  in  which  the  times  of  revolution  in 
circles  parallel  to  the  horizon  shall  be  equal  at  all  altitudes. 

.10.  If  a  string  will  just  bear  (p)  pounds;  through  what  angle* 
must  it  be  made  to  oscillate  with  a  weight  (9)  less  than  (p)  at  its 
extremity  so  that  it  mky  all  but  break  ? 

11.  Investigate  an  expression  for  the  tangential  force  in  P's  orbit 
supposed  circular,  and  find  the  velocity  generated  by  it  from 
quadrature  to  syzygy. 

12.  Find  those  positions  of  the  apse  of  P's  orbit  where  the  exn 
centricity  is  a  maximum  and  minimum,  and  explain  fully  Newton's 
Tea3oning  in  Cor.  9.  Pr.  6^. 


^QUEEtPS  COLLEGE. 
May,  1819. 

MISCELLANEOUS  PROBLEMS. 


1.  Givs  a  definition  ,of  force;  and  distinguish  between  accele- 
rating and  moving  force. 

2.  The  sum  of  two  forces  is  to  the  compound  force,  when  they 
act  at  an  angle  (6)  as  (»i)  to  (n),  shew  that  the  angle  (1),  which 
the  compound  force  makes  with  either  of  the  other  two,  may  be 
determined  from  the  equation 

COS.  («  —  —  I  =  —    cos.  — 
^        2  )  n  2 

3.  Two  weights  P  and  Q  are  supported  upon  two  inclined  planes 
AB,  BC,  of  given  elevation,  by  a  string  passing  over  a  pulley  at  D.' 
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Find  the  position  of  equitibrium,  and  shew  that  if  the  system  be  ptt 
in  motion  P  :  Q  ::  vel'  of  Q  :  yeV  of  P ;  the  velocities  being iimi^ 
sared  in  a  direction  perpendicular  to  the  horizon. 

4.  AD  is  horizontal,  DC  vertical,  Q  a  weight  connected  vitk 
one  extremity  of  a  beam  AB,  by  a  string  passing  over  a  palley  it 
C,  in  such  a  manner  that  CB  is  vertical.  Find  Q  when  there  is  si 
eqnilibrium,  and  shew  that  the  equilibrium  will  be  maintained, 
wnatever  be  the  position  of  the  beam  AB ;  CB  remaining'  vertkal. 

5.  AB  is  a  vertical  line.  Find  the  nature  of  the  curve  traced 
out  by  C,  such,  that  the  square  of  the  time  down  AC  +  the  square 
of  the  vel^  down  AC  is  a  constant  quantity. 

6.  P  and  Q  are  two  weights  connected  by  a  string  passing  over 
a  fixed  pulley,  whereof  P  is  the  greater :  at  the  end  of  [^')  an  ad- 
ditional weight  (g)  is  annexed  to  Q.  Find  the  velocity  of  P,  after 
any  assigned  time. 

7*  If  a  ball  whose  elasticity  is  to  perfect  elasticity  as  (n)  to  (1), 
impinge  upon  a  perfectly  hard  plane  ;  shew  that  tan.  I  :  tan.  R::n 
:  1,  1  and  R  being  the  singles  of  incidence  and  reflexion. 

8.  If  (d)  be  the  angular  distance  of  a  body  from  the  lowest  point 
in  a  circular  arc  ;  shew  that  the  force  in  the  direction  of  the  arc  is 

to  that  in  the  direction  of  the  chord  as  2  cos.  —  :  I . 

2 

9.  If  a  ball  whose  elasticity  is  to  perfect  elasticity  as  (n)  to  (l) 
be  projected  in  vacuo  at  an  angle  (6)  with  vel''  (V)  ;  prove  that  the 

sum  of  all  the  ranges  will  be  expressed  by  • g  beinj; 

taken  to  represent  gravity,  or  32^  feet. 


1 .  Divide  a  given  cylinder,  containing  two  fluids  of  different 
specific  gravities,  which  will  not  mix,  into  two  parts,  such  that 
the  pressures  on  each  shall  be  equal,  the  depth  of  each  fluid  beio^ 
given. 

2.  If  a  plane  be  immersed  vertically  in  a  fluid  of  which  the  den- 
sity varies  as  the  nth  power  of  the  depth ;  find  the  pressure  upon 
the  whole  plane. 

3.  Having  given  the  specific  gravities  of  wood  and  water,  foA 
the  specific  gravity  of  brass  when  (a)  cubic  inches  of  brass  cod« 
nected  with  (6)  cubic  inches  of  wood  will  just  float. 

4.  Explain  the  reason  why  a  cannon  ball  will  fly  farther  if  a 
motion  of  rotation  be  impressed  upon  it  in  a  direction  perpendicalv 
to  the  line  of  its  motion,  than  if  that  rotatory  motion  took  place  is 
the  direction  of  its  motion. 

6.  How  long  will  a  cylinder  be  in  emptying  itself  by  means  of 
)wo  orifices  of  given  dimensions ;  one  in  the  bottom,  and  anotber 
at  a  given  distance  from  the  bottom. 
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6.  Find  the  diameter  of  a  capillary  tube. 

7.  If  altitudes  be  taken  above  the  earth's  surface  in  arithmetical 
progression,  prove  that  the  altitude  of  the  barometrical  column 
mrill  decrease  in  geometrical  progression. 

8.  There  are  two  barometers,  in  one  of  which  was  left  {viC\  inches » 
ctnd  in  the  other  (n)  inches  of  air.  In  consequence  of  a  change  in 
the  state  of  the  atmosphere,  the  former  fell  \£)  inches.  Find  the 
oorresponding  variation  in  the  latter. 

9.  If  a  body  descend  in  a  medium-  whereof  the  resistance  varies 
as  the  (vel');  find  the  space  described,  corresponding  to  any, 
assigned  time. 


1.  A  ray  of  light  incident  upon  the  concave  surface  of  a  sphe* 
rical  reflector,  in  a  direction  parallel  to  the  axis,  after  two  reflec- 
tions intersects  the  incident  ray  in  a  given  point ;  find  the  angle  of 
incidence. 

2.  In  what  point  of  the  horizontal  line  AB  will  a  given  line  (C), 
in  the  same  plane  with  AB,  appear  the  greatest  ? 

3.  If  (R-)  and  (r)  be  the  radii  of  the  surfaces  of  a  double  convex 
lens,  what  alteration  must  be  made  in  (r),  so  that  the  focal  length 
may  be  increased  (p)  times  ? 

4.  Find  the  focal  length  of  a  double  concave  lens  from  these 
data :— the  distance  of  the  image  from  the  lens,  and  the  ratio  of  the 
object  to  the  image. 

5.  A  cylindrical  vessel  of  given  dimensions  is  so  situated,  that 
an  eye  can  just  see  the  farther  extremity  of  the  diameter.  How 
much  water  must  be  poured  in,  so  that  the  eye  may  just  see  a  (cth) 
part  of  it  ? 

6.  If  a  quadrant  be  immersed  vertically  in  a  fluid,  one  of  its 
radii  being  coincident  with  the  surface ;  find  the  equation  to  the 
image. 

7.  Determine  the  vertical  angle  of  an  isoceles  glass  prism,  such 
that  rays  incident  perpendicular  to  one  side  may  just  be  reflected 
by  the  base  perpendicular  to  the  other. 

8.  If  the  Sun's  light  be  transmitted  through *a  prism,  a^  coloured 
image  of  the  Sun  will  be  formed  on  the  opposite  wall;  and  if  the 
prism  be  turned  round  its  axis,  this  image  will  ascend  and  descend 
alternately.  Shew  that  the  refractions  on  each  side  of  the  refract- 
ing angle  are  equal  at  the  instant  the  image  ceases  to  ascend,  and 
begins  to  descend. 
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PROBLEMS. 
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1.  What  sum  of  money  must  be  laid  out  in  the  3  per  cent,  conob 
at  63^  per  cent  to  produce  an  income  of  £400  a  year  ? 

2.  The  sine  of  any  angle  of  a  plane  triangle  has  to  the  opposite 
side  a  constant  ratio. — What  is  this  ratio  ? 

3.  Find  by  the  method  of  continued  fractions  a  series  of  fractians 

converging  to  V 19. 

4.  Given  the  three  sides  of  a  plane  triangle,  find 

(\^  Its  area, 

(2)  The  radius  of  the  inscribed  circle. 

5.  DuSerentiate  the  following  quantities, 

(1)  tt  =  1      /l+sin.j:. 

^    1— sin.  X 

(2)  u  =  £« 

1  +^ 


1  +  &c.  ad  inf. 

6.  Find  a  number  which  being  divided  by  2,  3,  5,  shall  leave  for 
remainders  1,  2, 3,  respectively. 

7.  The  angles  of  any  plane  triangle  being  A^  B,  C,  prove  that 
\U)  radius  (1),] 

4  sin.  A  .  sin.  B .  sin.  C  =  sin.  2A  +  &in*  2B  +  sin.  2C. 
8f     (1)  Find  the  locus  of  the  vertices  of  all  the  triangles  de- 
scribed on  the  same  base,  when  one  of.  the  angles  atthebsfie 
is  always  double  of  tlie  other. 
(2)  Hence  trisect  a  given  angle. 

9.  Find  the  radius  of  curvature  at  any  point  of  the  [common 
cycloid. 

10.  In  any  spherical  triangle,  the  arcs  of  great  circles  drawn 
from  the  three  angular  points  perpendicular  to  the  opposite  sides 
intersect  in  the  same  point 

11.  Sum  the  following  series : 

(1)        ^         +  1 +  ? +-..to(«)tenns. 

1.2.3.4  2.3.4.5  3.4.5.6  ^^ 


J 
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(3)  --J —  +  — -1  +  — I L  +  .,..  ad  laf. 

^  ^     1.2.3  2.3.4      2  .        3.4.5      2' 

(4)  Sin.  e  +  a:  sin.  2d  +  a;»  sin.  3d  + .  ad  inf. 

12.  A  sphere  of  given  diameter  descends  in  a  fluid,  from  rest, 
by  the  action  of  gravity ;  find  the  greatest  velocity  it  can  acquire, 
ita  specific  gravity  being  (n)  times  that  of  the  fiuid. 

lo.  (1)  Of  ail  quadrilateral  figures  contained  by  four  given 
right  lines  the  greatest  is  that  which  is  inscriptible  in  a 
circle. 

(2)  If  a,  b,  c,  dit  be  the  sides  of  this  quadrilateral,  S  its 
semi-perimeter,  shew  that  its 

area  =  V  K^  - «)  (S-^^)  (S-c)  (S-d)}. 

14.  Find  the  centre  of  gyration  of  a  given  sphere. 

15.  Any  two  right  lines  intersect  each  other  in  space;  having 
given  their  separate  inclinations  to  three  recUmgular  co-ordinates 
passing  through  the  point  of  intersection :  find  their  inclinations  to 
each  other. 

16.  (1)  Trace  the  curve  whose  equation  is  j^'  (c— x)=j:'+6a:', 
ana  find  its  area  when  5  =  0. 

(2)  The  equation  to  a  curve  is  y®  —  axy  +  a*  =  0 ;  find 
the  value  of  the  ordinate  when  a  maximum,  and  the  corre- 
sponding value  of  the  abscissa.  Shew  also  that  it  is  a  maxi- 
mum and  not  a  minimum.  r 

17.  State  the  principle  of  virtual  velocities  ;  and  hence  shew  that 
if  any  system  in  equilibrium,  acted  on  by  gravity  alone,  have  an 
indefinitely  small  motion  communicated  to  its  parts,  its  centre  of 
gravity  will  neither  ascend  nor  descend. 

18.  Iategrate(l),-^-f[f (2)  7^.    (3)  tAv- 

V  A  +  Bx  +  Co;'  1  +  X'J  {cos.6>» 

*  and  find  the  relation  of  {x)  to  {y)  in  the  equations 

(1)  xdy  —  ydx  s=  ydx  log.  —  •  * 

X 

^)  (ir  +  x^dx  i=z  dy  +  ydx. 

19.  If  two  weights  acting  upon  a  wheel  and  axle  put  the  ma- 
chine in  motion,  find  the  pressure  upon  the  axis  without  taking 
into  account  the  machine's  inertia. 

20.  If  (a)  and  (b)  denote  the  semi-axis  of  an  ellipse,  (9)  the  an- 
gle at  which  the  radius  of  curvature  (r)  at  any  point  cuts  the  axis, 
prove  that 

a' 


•*6* 


(a*cos.«fi+6*sin.»0)J 

21.  The  roots  of  the  equation  of  —  yx*"*  +  qaf"^-^  kc.  =  Q, 

being  «,  /S,  y,  &c.  find  the  value  as  a*"  +  ^*  +  y"*  + in 

4eirm8  of  the  coefficients  p,  q,  r,  &c.  .  / 

22.  AP  is  any  arc  of  a  parabola  whose  vertex  is  A  and  focus  S ; 
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let  N  be  the  intersection  of  a  perpendicular  from  S  on  the  tangm, 
at  P  with  the  perpendicular  to  the  axis  from  A. 

TbenifASsra,  ZASNss^. 
Shew  that  arc  A?  -  PN  =:  a .  1.  tan.  (—  +  lS\  . 

23.  If  a  circle  whose  diameter  is  equal  to  the  whole  tide  in  an? 
^ven  latitude  be  placed  vertically,  and  so  as  to  have  the  lover 
extremity  of  its  diameter  coincident  with  the  level  of  lovr  water, 
prove  that  the  tide  will  rise  or  fall  over  equal  arcs  in  .equal  times. 


TRINITY  COLLEGE. 


FOR  SCHOLARSHIPS. 


h  FiKD  the  value  of  £3.869,  and  365.24215  days. 
■  square  root  of  0.676,  and  6.76. 

— amount  of  — ,  — ,  — ,  and  25  --  • 

3      5      7*  11 

2.  If  twenty  men  in  digging  a  canal  must  pump^  oat  six  tons  of 
water  daily,  in  order  to  excavate  160  cubic  yards  in  a  week,  how 
many  cubic  yards  can  thirty  men  excavate  m  a  week,  snpposiiig 
them  to  be  obliged  to  pump  out  eight  tons  of  water  daily  ? 

3.  If  S  denote  the  sum  of  the  even  terms,  and  S'  the.  sum  of  tbe 
odd  terms,  of  the  expansion  of  (a  +  by ;  then  S*  **-  S**  =  (a*-»^9". 

6  2 

4.  Solve  the  equations, +  —  =:  3  (A) 

a:^-12a:+6=0(B) 

:c*  «2:r*- 130?+ 20=0  (C) 

x4-4jJ4.5j;»-.4x+1-:0  (D) 

5.  Find  the  roots  of  an  equation  of  this  form  by  constnictioo, 
viz.  z*  —  3r*x  —  9  si  O. 

6.  Compute  the  numerical  value  of  the  side  of  a  regular  decagw 
inscribed  in  a  circle,  whose  radius  is  ten  inches* 

7.  The  three  angles  of  a  plane  triangle  being  given,  and  tbe  dis- 
tances  of  the  three  angular  points  from  a  given  point  within  the  tri- 
angle, to  find  the  sides. 


TRINITY   COLLEGE.  705 

8.  The  complement  of  the  hypothenuse  of  a  right-angled  sphe- 
rical triangle  caooot  exceed  the  complement  of  either  of  the  other 
sides* 

9.  If  about  the  three  angular  points  of  a  spherical  triangle  three 

freat  circles  be  described,  the  triangle  formed  by  these  latter  will 
aye  its  sides  measures  of  the  angles  of  the  original  triangle,  or  of 
the  supplements  of  those  angles. 

,    10.  In  a  given  parabola,  to  draw  a  diameter  which  shall  ma^e 
'with  its  ordinates  an  angle  equal  to  a  given  rectilineal  angle. 

II.  Two  vertical  straight  lines  being  given,  to  place  them  at 
such  a  distance  asunder  in  the  same  horizontal  plane,  that  a  heavy 
body  shall  be  as  long  in  falling  down  the  greater,  and  then  moving 
with  its  acquired  velocity  to  the  less,  as  it  would  be  in  falling 
down  the  less  vertical,  and  moving  with  its  acquired  velocity  to  the 
greater. 

12.  When  a  radiant  sphere  shines  upon  an  opaque  sphere,  the 
breadth  of  the  illuminating  portion  of  the  former  has  for  its  mea- 
sure the  same  number  of  degrees  as  the  dark  portion  of  the  latter. 

13.  The  distance  being  given  to  which  a  fluid  spouts  from  a  given 
orifice  in  the  side  of  a  cylindrical  vessel,  to  find  .by  a  geometrical 
construction  the  height  of  the  fluid's  surface  in  the  vessel. 

14.  The  right  ascensions  and  declinations  of.  three  stars  beine 
given,  and  the  times  between  their  passages  over  the  same  vertictu 
wire  of  a  telescope,  to  find  the  latitude  of  the  place ;  one  of  the 

.  stars  being  supposed  in  the  equator. 

15.  The  altitude  of  the  Sun  when  due  west,  and  also  at  six 
o*clock  P.M.  being  given,  find  the  latitude  and  the  Sun's  declination. 

16.  Having  the  focus  of  incident  rays  upon  a  medium  terminated 
by  two  plane  sides  inclined  at  a  given  angle,  find  the  focus  of 
emergent  rays. 

17.  The  exact  quantity  of  the  year  being  365.24215  days,  ex- 
plain the  reason  of  the  corrections  in  the  civil  year  introduced  by 
Julius  Csesar  and  Pope  Gregory. 

18.  Give  the  theory  of  the  Trade  Winds. 

19.  Prove  that  part  of  the  equation  of  time  which  arises  from 
the  obliquity  of  the  ecliptic  to  be  a  maximum  when  the  longitude 
of  the  Sun  equals  the  complement  of  its  right  ascension. 

20.  Compare  the  surface  of  a  sphere  with  the  area  of  its  great 
circle,  and  its  magnitude  with  ^at  of  its  circumscribing  cy- 
linder. 
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TRINITY  COLLEGE.. 

VOR  SCHOLARSHIPS. 


1.  To  tind  the  locus  of  the  extremities  of  all  the  straight 
that  can  be  drawn  from  the  circumference  of  a  given  circlet  towud 
the  same  parts,  each  of  them  equal  and  parallel  to  a  given  finite 
straight  line. 

2.  To  find  the  centre  of  a  given  ellipse. 

3.  To  construct  the  curve  of  which  the  equation  is  as?  '•¥a}^  + 
J«  +  cy  +  d  ;=  0. 

4.  if  the  product  of  any  two  given  nnmbers  be  a  square,  each  of 
the  two  given  numbers  is  the  product  of  two  factors^  such  that  ths 
four  factors  are  proportionals. 

£•  Solve  the  following  equations : 

"^    '    x+3  2x4-1  x-l 

(B.)  a*"^—  *^  X  i^Tz  0. 

(C.)  2a:y+ar+y— 195  =  0,  (to  find  the  integral  values  of 
xzsAy). 

V^--'  \yx  -  300y  -  125x  =.  OJ  ' 

6.  If  none  of  the  coefficients  of  the  equation  sf+aa^+h^^-k' 
jtc.  +  ^  =  0  be  fractional,  it  cannot  have  a  fractional  root* 

7.  To  compare  the  chance  of  throwing  7,  with  the  diance  sf 
throwing  8,  at  one  throw,  with  three  common  dice. 

8.  Sum  the  following  series : 

(A.)  1+3+27+64+Ac.  (to  n  terms.) 

(C.) i -^-TT-^ + ^— r  +  «M5.  (to  n  terms.) 

_      ^   1,2.3.4      2.3.4.5      3.4.5.6  ^  ' 

9.  (A.)  Find  the  fluent  of  -  ^^  —  ;    of 

V  (a;'-a«).(6*-J^) 

z 
'  '    r ,  z  being  a  circular  arch,  of  which  x  is 

the  cosine,  and  %>  the  tangent;  and  of      ^»^  . 
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(B.)  Solye  the  fliudonal  equation  dfy'—yajy  —  IL  jr  s=  0. 

<x 

10«  If  A  +  B  be  less  than  a  semicircle, 

sin.   ^^^    •  vcf' sin.  A^^TCT.sin. B  ^,  ^  ,  ^;^  A  +  B 

2  2  a    • 

11.  If  P  be  put  for  the  semi-perimeter  of  a  spherical  trian^e, 
the  sides  of  wnich  are  denoted  by  a,  6.  c.  and  the  opposite  angles 
l»yA,B,C,  -* 

COS.*  J  A  »   «fa»P««.(P"a), 

sm.  0  sm.  c 

12.  The  upper  extremity  of  an  inclined  plane  btmg^  fiiteny  to 
determine  its  position,  so  that  the  time  shall  be  a  minimum,  in 
which  a  body  falls  down  it,  and  afkerwsffds  motes  to  a  given  point 
in  the  horizontal  plane,  with  that  part  of  its  acquired  velocity,  whtok 
is  not  destroyed  by  its  impact  on  the  horizontal  plane. 

13.  A  given  sphere,  and  its  circumscribing  oyhndert  of  the  saase 
uniform  density,  being  supposed  to  revolve  round  their  axci,  with 
equal  angular  velocities,  to  compare  their  momenta. 

14.  A  hollow  sphere  is  to  be  termed  of  a  substance,  the  specific 
gravity  of  which  is  greater  than  that  of  air,  in  the  ratio  of  n  to^  1, 
and  is  afterwards  to  be  filled  with  gas,  the  specific  gravity  of  which 
is  less  than  that  of  air,  in  the  ratio  of  1  to  m ;  the  thickness  of  the 
shell  being  given,  to  find  its  diameter  so  that  it  may  float  in  the  air. 

15.  To  describe  the  construction,  and  determine  the  magnifying 
power  of  a  Compound  Microscope. 

16.  To  describe  the  construction  of  an  Achromatic  Lent,  and 
explain  the  reasons  of  that  construction. 

17.  To  determine  the  Sun's  paraUaz,  from  observations  made  on 
the  transit  of  Venus. 

18.  The  times  of  a  star's  transit  over  the  meridian,  and  over  two 
vertical  circles  at  given  distances  from  the  meridian,  having  been 
observed,  to  compute  the  latitude  of  the  place  of  observation,  in 
terms  of  the  azimuths,  and  hour-angles  thus  given. 

19.  To  determine  under  what  circumstances  of  the  velocity  of 
I^ojection,  a  body,  projected  from  a  given  point,  in  a  civen  direc- 
tion, and  acted  upon  by  a  force  inversely  proportional  to  the  mth 
power  of  the  distance  from  the  centre,  will  cQme  to  the  centre,  or 
to  an  apse. 

20.  If  a  body,  acted  upon  by  the  constant  force  of  gravity,  fall 
down  the  concave  side  of  a  circular  arch,  the  tanffent  of  which, 
where  the  body  begins  to  fall,  is  perpendicular  to  tne  horizon,  to 
find  the  point  where  the  pressure  on  the  curve  shall  be  equal  to  an 
nth  part  of  the  weight  of  the  body. 
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'  TRINITY  COLLEOB. 

FOR  FELLOWSHIPS. 


I.  Sold  one-half  of  a  bale  of  goods  for  £50.  and  by  so  don^ 
Jotf  fiTe  per  cent  At  what  price  must  the  other  hair  be  sold,  to 
that  five  per  cent,  shall  be  gained  on  the  whole  ? 

d.  Solve  theequation  ^  -  £. :+  20}  =:  42f. 

3.  Similar  triangles  are  in  the  doplicate  ratio  of  their  homologoai 
sides.   . 

4.  Let  a,  8^  y^  be  the  respective  angles,  which  a  litie  makes  with 
three  rectangular  co-ordinates ;  shew  that  these  angles  are  to  ooo- 
nectedthat 

COS.*  a  +  COS.*  &  +  C08.*y  =  1. 

5.  In  a  plane  triangle.  Whose  angles  are  A,  B,  C,  and  the  oppo- 
site sides  a\  b,  c,  the  angle  A  may  be  expressed  by  the  series 

m .  sin.  C  +  —  sb.  2C  -f  —  •  sin.  3C,  &c. 

2  3 

m  being  the  value  of  the  fraction  —  • 

6*  Find  an  expression  for  the  excess  of  the  sum  of  the  thiea 
angles  of  a  spherical  triangle  above  two  right  angles. 

7.  In  the  revolution  of  a  body  round  the  focus  of  an  ellipse  of 
small  excentricity,  show  that  the  supposition  of  tlie  angrular  velocity 
round  the  other  focus  being  uniform  is  not  strictly  accurate. 

8.  Find  the  centre  of  gravity  of  the  surface  generated  by  a  com- 
mon semicycloid  revolving  round  the  tangent  at  the  vertex  as  aa 
axis. 

9.  Find  the  sum  of  series  —  +  -f_  +  _to  it  terms; 

r  t*         ,r^         r* 

and  of  the  series  — L-  —  — L.*  +  _1 &c.  ad  m 

1.3  3.5  5.7 

10.  Fmd  the  fluent  of  —         ^      —-.,    And  solve  the  eqna- 

VA  +  Bx— Coc* 
tion 

«i  +  yy  —  y^  +  ^  =r  0. 

II.  AP  is  a  portion  of  the  common  parabola,  PT  a  tangent  it 
the  point  P,  P^  the  normal,  and  TO  a  perpendicular  to  the  axis 
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from  the  intersection  of  the  tangent  Show  that  if  BP  be  produced 
to  meet  TO  in  O,  BO  is  eqUal  to  the  radius  of  curvature  at  the 
point  P. 

12.  In  throwing  crogs  and  pik^  it  is  known  that  the  piece  has  a 

tendency  one  way»  estimated  at— •    Required  the  probability  of 

throwing  cross  twice  together. 

13.  Find  the  ande  between  the  true  and  apparent  path  of  a 
Star  affected  by  refraction  during  the  time  of  an  observation. 

14.  Find  the  position,  in  which  a  given  isosceles  jprism  will  float 
in  a  fluid,  the  vertex  being  immersed. 

15.  The  oscillations  of  a  pendulum  in  a  medium  when  the  resis- 
tance varies  as  the  velocity  are  isochronous.  Compare  the  time  of 
an  oscillation  with  the  time  of  an  oscillation  of  the  same  pendulum 
in  vcLcuo* 

16.  Construct  the  curve  whose  equation  if  y*  —  96  ay  + 
100  aV  ^  X*  s^O.  Show  whether  there  be  anv  points  of  in- 
flexion, or  any  asymptotes,  and  fii^d  the  greatest  values  of  x  and  y. 

17.  Trisect  a  circular  arc,  and  construct  the  equation  either  by 
the  conchoid  of  Nicomedes,  or  by  means  of  the  hyperbola* 

18.  Show  that  the  sine  of  incidence  is  to  the  sine  of  refraction  in 
a  given  ratio,  both  in  Huygens'  hypothesis  of  Undulations^  and  in 
Newton's  of  Material  Particles  attracted  by  the  medium  throug^i 
which  the  rays  of  light  pass. 

Investigate  the  velocities  of  the  ray  before  and  after  refrac* 
tion  on  both  hypotheses. 

19.  Explain  the  method  of  Exhaustions,  by  which  the  ancients 
were  enabled  to  measure  the  periphery  of  the  circle. 

20.  Find  the  horary  motion  of  the  Moon's  nodes  in  a  circular 
orbit,  (Newton,  B.  III.  Prop.  30.) 


TRINITY  COLLEGE. 
1819. 

FOR  FELLOWSHIPS. 


1.  A  Qaocnhad  1501bs.  of  tea,  of  whidi  be  sold^lbs  at  9f . 
per  pound,  and  found  that  he  was  then  fi;alning  only  7|  per  cent 
But  he  wished  to  gain  10  per  cent,  on  1^  whole.  At  what  rate 
i&u8t  the  remaininj^  lOOlbs.  be  sold  that  he  may  attain  his  wishes? 
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%  Solve  tfaa  lbIIowiiig«qtitti(tts: 

«  4-  y  +  3L  =  20 


y 

(3.)  «*  -  6a:a  +  7a?  -»  &r  -  Gas  0. 
(4.)  x*  =  a  (by  approximation). 

3.  lo  irkat  time  will  a  sum  of  money  placed  at  compoimd  iatanit 
double  itself  at  4f  per  cent  ? 

4.  Required  the  value  of  the  infioiieaeiies  yi8  +  189 


V18  -h  IW 


Vl8  +  ftc 
5.  Required  the  valueof  y  in  the  following eqaations^iffaen  «ssl« 


frx 


(1.)  y  s  (1  -  J?) .  tan.  ^  («r  s  aemi-circumiinwoa  of  a 

cirde,  rad.  ::s  !)• 
(2.)  ys= flnf 

6.  Transform  the  equation  a^  ^  6:f  +  Ss^  -^  5ssO  into  ooe 
whose  roots  are  the  squares  of  the  difierences  of  erery  pnir  of  roots: 
and  show  the  mode  of  determining^  from  the  transfornEied  eqoatioD, 
the  impossible  roots  in  the  original  equation. 

7.  From  a  bag  containing  four  white  and  eight  Uack  iMdk,  thna 
persons  (A,  B,  and  C.)  take  each  a  ball  in  turn,  vit.  A  first,  then  B, 
then  C,  and  so  on  in  succession,  until  the  person,  who  first  drawta 
white  bally  wins.     What  are  their  respective  chances  ? 

8.  In  a  spherical  triangle,  the  two  sides  and  the  angle  betwees 
them  being  given,  find  the  base, 

9.  The  vertical  ande  of  an  isosceles  spherical  triangle  is  alwsjfs 
greater  than  the  ang^  included  between  the  chords  of  the  eqsil 
sides. 

10.  Snm  the  following  series : 

(1.)  2  -f  6  +  12  +  20  to  n  terms* 

(3.)  Cos.A -f^costA  + 1^  cos. 3A -f  ftc.  to  n  terms. 
11*  Sam  the  s^es,  sin.  f  x  &Id<  A  +  8in« 3f  X  dini  26  ftc.  toi 
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terms :  and  show  that  when  » it  infiaite,  the  smn  s  0  whatever  be 
the  rado  of  f  to  9,  exeept  that  of  equality. 

12.  A  body  attracted  towards  a  centre  by  a  force  varying  »•• 
▼enely  as  the  8([uare  of  the  distance  from  the  centre,  meets  at  a 
^▼en  point  of  its  rectilinear  descent  with  a  plane  inclined  at  an 
smgle  of  46^.  Required  the  time  from  the  beginning  of  motion  to 
its  reaching  the  centre. 

13.  A  cylindrical  wheel,  whose  weight  is  P,  unwinds  itself  from 
a  string  passing  round  its  circumference,  what  weight  (W)  at* 
tached  to  the  extremity  of  the  string  will  be  kept  at  rest  on  a  plana 
of  given  elevation  as  P  descends  vertically  ? 

14*  A  sphere  and  its  circumscribing  cylinder  revolve  round  their 
common  axis.  Required  the  ratio  of  the  momenta  generated  ins 
given  time. 

15.  An  homogeneous  circular  wheel  vibrates  edgeways  being 
suspended  from  a  point  in  the  circumference.  Required  its  centre 
of  oscillation. 

16.  Find  the  centre  of  gravity  of  the  area  included  by  the  arc  of 
a  cycloid,  by  a  tangent  at  the  vertex,  and  by  two  rectangular  or- 
dinatos  equi-distant  from  the  vertex. 

17.  In  the  common  parabpla  the  radius  of  curvature  is  equal  to 
the  cube  of  the  normal  divided  by  the  square  of  the  semi-parameter. 

18.  Trace  the  curve  whose  equation  is  ys:t — "^^^  and 

find  the  angles  at  which  it  cuts  the  line  of  the  abseissae. 

19.  O  is  the  centre  of  the  circular  arc  AB,  OBT  is  the  secant. 
The  exterior  part  BT  is  continually  bisected  in  P.  Required  the 
area  traced  out  by  OP. 

20.  Two  balls  \A  and  B)  are  previous  to  motion  at  a  'givsn  dis»' 
tance  from  each  other  in  the  same  vertical  line :  from  what  height 
id[)0ve  the  horizontal  plane  must  A  be  let  fall— hso  that  B,  which  is 
perfectlv  elastic,  may  after  reflection  meet  A  at  a  given  dbtance 
above  tne  plane  ? 

Ql.  Two  balls  lying  on  an  horizontal  plane  are  connected  by  s 
string  of  unlimited  length  which  passes  through  a  ring  in  the  plane. 
One  of  the  balls  is  projected  in  a  givep  direction  wiu  a  given  ve- 
locity and  draws  the  other  towards  the  ring.  Required  the  curve 
whicn  the  projected  ball  describes. 

22,  Find  the  following  fluents : 

rixoB,  z  .  COS.  nZf  f'z  .  cos.'  z    / —  • 

construct  the  fluent  C * ,  when  a  is  less  than  I ; 

and  find  the  relation  of  a;  to  ^  in  the  equation 
xy  '^  yi  s=  a?  V  ^*""  y*- 
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23.  In  any  curve  referred  to  an  axit ,  the  ordinate  is  a  maxinwia 
or  a  minimum,  when  in  the  equation  y  z=  /x,  an  odd  Dunotber  ni 
differential  coefficients  becoming  =  0  the  differential  coefficient  of 
the  succeeding  order  is  negative  or  positive.  And  there  is  a  point 
of  contrary  flexure  when  an  even  number  of  differential  coeffidesls 
becoming  =:  0,  the  differential  coefficient  of  the  succeeding  order  is 
real  and  finite. 

24.  A  body  urged  by  a  constant  force  in  an  uniform  resisting 
medium  is  projected  in  a  direction  contrary  to  the  action  of  the 
force  with  a  certain  velocity ;  it  is  required  to  determine  the  velo- 
city at  any  point  of  the  ascent,  the  resistance  being  supposed  pro- 
portional to  the  square  of  the  velocity.  Find  also  the  greatest 
height  to  which  the  body  will  ascend. 


TRINITY  COLLEGE. 


FOR  FELLOWSHIPS. 


1.  In  a  plane  triangle  the  vertical  angle,  the  perpendicular  and 
the  rectangle  under  the  segments  of  the  base  being  given,  it  is  re* 
quired  to  construct  the  triangle. 

2.  Solve  the  equation  a^  —  —  — -—  +  2=0,  two  roots 

being  of  the  form  a  and .... — And  find  the  number  of  all  the  poi* 

a 

siUe  values  in  integer  numbers  of  x,  y  and  z  in  the  equation 

6a?+7jf  +  ll2f  =  224. 

3.  What  are  the  dimensions  of  the  strongest  rectangular  bean, 
that  can  be  made  out  of  a  given  cylinder,  when  placed  to  the  most 
advantage?  and  what  is  its  strength,  compared  with  that  of  the 
greatest  square  beam  cut  out  of  the  same  cylinder  ? 

4.  In  the  wheel  and  axle  (the  inertia  of  which  may  be  neglected) 
required  the  ratio  between  the  radii,  when  a  weight  (^)  acting  at  the 
circumference  of  the  wheel  generates  in  a  given  time  the  g^atest 
momentum  in  a  weight  (W)  attached  to  the  circumference  of  the 
axle. 
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5.  Ttogent  of  half  the  spherical  excess  := 

tan, -26  X  tan.  Ic  X  sin.  A 

1  +  tan.  .^6  X  tan.  |c  x  cos.  A 

where  b^  c,  and  A  are  the  two  sides  and  included  angles  of  a  sphe« 
rical  triangle* 

6.  The  excess  of  the  Sun's  longitude  abore  its  right  ascensioa 
may  be  found  by  the  equation 

tan.  (L  -  R.A.)  =       tan.'  i^  x  sin,  2L. 

1  +  tan.'iTx  cos.  2L 

7.  Find  an  expression  from  which  the  effect  of  parallax  upon  the 
horary  angle  may  be  accurately  calculated ;  the  horizontal  parallax, 
the  polar  distance  of  the  heavenly  body  and  the  time  before  or 
after  transit,  being  the  only  given  elements. 

8.  If  an  orifice  were  opened  half  way  to  the  centre  of  the  earth* 
what  would  be  the  altitude  of  the  mercury  in  a  barometer  at  the 
bottom  of  it,  when  the  altitude  at  the  surface  is  30  inches  ? 

9.  A  vessel  formed  by  the  revolution  of  a  parabola  round  its 
axis  is  placed  with  its  vertex  downwards,  in  wnich  there  is  an  ori- 
fice one  inch  in  diameter.  A  stream  of  water  runs  into  the  vessel 
through  a  pipe  of  two  inches  diameter  at  the  uniform  rate  of  eight 
feet  per  second.  What  will  be  the  greatest  quantity  of  water  in  the 
vessel,  supposing  the  latus  rectum  to  be  six  feet  ? 

10.  Find  the  present  worth  of  the  reversion  of  a  freehold  estate 
after  the  death  of  a  person  now  sixty  years  of  age,  the  rate  of  in* 
terest  being  given  ? 

1 1.  When  a  ray  of  light  passes  out  of  one  medium  into  another, 
as  the  angle  of  incidence  increases,  the  angle  of  deviation  also 
increases, 

12.  To  find  the  least  velocity,  with  which  a  body  projected  at  a 
given  angle  of  elevation  will  not  return  to  the  earth's  surface.-— To 
find  also  the  latus  rectum  of  the  orbit  described,  and  the  position 
of  the  axis. 

13.  Supposing  the  Moon's  orbit  at  present  to  be  circular,  what 
would  be  the  excentricity  of  it  and  the  periodic  time,  if  the  attraction 

of  the  earth  were  diminished  —  part? 

n 

14.  Find  the  sum  of  the  following  series : 

(1.)  sin.  (A)+sin.(A+B)+sin.  (A+2B)  &c,  ad  infin. 
(2.)  COS.  A  +  COS.  3A  +  cos.  6A  tidinfin. 

(3.)  ■  +  ■     +  }  te«  to  n  terms, 

^   ^    1.2.3.4         2.3.4.5         3.4.5.6  '•«'•"» 

by  the  method  of  increments. 

15.  Find  the  following  fluents : 
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(3.)   fjJa*'^a^y(x£,hetweeiniheidne»xsiO,9nA 

and  Bolye  the  flactional  equation  C^+jfOj  =  a. 

••• 

16.  A  and  B  put  down  equal  stakes,—* A  has  m  chances  of 
eessy  and  B  n  chances.    Thete  are,  moreoveryp  chances,  iriiich  en- 
title both  parties  to  withdraw  their  stakes, —to  find  thB  gain  of  A« 

17.  Two  equal  weights  are  placed  at  a  given  distance  firom  eadi 
other  on  a  straight  rod  supposed  to  be  without  weight.  Find  the 
point  of  suspension,  so  that  the  pendulum  may  yibrate  seconds. 

18.  Construct  the  curve  whose  equation  is  (a  —  x)P  .  (a  +  x}  s 
x\/*f  and  shew  whether  there  are  any  cusps. 

19.  Invenire  incrementum  horarium  areee,  quam  lona^  radio  ad 
terram  ducto,  in  orbe  circulari  describit. 

20.  Let  the  force  to  a  centre  vary  as  the  distance,  to  find  all  the 
various  curves,  along  which  a  body  may  move,  so  that  its  osdlla- 
tions  may  be  isochronous. 

21.  Given  the  diameters  of  two  planets,  and  the  periodic  times 
and  distances  of  their  respective  satellites ;  compare  their  densities 
and  quantities  of  matter. 
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CORRECTIONS. 

VOL.  I. 


Page  94,  line  11,  dele  *^  evidently  andJ* 
72,  8,/or    **     read  J^ 

76,  art.  195.    This  artide  is  wrong.    The  true  solntioa  is. 
The   nmnber   of  combinations  of  the    letters   in  the  wmd 
Baccataureut  is  eridently  the  same  as  that  of  the  diTiaors  in  the 

product 

Bxa«Xc«X/Xte«xrxeX*, 

or  it  is  {Barlow's  Theory  of  Numbers^) 

(l  +  l)x(S+l)x(8+l)x(l+l)x(8+l)x(l  +  l)x(l+l) 
x(l+l)-.5or  1147. 
Page  181  line  15  for  is  transform  read  is  to  transform. 

168,  ltfar!^l.read;fU 
S,  for  x^  read  of. 

169,  5,  for  sign  read  sine. 

179,  Art.  864.    A  better  solntion  of  this  problem  is  to  be 

found  in  JEmerson's  Increments* 
2BPf  Dele  the  paragraph  beginning  with  "  This  method 

would  be  found,"  8^. 
874,  line  5.   The  constants  here  inadyertently  omitted,  are 
thus  si^plied : — 

fdx  s=  a?  +  Cj 

fdxfdx  =  fL  +  Cj  a?  +  Cg 

fdx  fdx  fdx  =    -^  +  Cy—  +  C,X  +  C3 

&c.  s=  &c. 
and,  generally, 

fdxfdx n  factors  =  £ +  c^ 


4»tO.V.     ...a    a  V.O.   ...•    II    *"     1 


■*■  *^*  'Tl : — 5  +  ftc.  +  (V,, «  +  c«. 

PagjB  Zd^  line  13,  for  ^EJZJl  read  2LZ-i. 

tt  n 


CORRECTIONS. 

Page  S81,  last  line,/or  ^  {^  +  —\  read  V  (v»  +  -i  ^ 

412,  oftiit  art.  611.     The  enunciation  is  absurd,  the  two 
members  of  the  equation  being  heterogeneous. 
Page  416,  line    8,  for  c  read  C 

497,  16,  far  776  read  771. 

500,  5,  for  or  read  jT *. 

5M,  15,  for  1080  read  S700. 
569,  4,  for  706  read  702, 

574,  8,  for  704  read  681. 

607,  18,  for  777  read  722. 


CORRECTIONS. 

VOL.  II. 


PageSll,  last  line, /or  iL  read  i^. 

z  8 

832,  line  15,  for  terms  recui  times. 

17,  for  m  read  n. 

18,  for  m  read  n. 

845,         15,  for  iL  rgorf  iL. 

n  2 


17,  ybr  >/n — 1  read  i/»— 1. 

389,         18,  for^  read  a* 

363,  3  from  bottom,  ybr  *"*  recul  a*"*. 

last  line,  /or  y*  *  rccwi  y*"'. 
388,         14,  for  522  read  584. 

5,/orP=Rx  ^^read 

5 

V  R"-P  =  B  .5^  and  consequently 

5 


389, 


CORRECTIONS. 


Page  426, line  16,  for  v**  =  - 


25fP(^-x) 


F  +  P(Z  +  f-x)-*X  &c. 


^'.-    2<7P(^-x) 


4S6» 


F+Pm« 
17,  /or  P  X  o  =  M  X 


a 


n+l 


reacf 


na 


Pa  =  M  .  ,  and  conseq. 


n+l 

476,  S,  for  Laplaca  read  Laplace. 

From  513  to  page  53S,  for  the  running  title  hyd&ooynamics 
read  discharge  of  fluids. 


f  xi  (Index)  for  590  read      9 

1  590 

%  1 

8  2 


p  781  (Last  Index)  for  bZ    1  reaci  53 

1 

Ap.*to  Lacroix. 

728 /or 

152 

10 

read  152 

10 

8 

918 

732 /or 

192 

6 

2  read  192 

6 

8 

919 

786 /or 

256 

18 

1  read  256 

18 

WheweU'fi  Dyn. 

739  for 

803 

24 

2  read  303 

24 

8 

980 

739  /or 

306 

14 

2  r^a<2  306 

14 

8 

11 

740 /or 

325 

15 

2  read  385 

15 

8 

927 

742  fin^ 

348 

80 

8  read  348 

80 

8 

928 

743  /or 

365 

13 

8  reacf  365 

13 

8 

921 

743 /or 

367 

13 

8  read  367 

13 

8 

922 

744 /or 

377 

7 

8  read  877 

7 

8 

923 

744 /or 

378 

18 

1  read  377 

18 

8 

984 

744 /or 

390 

16 

8  reacf  390 

16 

TV 

.  N. 

745 /or 

892 

3 

1  read  398 

3 

8 

989 

745 /or 

407 

7 

8  reacT  407 

7 

8 

985 

746 /w 

408 

& 

8  read  408 

6 

8 

986 

746 /)r 

413 

84 

8  read  413 

84 

8 

591 

746 /or 

419 

6 

8  read  419 

6 

8 

930 

747 /w 

421 

6 

8  read  481 

6 

8 

931 

747 /or 

428 

7 

8  read  428 

7 

WbeweU's  Dyn. 
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BLACK,    YOUNG,    AND   YOUNG, 

TAVISTOCK-OTREET,  COVENT  CABOEN. 
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4.  ».  d. 
A  History  of  the  North  American  Indians,  t>y  iwm  JlMvmuh  . 

Esq.,  H.  M.  Consul  al  New  Voik,  8vo,        ,       •      «      .      .   0  10  A 
Baietti's  Dictionary  of  the  Eof  Ush  and  Italian  Langnagea  i  to  wbioh 
is  prefixed,  an  Italian  [and  English  Qrawmar,  founded  on  thn 
Rides  of  Dr.  Johnson  and  Bnomattei,  sefenth  editionf  Nvised 
and  augmented,  2  tqIs.  ^to.  •  •  .110 

^iUlosTaphical  Register;  or,  a  Catalogue  of  English  Books, pnb* 
Bsnea  sinee  the  year  1800,  systematically  arranged  with  neir 
sizes,  prices,  ana  dates,  in  8to.,  in  the  Press 
De  Lolme  (J.  L.)  on  the  Constitution  of  England,  8fo.,  bowrdif  wnp 

PevMMthenis  Ouen.  Omnia  Oraeee  et  Latino.    A  new  Edition  of  the 
complete  Works  of  Demosthenes,  oompiisieg  the  Notes  of 
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